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1 More about complex numbers

theory MoreComplex
imports Complex-Main
begin

lemma mult-pow2-1t0:
assumes b # 0
shows a < 0 +— b2 x a < (0::real)
using assms
by (metis mult.commute mult-eg-0-iff mult-neg-pos mult-pos-pos not-less-iff-gr-or-eq
not-real-square-gt-zero power2-eq-square)

lemma mult-pow2-gt0:

assumes b # 0

shows a > 0 +— b2 x a > (0::real)
using assms



by (metis mult.commute mult-eg-0-iff mult-neg-pos mult-pos-pos not-less-iff-gr-or-eq
not-real-square-gt-zero power2-eq-square)

lemma square-cancel:
assumes a2 > b2 a > 0 b > (0::real)
shows a > b

using real-sqrt-le-iff [of b* a?]

using assms

by auto

lemmas complex-cnj = complex-cnj-diff complex-cnj-mult complex-cnj-add complex-cnj-divide
complez-cnj-minus

abbreviation cor = complez-of-real

lemma [simp]: cor —1 = —1
by (simp add: of-real-neg-numeral)

lemma [simp]: — cor —1 = 1
by simp

lemma rcis-cnj: cnj a = reis (¢cmod a) (— arg a)
by (subst rcis-cmod-arglof a, symmetric]) (simp add: complex-cnj cis-def rcis-def)

lemma cmod-cis [simp]:

assumes a # 0

shows cor (¢cmod a)  cis (arg a) = a
using assms
by (metis rcis-cmod-arg rcis-def)

lemma cis-cmod [simp]:

assumes a # 0

shows cis (arg a) x cor (¢cmod a) = a
using assms cmod-cis[of a)
by (simp add: field-simps)

lemma cor-squared: (cor x)? = cor (z2)
by (simp add: power2-eq-square)

lemma cor-add: cor (a + b) = cor a + cor b
by auto

lemma cor-mult: cor (a x b) = cor a x cor b
by auto

lemma cor-sqrt-mult-cor-sqrt [simp]:
shows cor (sqrt A) % cor (sqrt A) = cor |A]



using assms
by (metis cor-mult real-sqrt-abs?2 real-sqrt-mult-distrib2)

lemma [simp]: (Complex a b) * 2 = Complex (2xa) (2xb)
by (metis complex-add mult-2 mult-2-right)

lemma re-complex:
Complex (Re z) 0 = (z + cnj z)/2
by (cases z) simp

lemma im-complex:
Complex 0 (Im z) = (2 — ¢cnj 2)/2
by (cases z) simp

lemma Complez-scalel: Complex (a % b) (a * ¢) = cor a * Complex b ¢
unfolding complex-of-real-def
by auto

lemma Complez-scale2: Complex (a x ¢) (b *x ¢) = Complex a b * cor ¢
unfolding complex-of-real-def
by auto

lemma Complez-scale3: Complex (a / b) (a / ¢) = cor a x Complex (1 / b) (1
/ )

unfolding complex-of-real-def

by auto

lemma Complez-scalef: ¢ # 0 = Complex (a / ¢) (b / ¢) = Complex a b / cor
c

unfolding complex-of-real-def

by (auto simp add: field-simps)

lemma complex-mult-cnj-cmod:
z % cnj z = cor ((cmod 2)?)
by (cases z) (simp add: complex-of-real-def , simp add: power2-eq-square)

lemma

cmod-square: (cmod 2)? = Re (z x cnj 2)
using complex-mult-cng-cmod|of 2|
by (simp add: power2-eq-square)

lemma cnjFE:

assumes z # 0

shows cnj z = cor ((emod x)?) |/ z
using complez-mult-cnj-cmod|of x] assms



by (auto simp add: field-simps)

lemma cmod-mult [simp]: cmod (a * b) = cmod a * cmod b
unfolding cmod-def
by (metis complex-norm-def norm-mult)

lemma cmod-divide [simp]: ¢cmod (a / b) = emod a / cmod b
unfolding cmod-def
by (metis complex-norm-def norm-divide)

lemma [simp]: ¢cmod (z / cor k) = cmod z / |k|
by auto

lemma [simp]: cmod (zxz1 — z%z2) = cmod zxcmod(z1 — 22)
by (metis bounded-bilinear.diff-right bounded-bilinear-mult cmod-mult)

lemma cmod-eql:
assumes zI * cnj z1 = 22 % cnj 22
shows cmod 21 = cmod 22
using assms
by (subst complex-mod-sqrt-Re-mult-cnj)+ auto

lemma cmod-eqF:
assumes cmod z1 = cmod 22
shows 21 * cnj z1 = 22 * cnj 22
proof—
from assms have cor ((cmod z1)?) = cor ((cmod 22)?)
by auto
thus ?thesis
using complex-mult-cnj-cmod
by auto
qed

lemma [simp]: cmod a = 1 +— axcnj a = 1
by (metis cmod-eqE cmod-eql complex-cnj-one monoid-mult-class.mult.left-neutral
norm-one)

abbreviation is-real where
is-real z = Im 2 = 0

lemma complex-eq-if-Re-eq:
assumes is-real z1 is-real z2
shows 21 = 22 <— Re z1 = Re 22
using assms
by (cases z1, cases z2) auto

lemma mult-reals:



assumes is-real a is-real b
shows is-real (a * b)
using assms
by auto

lemma div-reals:
assumes is-real a is-real b
shows is-real (a / b)
using assms
by (simp add: divide-inverse complex-inverse-def)

lemma complex-of-real-Re:
assumes is-real k
shows cor (Re k) = k
using assms
by (cases k) (auto simp add: complex-of-real-def)

lemma is-real-complex-of-real:
is-real (cor x)
by auto

lemma cor-cmod-real:
assumes is-real a
shows cor (¢cmod a) = a V cor (¢mod a) = —a
using assms
unfolding cmod-def
by (cases Re a > 0) (auto, (metis complex-of-real-Re)+)

lemma eq-cnj-iff-real:
z = cnj z < is-real z
by (cases z) auto

lemma Re-divide-real:
assumes is-real b b # 0
shows Re (a / b) = (Re a) / (Re b)
using assms
unfolding complex-divide-def
by (cases a, cases b) (auto simp add: field-simps power2-eq-square)

lemma Re-mult-real:

assumes is-real a

shows Re (a * b) = (Re a) * (Re b)
using assms
by auto

lemma Im-mult-real:
assumes is-real a
shows Im (a * b) = (Re a) = (Im b)

using assms



by auto

lemma Im-divide-real:
assumes is-real b b # 0
shows Im (a / b) = (Im a) / (Re b)
using assms
by (cases a, cases b) (auto simp add: complex-divide-def field-simps power2-eq-square)

lemma [simp]: Re (x / 2) = Rex / 2
using Re-divide-real[of 2 ]
by simp

lemma [simp]|: Re (2 *x ) = 2 * Re x
using Re-mult-real[of 2 x]
by simp

lemma Re-sgn:
assumes is-real R
shows Re (sgn R) = sgn (Re R)
using assms
by (metis Re-sgn complex-of-real-Re norm-of-real real-sgn-eq)

abbreviation r0t90 where
rot90 z = Complex (—Im z) (Re z)

lemma rot90-ii: rot90 z = z * i
by (cases z) simp

abbreviation cnj-miz where
cng-mix z1 22 = enj z1 * 22 + z1 % cnj 22

lemma cnj-mix-minus:

shows c¢nj z1%22 — zlxcenj 22 = @ = cng-miz (rot90 z1) 22
using assms
by (cases z1, cases z2) simp

lemma cnj-miz-minus’:

shows c¢nj z1%22 — zlxcnj 22 = rot90 (cenj-mix (rot90 z1) 22)
using assms
by (cases z1, cases 22) simp

lemma cnj-miz-real:
is-real (cnj-miz z1 22)

by (cases z1, cases z2) simp

abbreviation scalprod where



scalprod z1 z2 = cng-mix 21 22 | 2

lemma cos-periodic-pi2: cos (pi + ) = — cos T
using cos-periodic-pi|of ]
by (simp add: field-simps)

lemma cos-periodic-pi3: cos (x — pi) = — cos «
by (smt cos-periodic-pi)

lemma cos-periodic-4 [simp]: cos (pi — x) = — cos x
by (metis cos-minus cos-periodic-pi2 minus-real-def)

lemma sin-periodic-pi3: sin (x — pi) = — sin x
by (smt sin-periodic-pi)

lemma cos-lt-zero:
assumes z > pi/2z < pi
shows cos x < 0
using cos-gt-zero-pi[of pi — x] assms
by simp

lemma sin-kpi:

fixes k::int

shows sin (real k x pi) = 0
using sin-npifof nat k]
using sin-npi[of nat (—k)]
by (cases k > 0) auto

lemma cos-kpi-odd:
fixes k::int
assumes odd k
shows cos (real k x pi) = —1
proof (cases k > 0)
case True
hence odd (nat k)
using <(odd k
by (metis pos-int-even-equiv-nat-even)
thus ?thesis
using <k > 0) cos-npi|of nat k]
by auto
next
case Fulse
hence —k > 0 odd (nat (—k))
using (odd k)
by (auto, smt even-neg pos-int-even-equiv-nat-even)
thus ?thesis
using cos-npi|of nat (—k)]



by auto
qed

lemma cos-kpi-even:
fixes k::int
assumes even k
shows cos (real k * pi) = 1
proof (cases k > 0)
case True
hence even (nat k)
using (even k)
by (metis pos-int-even-equiv-nat-even)
thus ?thesis
using <k > 0) cos-npi|of nat k]
by auto
next
case Fulse
hence —k > 0 even (nat (—k))
using (even k)
by (auto, smt even-neg pos-int-even-equiv-nat-even)
thus ?thesis
using cos-npifof nat (—k)]
by auto
qed

lemma sin-pi2-kpi-odd:

fixes k::int

assumes odd k

shows sin (pi / 2 + real k * pi) = —1
using assms
by (simp add: sin-add cos-kpi-odd)

lemma sin-pi2-kpi-even:

fixes k::int

assumes cven k

shows sin (pi / 2 + real k = pi) = 1
using assms
by (simp add: sin-add cos-kpi-even)

lemma cos-zero-iff-int:
shows cos z = 0 «— (Fkuint. odd k Az = real k * (pi / 2))

proof
assume cos x = 0
then obtain n::nat where *: z = realn * (pi / 2) Vo = — (real n x (pi / 2))
and odd n
using cos-zero-iff [of z]
by blast

hence (odd (int n) A x = real (int n) * (pi / 2)) V (odd (—int n) A x = real
(—intn) x pi / 2)



by (auto simp add: Parity.transfer-int-nat-relations)
thus 3 k:int. odd k Az = real k * (pi / 2)
by (metis times-divide-eq-right)
next
assume Jk::int. odd k N x = real k * (pi / 2)
then obtain k::int where x: odd k © = real k * (pi / 2)
by blast
show cos x = 0
proof (cases k > 0)
case True
hence In:nat. odd n A x = real n * (pi / 2)
using x
by (rule-tac z=nat k in exl) (auto simp add: pos-int-even-equiv-nat-even)
thus Zthesis
using cos-zero-iff [of z]
by auto
next
case Fulse
hence In:nat. odd n A z = — (real n x (pi / 2))
using x
by (rule-tac z=nat (—k) in exl, auto) (smt even-neg pos-int-even-equiv-nat-even)
thus ?thesis
using cos-zero-iff [of x|
by auto
qed
qged

lemma sin-zero-iff-int:
sinx = 0 «— (Fkint. even k AN x = real k * (pi / 2))
proof—
have sin z = 0 «— cos (z — pi/2) = 0
using cos-minus|of x — pi/ 2]
by (simp add: sin-cos-eq)
hence sin z = 0 «— (Fkint. odd k AN x — pi/2 = real k * (pi | 2))
using cos-zero-iff-int
by simp
thus ?thesis
by auto (rule-tac z=k+1 in exl, simp add: field-simps, rule-tac x=k—(1::int)
in exl, simp add: field-simps)
qed

lemma cos0-sinl:
assumes cos ¢ = 0 sin ¢ = 1
shows 3 k:int. ¢ = pi/2 + 2xkxpi
proof—
from (cos ¢ = O
obtain k::int where odd k ¢ = real k * (pi / 2)
using cos-zero-iff-int[of ¢]
by auto

10



then obtain k'::int where k = 2xk’ + 1
by (metis odd-equiv-def)

hence ¢ = pi/2 + (real k' x pi)
using «p = real k * (pi / 2)
by (auto simp add: field-simps)

hence even k'
using (sin ¢ = 1) sin-pi2-kpi-odd|of k']
by auto

thus ?thesis
using «p = pi /2 + (real k' % pi)
unfolding even-def
by auto

qed

lemma cos-0-iff-normalized:
assumes cos ¢ = 0 —pi < ¢ ¢ < pi
shows ¢ = pi/2 V ¢ = —pi/2
proof—
obtain k::int where odd k ¢ = real k x pi/2
using cos-zero-iff-int[of ¢| assms(1)
by auto
thus ?thesis
proof (casesk > 1V k< —1)
case True
hence kt > 3 vk < -8
using (odd k)
by auto (smt odd-one-int odd-plus-odd, smt odd-one-int odd-plus-even odd-plus-odd)
hence ¢ > 3xpi/2 V o < —3x*pi/2
using «p = real k * pi/2
by auto
thus ?thesis
using (— pi < ¢ @ < p
by auto
next
case Fulse
hence k=—-1VEkE=0Vk=1
by auto
hence k = -1V k=1
using (odd k)
by auto
thus ?thesis
using «p = real k * pi/2)
by auto
qed
qed

lemma sin-0-iff-normalized:

assumes sin @ = 0 —pi < @ ¢ < pi
shows ¢ = 0 V ¢ = pi

11



proof—
obtain k::int where even k ¢ = real k * pi/2
using sin-zero-iff-int[of ] assms(1)
by auto
thus ?thesis
proof (casesk > 2 V k < 0)
case True
hence k > 4 VkE < -2
using (even k)
by auto (smt even-difference odd-one-int)+
hence ¢ > 2xpi V ¢ < —pi
proof
assume 4 < k
hence 4 * pi/2 < ¢
by (subst «p = real k % pi/2)) auto
thus ?thesis
by simp
next
assume k£ < —2
hence real k < -2
by simp
hence —2xpi/2 > ¢
by (subst «p = real k x pi/2), metis mult-right-mono pi-half-ge-zero
times-divide-eq-right)
thus ?thesis
by simp
qed
thus ?thesis
using (— pi < @) © < p»
by auto
next
case Fulse
hence k=0VvEk=1VEk=2
by auto
hence k =0V k=2
using (even k)
by auto
thus ?thesis
using «p = real k * pi/2)
by auto
qed
qged

lemma cosi-sin0:
assumes cos ¢ = 1 sin p = 0
shows 3 k:int. ¢ = 2xkxpi
proof—
from (sin o = O
obtain k::int where even k ¢ = real k x (pi / 2)

12



using sin-zero-iff-int[of ]
by auto
then obtain k’:int where k = 2xk’
by (metis even-equiv-def)
hence ¢ = real k' x pi
using «p = real k x (pi / 2)
by (auto simp add: field-simps)
hence even k'
using <cos ¢ = 1) cos-kpi-odd|of k']
by auto
thus ?thesis
using «p = real k' x pi
unfolding even-def
by auto
qed

lemma sin-cos-eq:
fixes a b :: real
assumes cos ¢ = cos b sin a = sin b
shows 3 k:iint. a — b = 2xkxpi
proof—
from assms have sin (a — b) = 0 cos (a — b) = 1
using sin-diff [of a b] cos-diff [of a b]
by auto
thus ?thesis
using cosI-sin0
by auto
qed

lemma sin-monotone-2pi: assumes — (pi / 2) < yand y <z and z < pi / 2
shows sin y < sin
proof —

have 0 <y +pi/2andy+pi/2<z+pi/2and z+ pi /2 < pi

using pi-ge-two and assms by auto

from cos-monotone-0-pi[ OF this] show ?thesis unfolding minus-sin-cos-eq[symmetric]
by auto
qed

lemma sin-ing:
assumes a # o’ —pi/2 < a ANa<pi/2 —pi/2 < o' Ao’ < pif2
shows sin a # sin o’

using assms

using sin-monotone-2pilof a a'] sin-monotone-2pi[of o’ a]

by (cases o < ') auto

lemma arccos-le-pi2:
assumes a > (a < 1

13



shows arccos a < pi/2
using assms
by (smt antisym arccos-cos arccos-ubound cos-arccos cos-monotone-0-pi’ cos-pi-half
pi-half-ge-zero)

definition atan?2 where
atan2 y r =
(if x > 0 then arctan (y/x)
else if v < 0 then
if y > 0 then arctan (y/x) + pi else arctan (y/x) — pi
else
if y > 0 then pi/2 else if y < 0 then —pi/2 else 0)

lemma atan2-bounded: —pi < atan2 y A atan?2 y x < pi

using arctan-bounded|of y/x] zero-le-arctan-iff [of y/x] arctan-le-zero-iff [of y/x]
zero-less-arctan-iff [of y/x] arctan-less-zero-iff [of y/z]

using divide-neg-neglof y x] divide-neg-pos|of y x| divide-pos-pos|of y ] divide-pos-neg|of
y 2]

unfolding atan2-def

by (simp (no-asm-simp)) auto

lemma cos-periodic-nat[simp]: fixes n :: nat shows cos (z + n * (2 * pi)) = cos
x
proof (induct n arbitrary: x)
case (Suc n)
have split-pi-off: © + (Sucn) * (2 * pi) = (x + n * (2 * pi)) + 2 * pi
unfolding Suc-eq-plus1 real-of-nat-add real-of-one distrib-right by auto
show ?case unfolding split-pi-off using Suc by auto
qed auto

lemma cos-periodic-int[simp]: fixes i :: int shows cos (z + @ * (2 * pi)) = cos x
proof (cases 0 < i)

case True hence i-nat: real i = nat i by auto

show ?thesis unfolding i-nat by auto

next
case Fulse hence i-nat: i = — real (nat (—i)) by auto
have cos x = cos (x + i x (2 x pi) — i x (2 * pi)) by auto
also have ... = cos (z + i * (2 * pi))

unfolding i-nat mult-minus-left diff-minus-eq-add by (rule cos-periodic-nat)
finally show ?thesis by auto
qged

abbreviation canon-ang-P where
canon-ang-P a o’ = (—pi < o’ A o’/ < pi) A (3 kuint. o — o = 2xkxpi)

14



definition canon-ang :: real = real (|-|) where
la] = (THE o'. canon-ang-P « o)

lemma canon-ang-ex:
shows 3 «a'. canon-ang-P o o’
proof—
have sxx: V azreal. 3 o’ 0 <o’ Ao/ <1 A3 kuint. o' =a — k)
proof
fix a::real
show Fa’>0. o' < 1 A (Fkuint. o' = a — real k)
proof (cases a = floor «)
case True
thus ?thesis
by (rule-tac =« — floor a + 1 in exl, auto) (rule-tac x=floor a — 1 in
exl, auto)
next
case Fulse
thus ?thesis
using real-of-int-floor-ge-diff-one[of «]
using real-of-int-floor-le[of «]
by (rule-tac =« — floor « in exl) (metis antisym diff-self floor-subtract
le-cases le-iff-diff-le-0 less-int-code(1) not-leE zero-less-floor)
qed
qed

have #%: V aureal. 3 a’. 0 <a’'Aa’' < 2 A3 kuint. o — o’ = 2%k — 1)
proof
fix o::real
from xxx[rule-format, of (o + 1) /2]
obtain o’ and k::int where 0 < o’ o' < 1 o' =(a+ 1)/2 — k
by force
hence 0 < a’'a’' <1 a'=a/2 —k+ 1/2
by auto
thus 3a’>0. o' < 2 A (Fkuint. o — a' = real (2 x k — 1))
by (rule-tac t=2xa’ in exl) auto
qged
have x: V aureal. 3 o' =1 <o’ Ao’ <1 A (3 kuint. a — o' = 2xk)
proof
fix o::real
from xx obtain o’ and k :: int where
0<a' Na'<2Na—-a' =2k — 1
by force
thus Ja’>—1.a' <1 A (Fk. o — a’ = real (2 * (k::int)))
by (rule-tac z=a’ — 1 in exl) (auto simp add: field-simps)
qed
show ?thesis
using x[rule-format, of « / pi]
apply auto

15



apply (rule-tac x=a’*pi in exl)

by (auto simp add: field-simps) (metis mult.commute mult-minus1-right not-less
pi-gt-zero real-mult-le-cancel-iff2)
qed

lemma canon-ang-unique:
assumes canon-ang-P « o’ canon-ang-P o o’
shows o’ = o’
proof—
obtain k1::int where o — o' = 2xklx*pi
using assms(1)
by auto
obtain k2::int where a — o'’ = 2xk2xpi
using assms(2)
by auto
hence —a' + o' = 2x(k1 — k2)*pi
using («« — o' = 2xk1xpi)
by (simp add:field-simps)
moreover
have —a’ + a” < 2 x pi —a’ + o' > —2xpi
using assms
by auto
ultimately
have —a’ + o’ = 0
by auto
thus ?thesis
by auto
qed

lemma canon-ang:

—pi < laf |a] < pi 3 kuint. a — |a] = 2xkxpi
proof—
obtain o’ where canon-ang-P o o'
using canon-ang-ex|of a]
by auto
have canon-ang-P o |«
unfolding canon-ang-def
proof (rule thel[where a=a'])
show canon-ang-P o o'

by fact
next
fix
assume canon-ang-P o o'’
thus o’ = o’

using (canon-ang-P a o’
using canon-ang-unique[of o’ a o'
by simp

qed
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thus —pi < |af |a] < pi 3 kuint. a — |a] = 2xkxpi
by auto
qed

lemma canon-ang-id:
assumes —pi < a A a < pi
shows |a| = «
using assms
using canon-ang-uniquelof canon-ang o o o] canon-anglof a
by auto

lemma canon-ang-eq:
assumes 3 k:int. o’ — o'’ = 2xkxpi
shows |a'| = |a'/]
proof—
obtain k’:int where x: — pi < |a/| |a’| < pi o’ — |a'| = 2 * real k' * pi
using canon-anglof ]
by auto

obtain k’::int where *x: — pi < |a’| |a”] < pi o’ — |a”| = 2 * real k"' * pi
using canon-ang|of o'
by auto

obtain k::int where *xx: o' — o' = 2%kx*pi
using assms
by auto

have dm:int. o’ — |a”'] = 2 * m * pi
using #x(8) #*x
by (rule-tac z=k+k"" in exl) (auto simp add: field-simps)

thus ?thesis
using canon-ang-unique[of |a’| a’ ||| * *x
by auto
qed

lemma canon-ang-eql:
assumes Jkuint. o' —a=2xk*xpi —pi <a’'ANa’ < pi
shows |a] = o

using assms

using canon-ang-eq[of o’ a]

using canon-ang-id[of o]

by auto

lemma canon-ang-arg:

larg z| = arg z
using canon-ang-id|of arg z] arg-bounded
by simp

17



lemma canon-ang-uminus:
assumes || # pi

shows |—a] = —|a|
proof (rule canon-ang-eql)
show Jz:int. — |a] — — a = 2 % real x * pi

using canon-ang(3)[of ]
by (metis minus-diff-eq minus-diff-minus)
next
show — pi < — |a| A — |a]| < pi
using canon-ang(1)[of «] canon-ang(2)[of @] assms
by auto
qed

lemma canon-ang-uminus-pi:
assumes |a| = pi
shows |—a| = |a]
proof (rule canon-ang-eql)
obtain k::int where o — |a] = 2 * real k * pi
using canon-ang(3)[of «]
by auto
thus dz:int. |a] — — a = 2 % real x * pi
using assms
by (rule-tac x=k+(1::int) in exl) (auto simp add: field-simps)
next
show — pi < |a] A o] < pi
using assms
by auto
qed

lemma canon-ang-diff:
la = B = |la] — |Bl]
proof (rule canon-ang-eq)
show Jz:int. « — 8 — (lal — |B8]) = 2 x real x * pi
proof—
obtain k1::int where a — |a| = 2xk1x*pi
using canon-ang(3)
by auto
moreover
obtain k2::int where 5 — |B| = 2xk2xpi
using canon-ang(3)
by auto
ultimately
show ?thesis
by (rule-tac x=k1 — k2 in exl) (auto simp add: field-simps)
qed
qed

lemma canon- ang-sum:

la + Bl = lla] + 5]l
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proof (rule canon-ang-eq)
show Jzuint. o« + 8 — (lal + 18]) = 2 x real x * pi
proof—
obtain k1::int where a — |a| = 2xk1xpi
using canon-ang(3)
by auto
moreover
obtain k2::int where § — |B| = 2xk2xpi
using canon-ang(3)
by auto
ultimately
show ?thesis
by (rule-tac =k1 + k2 in exl) (auto simp add: field-simps)
qed
qed

lemma canon-ang-plus-pil:
assumes 0 < a o < 2%pi
shows |a + pi] = a — pi
proof (rule canon-ang-eql)
show 3 z:uint. « — pi — (o + pi) = 2 * real T * pi
by (rule-tac z=—1 in ezl) auto
next
show — pi < o — pi Ao — pi < pi
using assms
by auto
qged

lemma canon-ang-plus-pi2:
assumes —2xpi < a a < 0
shows |a + pi] = a + pi
proof (rule canon-ang-id)
show — pi < a4+ pi A o+ pi < pi
using assms
by auto
qed

lemma canon-ang-minus-pil:
assumes 0 < a o < 2%pi
shows |a — pi] = a — pi
proof (rule canon-ang-id)
show — pi < a — pi A a — pi < pi
using assms
by auto
qed

lemma canon-ang-minus-pi2:

assumes —2x*pi < o a < 0
shows |a — pi| = a + pi
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proof (rule canon-ang-eql)
show 3 zuint. o + pi — (o — pi) = 2 * real x * pi
by (rule-tac z=1 in exl) auto
next
show — pi < a + pi A a + pi < pi
using assms
by auto
qed

lemma [simp]: |0] = 0
using canon-ang-egl[of 0 0]
by simp

lemma canon-ang-cos [simp]: cos |a] = cos «
proof—
obtain z::int where o = |a] + pi * (real z x 2)
using canon-ang(3)[of «]
by (auto simp add: field-simps)
thus ?thesis
using cos-periodic-int[of |a] z]
by (simp add: field-simps)
qed

lemma [simp]: cis ¢ * cis (— @) = 1
by (metis cis-mult cis-zero right-minus)

lemma cis-eq:
assumes cis ¢ = cis b
shows 3 k:int. a — b= 2 x k % pi
using assms sin-cos-eq[of a b]
using Re-cis[of a] Re-cis[of b] Im-cis|of a] Im-cis[of b]
by (cases cis a, cases cis b) auto

lemma cis-inyg:
assumes cis a = cis &' —pi < o a < pi —pi < o’ a’ < pi
shows a = o’

using assms

by (metis arg-unique sgn-cis)

lemma re-complex-zero-argl:
assumes arg z = pi/2 V arg z = —pi/2
shows Re z = 0
using assms
using rcis-cmod-arg|of z] Re-rcis[of cmod z arg z]
by (metis cos-minus cos-pi-half minus-divide-left mult-eq-0-iff )
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lemma re-complex-zero-arg2:
assumes Re z = 0z # 0
shows arg z = pi/2 V arg z = —pi/2
proof—
have cos (arg z) = 0
using assms
by (metis Re-rcis no-zero-divisors norm-eg-zero rcis-cmod-arg)
thus ?thesis
using arg-bounded|of z]
using cos-0-iff-normalized|of arg z]
by simp
qed

lemma im-complex-zero-arg1:
assumes arg z = 0 V arg z = pi
shows Im z = 0
using assms
using rcis-cmod-arg[of z] Im-rcis[of cmod z arg 2]
by auto

lemma im-complex-zero-arg2:
assumes Im z = 0
shows arg z = 0 V arg z = pi
proof (cases z = 0)
case True
thus ?thesis
by (auto simp add: arg-zero)
next
case Fulse
hence sin (arg z) = 0
using assms rcis-cmod-arg|of z] Im-rcis[of cmod z arg z]
by auto
thus ?thesis
using arg-bounded|of 2]
using sin-0-iff-normalized
by simp
qged

lemma arg-complez-of-real-positive:
assumes k > 0
shows arg (cor k) = 0
proof—
have cos (arg (Complex k 0)) > 0
using assms
using rcis-cmod-arg[of Complex k 0] Re-rcis[of ecmod (Complex k 0) arg
(Complezx k 0)]
by auto
thus ?thesis
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using assms im-complex-zero-arg2[of cor k]
unfolding complex-of-real-def
by auto

qed

lemma arg-complez-of-real-negative:
assumes k < 0
shows arg (cor k) = pi
proof—
have cos (arg (Complex k 0)) < 0
using rcis-cmod-arg[of Complexr k 0] Re-rcis[of cmod (Complex k 0) arg
(Complezx k 0)]
by auto (metis assms less-asym’ mult-eq-0-iff mult-pos-pos neqE zero-less-abs-iff)
thus ?thesis
using assms im-complex-zero-arg2|of cor k|
unfolding complex-of-real-def
by auto
qed

lemma
[simp]: arg i = pi/2
proof—
have i = cis (arg i)
using rcis-cmod-arg|of ii]
by (simp add: rcis-def)
hence cos (arg ii) = 0 sin (arg it) = 1
by (metis Re-cis complex-Re-i, metis Im-cis complex-Im-i)
thus ?thesis
using cos-0-iff-normalized|of arg ii] arg-bounded]|of i)
by (auto simp add: field-simps)
qed

lemma
[simp]: arg (—ii) = —pi/2
proof—
have —ii = cis (arg (— 1))
using rcis-cmod-arg|of —ii
by (simp add: rcis-def)
hence cos (arg (—ii)) = 0 sin (arg (—i1)) = —1
using Re-cis|of arg (—i)] Im-cis[of arg (—ii)]
by auto
thus ?thesis
using cos-0-iff-normalized|of arg (—ii)] arg-bounded|of —ii]
by (metis one-neg-neg-numeral sin-pi-half)
qed

lemma arg-cis:

shows arg (cis ¢) = |¢]
proof (rule canon-ang-eql [symmetric])
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show — pi < arg (cis @) A arg (cis @) < pi
using arg-bounded
by simp
next
show 3 k:uint. arg (cis ) — ¢ = 2xkxpi
proof—
have cis (arg (cis ¢)) = cis ¢
using cis-arg|of cis )
by auto
thus ?thesis
using cis-eq
by auto
qed
qed

lemma cos-arg:
assumes z #
shows cos (arg z) = Re z / c¢cmod z
by (metis Complex.Re-sgn Re-cis assms cis-arg)

lemma sin-arg:
assumes z # 0
shows sin (arg z) = Im z / c¢cmod 2
by (metis Complex.Im-sgn Im-cis assms cis-arg)

lemma cis-arg-mult:
assumes a x z # 0
shows cis (arg (a * z)) = cis (arg a + arg 2)
proof—
have a * z = cor (e¢mod a) * cor (cmod z) * cis (arg a) * cis (arg 2)
using rcis-cmod-arg|of z, symmetric] rcis-cmod-arglof a, symmetric]
unfolding rcis-def
by algebra
hence a * z = cor (ecmod (a x z)) * cis (arg a + arg z)
using cis-mult[of arg a arg z]
by auto
hence cor (ecmod (a * 2)) % cis (arg a + arg z) = cor (cmod (a * z)) * cis (arg
(a * 2))
using assms
using rcis-cmod-arg|of axz]
unfolding rcis-def
by auto
thus ?thesis
using mult-cancel-left[of cor (¢cmod (a * z)) cis (arg a + arg z) cis (arg (a *
2
using assms
by auto
qed
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lemma arg-mult-2kpi:
assumes a * z # 0
shows 3 k:int. arg (a x z) = arg a + arg z + 2xkx*pi
proof—
have cis (arg (axz)) = cis (arg a + arg z)
by (rule cis-arg-mult|OF assms])
thus ?thesis
using cis-eqlof arg (a*xz) arg a + arg 2|
by (auto simp add: field-simps)
qged

lemma arg-mult:
assumes z1 * 22 # 0
shows arg(z1 * 22) = |arg z1 + arg 22|
proof—
obtain k::int where arg(z1 * 22) = arg z1 + arg 22 + 2xkxpi
using arg-mult-2kpi[of 21 22]
using assms
by auto
hence |arg(z1 * 22)| = |arg z1 + arg 22|
using canon-ang-eq
by (simp add:field-simps)
thus ?thesis
using canon-ang-arg|of z1%22]
by auto
qged

lemma arg-mult-real-positive:
assumes k > 0
shows arg (cor k x z) = arg z
proof (cases z = 0)
case True
thus ?thesis
by (auto simp add: arg-zero)
next
case Fulse
thus ?thesis
using assms
using arg-mult|of cor k 2]
by (auto simp add: arg-complex-of-real-positive canon-ang-arg)
qged

lemma arg-mult-real-negative:
assumes k < 0
shows arg (cor k * z) = arg (—2)
proof (cases z = 0)
case True
thus ?thesis
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by (auto simp add: arg-zero)
next
case Fulse
thus ?thesis
using assms
using arg-mult[of cor k 2|
using arg-mult[of —1 2]
using arg-complez-of-real-negative|of k] arg-complez-of-real-negative[of —1]
by auto
qged

lemma arg-cnji:
assumes arg z = pi
shows arg (cnj z) = pi
proof—
have cos (arg (cnj z)) = cos (arg 2)
using rcis-cmod-arg|of z, symmetric] Re-rcis|of cmod z arg 2|
using rcis-cmod-arg|of cnj z, symmetric] Re-rcis[of ecmod (cnj z) arg (cnj z)]
by auto
hence arg (¢nj 2) = arg z V arg(cenj z) = —arg 2
using arg-bounded|of z] arg-bounded[of cnj z|
by (metis arccos-cos arccos-cos2 less-eq-real-def linorder-le-cases minus-minus)
thus ?thesis
using assms
using arg-bounded|of cnj z]
by auto
qed

lemma arg-cnj2:
assumes arg z # pi
shows arg (c¢nj z) = —arg 2
proof(cases arg z = 0)
case True
thus ?thesis
by (metis cnj-def complex-surj im-complex-zero-argl minus-zero)
next
case Fulse
have cos (arg (cnj z)) = cos (arg 2)
using rcis-cmod-arg|of z] Re-rcis|of cmod z arg z]
using rcis-cmod-arg|of cnj z] Re-rcis[of cmod (enj z) arg (cnj z)]
by auto
hence arg (¢nj z) = arg z V arg(cenj z) = —arg z
using arg-bounded|of z] arg-bounded[of cnj z|
by (metis arccos-cos arccos-cos2 less-eq-real-def linorder-le-cases minus-minus)
moreover
have sin (arg (¢nj 2)) = —sin (arg z)
using rcis-cmod-arg|of z] Im-rcis[of cmod z arg z|
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using rcis-cmod-arg[of cnj z] Im-rcis[of cmod (cng z) arg (cnj z)]
by auto (metis complex-Im-cnj complex-Im-zero complex-mod-cnj im-complez-zero-arg2
minus-mult-right norm-eq-zero real-mult-left-cancel sin-pi sin-zero)
hence arg (cnj z) # arg z
using sin-0-iff-normalized|of arg (cnj z)] arg-bounded False assms
by auto
ultimately
show ?thesis
by auto
qged

lemma arg-div-real-positive:
assumes k # 0k > 0
shows arg (z / cor k) = arg z
proof(cases z = 0)
case True
thus ?thesis
by auto
next
case Fulse
thus ?thesis
using assms
using arg-mult-real-positive|of 1/k 2]
by auto
qged

lemma arg-invi:
assumes z # 0 arg z # pi
shows arg (1 / z) = — arg z
proof—
have 1/z = cnj z / cor ((cmod 2)? )
using (z # 0y complez-mult-cnj-cmod|of ]
by (auto simp add:field-simps)
thus ?thesis
using arg-div-real-positive|of (cmod 2)? enj z] <z # O
using arg-cnj2|of z] arg z # pi»>
by auto
qed

lemma arg-inv2:
assumes z # 0 arg z = pi
shows arg (1 / z) = pi
proof—
have 1/z = ¢enj z / cor ((cmod z)? )
using <z # ) complez-mult-cnj-cmod|of 2]
by (auto simp add:field-simps)
thus ?thesis
using arg-div-real-positive|of (cmod 2)? cnj z] <z # O
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using arg-cnjl [of 2] (arg z = pi
by auto
qed

lemma arg-inv-2kpi:
assumes z # 0
shows 3 k:int. arg (1 / 2) = — arg z + 2xk*pi
using arg-invl [OF assms]
using arg-inv2[OF assms]
by (cases arg z = pi) (rule-tac z=1 in exl, simp, rule-tac z=0 in exl, simp)

lemma arg-inv:
assumes z # 0
shows arg (1 / z) = |— arg z|
proof—
obtain k::int where arg(1 / z) = — arg z + 2xkxpi
using arg-inv-2kpi[of 7]
using assms
by auto
hence |arg(1 / 2)| = |— arg z]
using canon-ang-eq
by (simp add:field-simps)
thus ?thesis
using canon-ang-arglof 1 | 2]
by auto
qged

lemma arg-div-2kpi:
assumes z1 # 022 # 0
shows 3 k:int. arg (z1 | 22) = arg z1 — arg 22 + 2xkxpi
using assms
unfolding complez-divide-def[of z1 2]
using inverse-eq-divide|of 22|
using arg-mult-2kpi|of z1 1/22]
using arg-inv-2kpi[of 22)
by auto (metis comm-semiring-class.distrib distrib-left-numeral real-of-int-add)

lemma arg-div:
assumes z1 # 022 # 0
shows arg(z1 / 22) = |arg z1 — arg 22|
proof—
obtain k::int where arg(z1 / 22) = arg z1 — arg 22 + 2xkxpi
using arg-div-2kpilof z1 22]
using assms
by auto
hence canon-ang(arg(z1 | 22)) = canon-ang(arg z1 — arg z2)
using canon-ang-eq
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by (simp add:field-simps)
thus ?thesis
using canon-ang-arg|of z1/22]
by auto
qed

lemma arg-uminus:
assumes z # 0
shows arg (—z) = |arg z + pi|
using assms
using arg-mult[of —1 2]
using arg-complex-of-real-negative[of —1]
by auto (metis comm-semiring-1-class.normalizing-semiring-rules(24))

definition
csqrt z = reis (sqrt (emod 2)) (arg z /| 2)

lemma [simp]: (csqrt 7)? = z
unfolding csqrt-def
by (subst DeMoivre2) (simp add: rcis-cmod-arg)

lemma ex-complex-sqrt: 3 s::complex. sxs = z
unfolding power2-eq-square[symmetric]
by (rule-tac z=csqrt z in exl) simp

lemma csqrt:
assumes § x s = 2

shows s = csqrt z V s = —csqrt 2z
proof (cases s = 0)
case True

thus ?thesis
using assms
unfolding csqrt-def
by simp
next
case Fulse
then obtain k::int where cmod s * ¢cmod s = cmod z 2 * arg s — arg z =
2xkxpi
using assms
using rcis-cmod-arg|of z] rcis-cmod-arg[of s
using arg-mult[of s s|
using canon-ang(3)[of 2xarg s
by (auto simp add: norm-mult arg-mult)
have *: sqrt (cmod z) = cmod s
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using (cmod s * cmod s = cmod 2)
by (smt norm-not-less-zero real-sqrt-abs2)

have #x: arg z /| 2 = arg s — kxpi
using (2 % arg s — arg z = 2xkxp

by simp
have cis (arg s — kxpi) = cis (arg s) V cis (arg s — kxpi) = —cis (arg s)
proof (cases even k)

case True

hence cis (arg s — kxpi) = cis (arg s)
by (simp add: cis-def cos-diff sin-diff cos-kpi-even sin-kpi)
thus ?thesis
by simp
next
case Fulse
hence cis (arg s — kxpi) = —cis (arg s)
by (simp add: cis-def cos-diff sin-diff cos-kpi-odd sin-kpi)
thus ?thesis
by simp
qged
thus ?thesis
proof
assume s*x: cis (arg s — real k * pi) = cis (arg s)
hence s = csqrt 2z
using rcis-cmod-arg[of s)
unfolding csqrt-def rcis-def
by (subst *, subst *x, subst **x, simp)
thus ?thesis

by simp
next
assume s#x: cis (arg s — real k * pi) = —cis (arg s)
hence s = — csqrt z

using rcis-cmod-arg[of s
unfolding csqrt-def rcis-def
by (subst *, subst x, subst xxx, simp)
thus ?thesis
by simp
qed
qed

lemma [simp]: csqrt x = 0 +— z = 0
unfolding csqrt-def

by auto
lemma csqrt-mult: csqrt (a * b) = csqrt a * csqrt b V csqrt (a x b) = — csqrt a
*x csqrt b
proof (casesa =0V b = 0)
case True
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thus ?thesis
by auto
next
case Fulse
obtain k::int where x: |arg a + arg b] = arg a + arg b — 2 * real k * pi
using canon-ang(3)[of arg a + arg b]

by smt
have cis (larg a + arg b] / 2) = cis (arga / 2 + arg b / 2) V cis (larg a +
arg bl / 2) = — cis (arga / 2 4+ arg b | 2)

using cos-kpi-even|of k| cos-kpi-odd|[of k]
by ((subst *)+, (subst diff-divide-distrib)+, (subst add-divide-distrib)+)
(cases even k, auto simp add: cis-def cos-diff sin-diff sin-kpi)
thus ?thesis
using Fulse
unfolding csqrt-def
by (simp add: rcis-mult real-sqrt-mult arg-mult)
(auto simp add: rcis-def)
qed

lemma csqrt-real:
assumes is-real ©
shows (Re z > 0 A csqrt x = cor (sqrt (Re x))) V
(Rex < 0 A csqrt x = @ * cor (sqrt (— (Re x))))
proof (cases © = 0)
case True
thus ?thesis
by auto
next
case Fulse
show ?thesis
proof (cases Re x > 0)
case True
hence arg x = 0
using «s-real o
by (metis arg-complez-of-real-positive complex-of-real-Re)
thus ?thesis
using (Re xz > O
unfolding csqrt-def
by simp (metis Re.simps complex-of-real-def rcis-cmod-arg rcis-zero-arg)
next
case Fulse
hence Re z < 0
using <z # 0) ts-real )
by (cases x, auto)
hence arg z = pi
using «s-real o
by (metis arg-complex-of-real-negative complez-of-real-Re)
thus ?thesis
using (Rez < O
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unfolding csqrt-def
by (simp add: rcis-def cis-def complezx-of-real-def) (metis Complez-eq-0 False
Re.simps assms complex-minus-def complex-of-real-def cor-cmod-real le-less-linear
norm-le-zero-iff)
qged
qed

lemma is-real-rot-to-raxis:
assumes z # (0
shows is-real (cis (—arg z) * 2z)
proof (cases arg z = pi)
case True
thus ?thesis
using im-complez-zero-argl [of 2]
by auto
next
case Fulse
hence |— arg z] = — arg 2
using canon-ang-eql[of — arg z —arg 2|
using arg-bounded|of z]
by (auto simp add: field-simps)
hence arg (cis (— (arg z)) * 2) = 0
using arg-mult[of cis (— (arg 2)) z] <z # O
using arg-cis[of — arg 2]
by simp
thus ?thesis
using im-complex-zero-argl [of cis (— arg z) * z]
by auto
qed

lemma cmod-1-plus-mult-le:
emod (1 + zxw) < sqrt((1 + (emod 2)?) * (1 + (emod w)?))
proof—
have Re ((1+z+w)*(1+cnj zxenj w)) < Re (1+zxcnj z)x Re (14+w*cnj w)
proof—
have Re ((w — cnj 2)xenj(w — enj 2)) > 0
by (subst complex-mult-cnj-cmod) (simp add: power2-eq-square)
hence Re (zxw + cnj z * enj w) < Re (wxenj w) + Re(zxenj z)
by (simp only: complez-cnj complex-cnj-cnj field-simps complex-Re-diff complex-Re-add)
thus ?thesis
by (simp add: field-simps)
qed
hence (cmod (1 + z x w))? < (1 + (cmod 2)?) x (1 + (cmod w)?)
by (subst cmod-square)+ simp
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thus ?thesis
by (metis abs-norm-cancel real-sqrt-abs real-sqri-le-iff )
qed

lemma cmod-diff-ge: cmod (b — ¢) > sqrt (1 + (c¢mod b)?) — sqrt (1 + (cmod
c)?)
proof—
have (cmod (b — ¢))? + (1/2xIm(bxcnj ¢ — cxcnj b))? > 0
by simp
hence (cmod (b — ¢))? > — (1/2%Im(bxcnj ¢ — cxcnj b))?
by simp
hence (cmod (b — ¢))? > (1/2xRe(bxcnj ¢ + cxenj b))? — Re(bxcnj bxckenj

)
by (auto simp add: power2-eq-square field-simps)
hence Re ((b — ¢)x(cnj b — cenjc)) > (1/2xRe(bxcnj ¢ + cxeng b))? — Re(bkcnj
bxcxenj )
by (subst (asm) cmod-square) (simp add: complex-cnyj)
moreover
have (1 + (emod b)?) x (1 + (cmod ¢)?) = 1 + Re(bxcnj b) + Re(cxenj ¢) +
Re(bxcnj bxcxeng ¢)
by (subst cmod-square)+ (simp add: field-simps power2-eq-square)
moreover
have (1 + Re (scalprod b ¢))> = 1 + 2xRe(scalprod b ¢) + ((Re (scalprod b
o))
by (subst power2-sum) simp
hence (I + Re (scalprod b ¢))?> = 1 + Re(bxcnj ¢ + cxenj b) + (1/2 = Re
(bxcnj ¢ + cxcnj b))?
by simp
ultimately
have (1 + (cmod b)?) * (1 + (cmod ¢)?) > (1 + Re (scalprod b c))?
by (simp add: field-simps)
moreover
have sqrt((1 + (cmod b)?) * (1 + (cmod ¢)?)) > 0
by (metis one-power2 real-sqrt-sum-squares-mult-ge-zero)
ultimately
have sqrt((1 + (cmod b)?) x (1 + (e¢mod ¢)?)) > 1 + Re (scalprod b c)
by (metis power2-le-imp-le real-sqrt-ge-0-iff real-sqrt-pow2-iff)
hence Re ((b — ¢) % (enj b — ¢cnj¢)) > 1 + Re (cxenj ¢) + 1 + Re (bxeng b)
2xsqrt((1 + (emod b)) * (1 + (cmod c)?))
by (simp add: field-simps)
hence *: (ecmod (b — ¢))? > (sqrt (1 + (ecmod b)?) — sqrt (1 + (emod c)?))?
apply (subst cmod-square)+
apply (subst (asm) cmod-square)+
apply (subst power2-diff)
apply (subst real-sqrt-pow2, simp)
apply (subst real-sqrt-pow2, simp)
apply (simp add: real-sqrt-mult complex-cng)
done
thus ?thesis

NN N N N
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proof (cases sqrt (1 + (cmod b)?) — sqrt (1 + (c¢cmod ¢)?) > 0)
case True
thus ?thesis
using square-cancel|OF ]
by simp
next
case Fulse
hence 0 > sqrt (1 + (cmod b)?) — sqrt (1 + (cmod c)?)
by (metis less-eq-real-def linorder-negE-linordered-idom,)
moreover
have cmod (b — ¢) > 0
by simp
ultimately
show ?thesis
by (metis add-increasing monoid-add-class.add.right-neutral)
qged
qed

lemma cmod-diff-le: cmod (b — ¢) < sqrt (1 + (cmod b)?) + sqrt (1 + (cmod
c)?)
proof—
have (cmod (b + ¢))? + (1/2xIm(b*xcnj ¢ — cxenj b))? > 0
by simp
hence (cmod (b + ¢))? > — (1/2xIm(bxcnj ¢ — cxcnj b))?
by simp
hence (cmod (b + ¢))? > (1/2%Re(bxcnj ¢ + cxenj b))? — Re(bxcnj bxckenj

c)
by (auto simp add: power2-eq-square field-simps)
hence Re ((b + ¢)*(cnj b + cnjc)) > (1/2xRe(bxcnj ¢ + cxenj b))? — Re(bkcenj
bxcxenj c)
by (subst (asm) cmod-square) (simp add: complez-cng)
moreover
have (1 + (emod b)?) * (1 + (c¢mod ¢)?) = 1 + Re(bxcnj b) + Re(cxenj ¢) +
Re(bxcnj bxcxenj c)
by (subst cmod-square)+ (simp add: field-simps power2-eq-square)
moreover
have ++: 2xRe(scalprod b ¢) = Re(bxcnj ¢ + cxcnj b)
by simp
have (1 — Re (scalprod b ¢))> = 1 — 2xRe(scalprod b ¢) + ((Re (scalprod b
o))
by (subst power2-diff) simp
hence (I — Re (scalprod b ¢))?> = 1 — Re(bxcnj ¢ + cxenj b) + (1/2 * Re
(bxcnj ¢ + cxcnj b))?
by (subst ++[symmetric]) simp
ultimately
have (1 + (cmod b)?) * (1 + (cmod ¢)?) > (1 — Re (scalprod b c))?
by (simp add: field-simps)
moreover
have sqrt((1 + (cmod b)?) * (1 + (cmod ¢)?)) > 0
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by (metis one-power2 real-sqrt-sum-squares-mult-ge-zero)
ultimately
have sqrt((1 + (cmod b)?) x (1 + (c¢mod ¢)?)) > 1 — Re (scalprod b c)
by (metis power2-le-imp-le real-sqrt-ge-0-iff real-sqrt-pow2-iff)
hence Re ((b — ¢) * (enj b — cnj¢)) < 1 + Re (cxenjc) + 1 + Re (bxenj b)
+ 2xsqrt((1 + (cmod b)?) * (1 + (cmod c)?))
by (simp add: field-simps)
hence *: (emod (b — ¢))? < (sqrt (1 + (emod b)?) + sqrt (1 + (emod c)?))?
apply (subst cmod-square)+
apply (subst (asm) cmod-square)+
apply (subst power2-sum)
apply (subst real-sqrt-pow2, simp)
apply (subst real-sqrt-pow2, simp)
apply (simp add: real-sqrt-mult complez-cnj)
done
thus ?thesis
using square-cancel[OF ]
by simp
qed

definition cdist where
[simp]: cdist z1 22 = cmod (22 — 21)

lemma [simp]:

fixes z1 22 :: complex

assumes zI # 0 22 # 0

shows k. k # 0 AN 22 =k % z1
using assms
by (rule-tac t=22/z1 in exI) simp

lemma [simp]:

fixes z::complex

assumes z # 0

shows 3k. kK # 0 Nk * 2z =1
using assms
by (rule-tac z=1/z in exl) simp
lemma [simp]:

fixes z::complex

shows Jk. kK # 0 Nk * 2z =z

by (rule-tac z=1 in exl) simp

end
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2 Systems of linear equations

theory LinearSystems
imports MoreComplex
begin

definition det2 where
[simp]: det2 all al2 a2l a22 = allxa22 — al2xa2l

lemma regular-homogenous-system:
fixes all::complex
assumes all*a22 — al2xa21 # 0 allxxl + al2xz2 = 0 a21*xxl + a22xzx2 =
0
shows z1 = 0 AN 22 = 0
proof (cases all = 0)
case True
with assms(1) have a12 # 0 a21 # 0
by auto
thus ?thesis
using (a1l = 0) assms(2) assms(3)
by auto
next
case Fulse
hence z1 = — al2x22 / all
using assms(2)
by (auto simp add: field-simps) (metis diff-divide-eq-iff diff-minus-eg-add divide-zero-left
eq-iff-diff-eq-0 minus-divide-left)
hence (al1xa22 — al2xa21)xx2 = 0
using assms(3) all # 0
by (auto simp add: field-simps)
thus ?thesis
using assms(1) assms(2) <all # O
by auto
qged

lemma regular-system:
fixes all::complex
assumes al1%a22 — al2xa2l # 0
shows 3! z.
allx(fst x) + al2x(snd x) = b1 A
a21x(fst x) + a22x(snd z) = b2
proof
let ?d = al1%a22 — al2%a21 and ?dl = b1xa22 — b2xal2 and ?d2 = b2xall
— blxa2l
let %z = (2d1 / 2d, 2d2 | ?d)
have a1l x 2d1 4+ al2 x 2d2 = b1x2d a21 * ?d1 + a22 *x 2d2 = b2x?2d
by (auto simp add: field-simps)
thus all * fst 2z + al2 % snd %x = bl A a2l * fst %z + a22 % snd %z = b2
using assms
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by (metis (hide-lams, no-types) add-divide-distrib eg-divide-imp fst-eqD snd-eqD
times-divide-eq-right)

fix z’
assume all * fst ' + al2 % snd 2’ = b1 A a2l * fst x' + a22 * snd z’ = b2
with (a1l x fst o + al2 % snd 2z = bl A a2l * fst 20 + a22 * snd ?z = b2
have all x (fst ' — fst 2z) + al2 * (snd 2’ — snd ?z) = 0 A a2l x (fst ' —
fst 2z) + a22 % (snd ' — snd %z) = 0
by (auto simp add: field-simps)
thus 2z’ = %z
using regular-homogenous-system[OF assms, of fst ¥’ — fst 2z snd x’ — snd ?z]
by (cases z') auto
qed

lemma singular-system:
fixes all::complex
assumes all*a22 — al2xa21 = 0 all # 0V al2 # 0
assumes x: allxfst x0 + al2xsnd 0 = bl a21xfst 20 + a22+snd z0 = b2
assumes xx: allxfst z + al2xsnd z = bl
shows a21xfst © + a22«snd © = b2
proof (cases all = 0)
case True
with assms have a21 = 0 al2 # 0
by auto
let %k = a22 / al2
have b2 = %k % b1
using * <all = ) 21 = O «al2 # O
by auto
thus ?thesis
using 1l = 0) @21 = O al2 # 0) *x
by auto
next
case Fulse
let %k = a21 / all
from xx
have %k * all * fst x + %k % al2 *x snd x = %k % bl
using <all # O)
by (auto simp add: field-simps)
moreover
have a21 = %k % a1l a22 = % % al2 b2 = %k * b1
using assms(1) * all # O
by (auto simp add: field-simps)
ultimately
show ?thesis
by auto
qed

lemma cnj-equation:
assumes axzIl + bx22 = ¢
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shows cnj a * cnj 21 + ecnj b * cnj 22 = cnj ¢
using assms
by (auto simp add: complex-cnj-mult complez-cnj-add)

lemma regular-cnj-system:
assumes det2 al (enj al) a2 (cnj a2) # 0 is-real bl is-real b2
shows 3! . al * enj p + enj al * p = b1 A
a2 xcnj u+ cnj a2 x p = b2
proof—
have 3! z. al % fst x + cnj al * snd x = bl A
a2 x fst x + cnj a2 * snd x = b2
using reqular-system assms(1)
by simp

then obtain z where
*x: al % fstx + cnj al x snd z = bl
a2 x fst x + cnj a2 * snd x = b2
and xx:
V' al * fst z' + cnj al * snd z’' = bl A
a2 * fst x' + cnj a2 * snd v’ = b2 —

=z
unfolding FxI-def
by blast

have cnj b1 = b1 cnj b2 = b2
using «s-real b1> is-real b2)
by (case-tacl!] b1, case-tac[!] b2) auto
hence al * cnj (snd x) + cnj al * cnj (fst ) = bl
a2 *x cnj (snd z) + cnj a2 x cnj (fst x) = b2
using cnj-equation|OF x(1)] cnj-equation|OF *(2)] tis-real b1> tis-real b2)
by (auto simp add: field-simps)
hence (¢nj (snd z), enj (fst z)) = z
using *x
by auto
hence fst x = cnj (snd z)
by (cases z) auto
thus %thesis
using *
unfolding FExI-def
by (rule-tac z=snd z in exl, auto) (metis prod.inject)
qed

end

3 Quadratic equations
theory Quadratic

imports Compler MoreComplex
begin
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lemma real-quadratic-equation:
fixes & :: real
assumes 2 + bx E+c=0b% — fxc >0
shows & = (—=b + sqrt(b? — 4xc)) / 2V & = (=b — sqrt(b? — 4xc)) / 2
using assms
proof—
from assms have (2 * (£ + b/2))? = b% — Jxc
by (simp add: power2-eq-square field-simps)
hence 2 * (£ + b/2) = sqrt (b% — f*c) V 2 x (€ + b/2) = — sqrt (b? — 4xc)
by (metis abs-minus-cancel power2-abs power2-eq-iff real-sqrt-abs)
thus ?thesis
by (auto simp add: field-simps)
qed

lemma real-quadratic-equation’:
fixes & :: real
assumes b2 — Jxc > 0 & = (—b + sqrt(b? — 4*c)) / 2V & = (—b — sqrt(b?
— fxe)) ] 2
shows &2 +bx&4+c=10
using assms(2)
proof
assume *: £ = (— b + sqrt (b2 — 4 x¢)) / 2
show ?thesis
using assms(1)
by ((subst )+, subst power-divide, subst power2-sum, simp add: field-simps,
simp add: power2-eg-square)
next
assume x: £ = (— b — sqrt (b2 — 4 x¢)) / 2
show ?thesis
using assms(1)
by ((subst *)+, subst power-divide, subst power2-diff, simp add: field-simps,
simp add: power2-eg-square)
qed

lemma complex-quadratic-equation:
fixes £ 1 complex
assumes 2 + b xE+c =0
shows & = (—=b + csqrt(b? — 4xc)) / 2V & = (=b — csqrt(b? — fxc)) ] 2
using assms
proof—
from assms have (2 * (£ + 0/2))? = b2 — Jxc
by (simp add: power2-eq-square field-simps)
(metis ab-semigroup-mult-class.mult-ac(1) comm-semiring-1-class.normalizing-semiring-rules(34 )
comm-semiring-class. distrib mult-zero-left)
hence 2 * (£ + b/2) = csqrt (b2 — fxc) V 2 x (£ + b/2) = — csqrt (b% — 4*c)
using csqrt[of (2 x (€ + b/ 2)) b2 — 4 x (]
by (simp add: power2-eq-square)
thus ?thesis
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using mult-cancel-right[of b + & * 2 2 esqrt (b% — 4xc)]

using mult-cancel-right[of b + & x 2 2 —csqrt (b% — 4xc)]

by (auto simp add: field-simps) (metis add-diff-cancel diff-minus-eq-add minus-diff-eq)
qed

lemma complezr-quadratic-equation’:
fixes & :: complex
assumes ¢ = (—b + csqrt(b? — fxc)) | 2 V
€= (b — csqrt(b? — 4xc)) / 2
shows & +bx&4+c=10
using assms
proof
assume x: £ = (— b + csqrt (b2 — 4 x¢)) / 2
show ?thesis
by ((subst *)+) (subst power-divide, subst power2-sum, simp add: field-simps,
simp add: power2-eq-square)
next
assume *: £ = (— b — csqrt (b2 — 4 x¢)) / 2
show ?thesis
by ((subst *)+, subst power-divide, subst power2-diff, simp add: field-simps,
simp add: power2-eq-square)
qged

lemma complex-quadratic-equation-full:
fixes & :: complex
assumes ax2 +bxE+c=0a # 0
shows & = (—=b + csqrt(b? — f*axc)) / (2xa) V
€ = (=b — esqrt(b? — fxaxc)) / (2xa)
proof—
from assms have &2 + (b/a) *x € + (c/a) = 0
by (simp add: field-simps)
hence ¢ = (—(b/a) + csqrt((b/a)® — 4x(c/a))) / 2V &= (=(b/a) — csqrt((b/a)?
— fx(c/a)) [ 2
using complez-quadratic-equation|[of £ b/a c¢/a]
by simp
hence 3 k. £ = (—=(b/a) + (—1) "k * csqrt((b/a)? — 4*(c/a))) / 2
by safe (rule-tac x=2 in exl, simp, rule-tac x=1 in exl, simp)
then obtain k7 where ¢ = (—(b/a) + (—1) k1 * csqrt((b/a)® — 4x(c/a))) /
2
by auto
moreover
have (b / a)> — 4 x (¢ / a) = (b*> — 4 x axc) x (1 / a?)
by (simp add: field-simps power2-eq-square)
hence csqrt (b / a)?> — 4 % (¢ / a)) = csqrt (b* — 4 * a x ¢) * csqrt (1/a?) V
)

esqrt (b /) a)? — 4 % (¢ / a)) = — esqrt (b2 — 4 % a x ¢) * csqrt (1/a®
using csqrt-mult[of b2 — 4 * a * ¢ 1/a?]
by auto

hence 3 k. csqrt ((b ) a)®> — 4 x (¢ / a)) = (=1)k * csqrt (b> — 4 * a * ¢)
x csqrt (1 ]/ a®)
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by safe (rule-tac x=2 in exl, simp, rule-tac x=1 in exl, simp)
then obtain k2 where csqrt (b / a)> — 4 * (¢ / a)) = (—1) k2 * csqrt (b?
— 4 % ax*c)x* csqrt (1 / a?)
by auto
moreover
have csqrt (1 / a?) = 1/a V csqrt (1 / a®) = —1/a
using csqrt[of 1/a 1 | a?
by (auto simp add: power2-eq-square)
hence 3 k. csqrt (1 / a®) = (—=1)k x 1/a
by safe (rule-tac =2 in exl, simp, rule-tac =1 in exl, simp)
then obtain k3 where csqrt (1 / a?) = (—1) k3 x 1/a
by auto
ultimately
have ¢ = (— (b / a) + ((=1) " ki x (—1) “k2 % (—=1) " k3) * esqrt (b — 4 *
ax*xc)*x1/a)/ 2
by simp
moreover
have (—(1::complex)) " ki1 x (—1) " k2 % (—=1) " k3 =1 V (—(1::complezx)) ~
k1% (—1) " k2 % (—1) " k3 = —1
using neg-one-even-power|of k1 + k2 + k3]
using neg-one-odd-power|of kI + k2 + k3|
by (simp add: comm-semiring-1-class.normalizing-semiring-rules(26))
(cases even (k1 + k2 + k3), auto)
ultimately
have ¢ = (— (b / a) + csqrt (b2 — 4 xaxc)x1/a)/2VE=(—(b/a)—
esqrt (b2 — 4 xaxc)*x1/a)/ 2
by auto
thus ?thesis
using w # O
by (simp add: field-simps)
qed

lemma complex-quadratic-two-solutions:
fixes b c :: complex
assumes b2 — fxc # 0
shows 3 k; kg.kl75/{32/\]{3124—[)*/61+C:0/\]€22+b*k2+620
proof—
let 261 = (—b + csqrt(b? — 4xc))
let 262 = (=b — esqrt(b? — 4xc))
show ?thesis
apply (rule-tac z=2£1 in exl)
apply (rule-tac z=9£2 in exl)
using assms complex-quadratic-equation’[of 2£1 b c] complex-quadratic-equation’|of
762 b ]
by simp
qed

/ 2
/ 2

end
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4 Vectors, Matrices

theory Matrices
imports MoreComplex LinearSystems Quadratic
begin

4.1 Vectors

Type of complex vector
type-synonym complex-vec = complex x complex
definition vec-zero :: complex-vec where
[simp]: vec-zero = (0, 0)
Vector scalar multiplication
fun mult-sv :: complex = complex-vec = complex-vec (infixl *,, 100) where

lemma fst-mult-sv [simp]: fst (k *s, v) = k * fst v
by (cases v) simp

lemma snd-mult-sv [simp]: snd (k %5, v) = k * snd v
by (cases v) simp

lemma mult-sv-mult-sv [simp]: k1 *g, (k2 %5, v) = (k1%k2) %gy v
by (cases v) simp

lemma one-mult-sv [simp]: 1 *5, v =
by (cases v) simp
Multiplication of two vectors

fun mult-vv :: complex x complex = complex X complex = complex (infixl x,,
100) where
(:E, y) *po (aa b) = zxa + y*b

lemma mult-vv-commute: vl %y, V2 = V2 %4, vl
by (cases v1, cases v2) auto

lemma mult-vo-scale-svi:
(k *gp V1) %4y 02 = k % (01 %y v2)
by (cases v1, cases v2) (auto simp add: field-simps)

lemma mult-vu-scale-sv2:
V1 kyy (K #50 02) = k x (01 %4, v2)
by (cases v1, cases v2) (auto simp add: field-simps)

Conjugate vector

fun vec-map where
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vec-map f (z, y) = (fz, [y)
definition vec-cnj where vec-cnj = vec-map cnj

lemma vec-cnj-vec-cnj [simp): vec-cnj (vec-cnj v) = v
by (cases v) (simp add: vec-cnj-def)

lemma cnj-mult-vv: cnj (vl *y, v2) = (vec-cng v1) %y, (vec-cnj v2)
by (cases v1, cases v2) (simp add: vec-cnj-def complezr-cnyj)

lemma vec-cng-sv [simp]: vec-cnj (k *5, A) = cnj k %4, vec-cnj A
by (cases A) (auto simp add: vec-cnj-def complex-cnyj)

lemma scalsquare-vv-zero:
(vec-cnj v) 4y v = 0 +— v = vec-zero
apply (cases v)
apply (auto simp add: vec-cnj-def field-simps complex-mult-cnj-cmod)
apply (smt norm-eg-zero of-real-add of-real-eq-0-iff of-real-power sum-power2-eq-zero-iff )+
done

4.2 Matrices

Type of complex matrices

type-synonym complex-mat = complex X complex X complex X complex

Matrix scalar multiplication

fun mult-sm :: complex = complex-mat = complez-mat (infixl *,,, 100) where
k xsm (a, b, ¢, d) = (kxa, kxb, kxc, kxd)

lemma [simp]: k1 g, (k2 *sm A) = (k1%k2) %5 A
by (cases A) auto

lemma [simp]: 1 *g,, A=A
by (cases A) auto

lemma mult-sm-inv-I:
assumes k # 0 k x5, A= B
shows A = (1/k) *sm B

using assms

by auto

Matrix addition and subtraction

definition mat-zero :: complez-mat where [simp]: mat-zero = (0, 0, 0, 0)

fun mat-plus :: complez-mat = complez-mat = complez-mat (infixl +,,,, 100)
where
mat-plus (al, b1, c1, d1) (a2, b2, ¢2, d2) = (al+a2, b1+b2, c1+c2, d1+d2)
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fun mat-minus :: complex-mat = complex-mat = complex-mat (infixl —,,,,, 100)
where
mat-minus (al, b1, c1, d1) (a2, b2, ¢2, d2) = (al—a2, b1 -2, c1—c2, d1—d2)

fun mat-uminus :: complex-mat = complex-mat where
mat-uminus (a, b, ¢, d) = (—a, =b, —c¢, —d)

lemma nonzero-mult-real:
assumes A # mat-zero k # 0
shows k *,,, A # mat-zero

using assms

by (cases A) simp

Matrix multiplication

fun mult-mm :: complex-mat = complex-mat = complex-mat (infixl *,,,, 100)
where

(al, b1, cl, d1) *mm (a2, b2, c2, d2) =

(al*a2 + blxc2, alxb2 + bixd2, clxa2+4dl*c2, c1xb2+d1+d2)

lemma mult-mme-assoc: A *pm (B *mm C) = (4 *mm B) *mm C
by (cases A, cases B, cases C) (auto simp add: field-simps)

lemma mult-assoc-5: A #pmm (B *mm C *mm D) *mm E = (A *mm B) *mm C
kmm (D *mm F)
by (simp only: mult-mm-assoc)

lemma mat-zero-r [simpl: A %, mat-zero = mat-zero
by (cases A) simp

lemma mat-zero-1 [simp]: mat-zero *pm A = mat-zero
by (cases A) simp

definition eye :: complex-mat where
[simp]: eye = (1, 0, 0, 1)

lemma mat-eye-I:
eye *mm A = A
by (cases A) auto

lemma mat-eye-r:
A *pm eye = A
by (cases A) auto
lemma mult-mm-sm [simp]: A xpm (k *sm B) = k *5m (A *pm B)

by (cases A, cases B) (simp add: field-simps)
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lemma mult-sm-mm [simp]: (k *sm A) *mm B =k *sm (A *mm B)
by (cases A, cases B) (simp add: field-simps)

lemma mult-sm-eye-mm [simp]: k *sm eye *mm A =k *5m A
by (cases A) simp

Matrix determinant

fun mat-det where mat-det (a, b, ¢, d) = axd — bxc

lemma mat-det-mult [simp]: mat-det (A *pym B) = mat-det A x mat-det B
by (cases A, cases B) (auto simp add: field-simps)

lemma mat-det-mult-sm [simp]: mat-det (k *sm A) = (kxk) x mat-det A
by (cases A) (auto simp add: field-simps)

Matrix inverse

fun mat-inv :: complex-mat = complez-mat where
mat-inv (a, b, ¢, d) = (1/(axd — bxc)) *sm (d, —b, —c, a)

lemma mat-inv-r:
assumes mat-det A # 0
shows A *,,,, (mat-inv A) = eye
using assms
by (cases A, auto simp add: field-simps) algebra

lemma mat-inv-1:
assumes mat-det A # 0
shows (mat-inv A) *pm A = eye
using assms
by (cases A, auto simp add: field-simps) algebra

lemma mat-det-inv:
assumes mat-det A # 0
shows mat-det (mat-inv A) = 1 / mat-det A
proof—
have mat-det eye = mat-det A * mat-det (mat-inv A)
using mat-inv-l[{OF assms, symmetric]
by simp
thus ?thesis
using assms
by (simp add: field-simps)
qed

lemma mult-mm-inv-1:
assumes mat-det A # 0 A *pym B = C
shows B = mat-inv A *,,,, C

using assms mat-eye-l[of B]

by (auto simp add: mult-mm-assoc mat-inv-1)
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lemma mult-mm-inv-r:
assumes mat-det B # 0 A %,y B = C
shows A = C *,,,, mat-inv B
using assms mat-eye-r{of A
by (auto simp add: mult-mm-assoc[symmetric] mat-inv-r)

lemma mult-mm-non-zero-I:
assumes mat-det A # 0 B # mat-zero
shows A *.,,,, B # mat-zero
using assms mat-zero-r
using mult-mm-inv-l[OF assms(1), of B mat-zero)
by auto

lemma mat-inv-mult-mm:
assumes mat-det A # 0 mat-det B # 0
shows mat-inv (A *,,m B) = mat-inv B *.,,;, mat-inv A
using assms
proof—
have (A *mm B) #*mm (mat-inv B %, mat-inv A) = eye
using assms
by (metis mat-inv-r mult-mm-assoc mult-mm-inv-r)
thus ¢thesis
using mult-mm-inv-lof A *pm B mat-inv B %, mat-inv A eye] assms
mat-eye-r
by simp
qged

lemma mult-mm-cancel-I:
assumes mat-det M # 0 M s A = M %y B
shows A = B

using assms

by (metis mult-mm-inv-1)

lemma mult-mm-cancel-r:
assumes mat-det M # 0 A *pm M = B *ppm M
shows A = B

using assms

by (metis mult-mm-inv-r)

lemma mult-mm-non-zero-r:
assumes A # mat-zero mat-det B # 0
shows A *,,,, B # mat-zero
using assms mat-zero-l
using mult-mm-inv-r[OF assms(2), of A mat-zero]
by auto

lemma mat-inv-mult-sm:
assumes k # 0
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shows mat-inv (k *gm A) = (1 / k) *sm mat-inv A
proof—
obtain a b ¢ d where 4 = (a, b, ¢, d)
by (cases A) auto
thus ?thesis
using assms
by auto (subst mult-assoc[of k a kxd], subst mult-assoclof k b kxc], subst
right-diff-distrib[of k ax(kxd) bx(kxc), symmetric], simp, simp add: field-simps)+
qed

lemma mat-inv-inv [simp]:
assumes mat-det M # 0
shows mat-inv (mat-inv M) = M
proof—
have mat-inv M .., M = eye
using mat-inv-l[OF assms]
by simp
thus ?thesis
using assms mat-det-inv[of M]
using mult-mm-inv-l[of mat-inv M M eye] mat-eye-r
by (auto simp del: eye-def)
qged

Matrix transpose

fun mat-transpose where mat-transpose (a, b, ¢, d) = (a, ¢, b, d)

lemma [simp]: mat-transpose (mat-transpose A) = A
by (cases A) auto

lemma [simp]: mat-transpose (k x5 A) = k x4 (mat-transpose A)
by (cases A) simp

lemma [simp]: mat-transpose (A #u;m B) = mat-transpose B #.,, mat-transpose
A
by (cases A, cases B) auto

lemma mat-inv-transpose: mat-transpose (mat-inv M) = mat-inv (mat-transpose
M)
by (cases M) auto

lemma mat-det-transpose:
fixes M :: complex-mat
shows [simp]: mat-det (mat-transpose M) = mat-det M
by (cases M) auto
Diagonal matrices
fun mat-diagonal where
mat-diagonal (A, B, C, D) =(B=0A C = 0)

Matrix conjugate
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fun mat-map where

mat_mapf (aa ba ¢, d) = (f a, fbv fca fd)
definition mat-cnj where mat-cnj = mat-map cnj

lemma [simp]: mat-cnj (mat-cnj A) = A
unfolding mat-cnj-def
by (cases A) auto

lemma mat-cnj-sm [simp]: mat-cng (k *sm A) = cnj k xgpm (mat-cnj A)
by (cases A) (simp add: mat-cnj-def complex-cnj)

lemma mat-det-cnj [simp]: mat-det (mat-cnj A) = cnj (mat-det A)
by (cases A) (simp add: mat-cnj-def complex-cnj)

lemma nonzero-mat-cnj: mat-cnj A = mat-zero +— A = mat-zero
by (cases A) (auto simp add: mat-cnj-def)

lemma mat-inv-cnj: mat-cnj (mat-inv M) = mat-inv (mat-cnj M)
unfolding mat-cnj-def

by (cases M) (auto simp add: complex-cnj)

Matrix adjoint (conjugate

definition mat-adj where mat-adj A = mat-cnj (mat-transpose A)

lemma mat-adj-mult-mm [simp]: mat-adj (A *pm B) = mat-adj B . mat-adj
A
by (cases A, cases B) (auto simp add: mat-adj-def mat-cnj-def complex-cng)

lemma mat-adj-mult-sm [simp]: mat-adj (k *sm A) = cnj k *gm mat-adj A
by (cases A) (auto simp add: mat-adj-def mat-cnj-def complez-cnyj)

lemma mat-det-adj: mat-det (mat-adj A) = cnj (mat-det A)
by (cases A) (auto simp add: mat-adj-def mat-cnj-def complez-cnyj)

lemma mat-adj-inv:
assumes mat-det M # 0
shows mat-adj (mat-inv M) = mat-inv (mat-adj M)
by (cases M) (auto simp add: mat-adj-def mat-cnj-def complex-cnyj)

lemma mat-transpose-mat-cnj: mat-transpose (mat-cnj A) = mat-adj A
by (cases A) (auto simp add: mat-adj-def mat-cng-def)

lemma [simp]: mat-adj (mat-adj A) = A
unfolding mat-adj-def
by (subst mat-transpose-mat-cnj) (simp add: mat-adj-def)

Matrix trace

fun mat-trace where
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mat-trace (a, b, ¢, d) = a + d

Multiplication of matrix and a vector

fun mult-mv :: complez-mat = complex-vec = complex-vec (infixl *,,, 100) where
(a; b, ¢, d) *mo (2, y) = (zxa + y*b, zxc + y*d)

fun mult-vm :: complez-vec = complex-mat = complex-vec (infixl x,,,, 100) where
(Z, y) *om (@, b, ¢, d) = (zxa + yxc, zxb + y*d)

lemma eye-muv-l [simp]: eye *,,, v = v
by (cases v) simp

lemma mult-mv-mv [simp]: B #my (A #*mey v) = (B *mm A) *moy v
by (cases v, cases A, cases B) (auto simp add: field-simps)

lemma mult-vm-vm [simp]: (v *pm A) *pm B = v xym (A *pm B)
by (cases v, cases A, cases B) (auto simp add: field-simps)

lemma mult-mv-inv:
assumes © = A #,,, y mat-det A # 0
shows y = (mat-inv A) *p,

using assms

by (cases y) (simp add: mat-inv-1)

lemma mult-vm-inv:
assumes T = Y xu;m A mat-det A # 0
shows y = z %y, (Mmat-inv A)

using assms

by (cases y) (simp add: mat-inv-r)

lemma mult-muv-cancel-I:
assumes mat-det A # 0 A sy v = A %y v/
shows v = v’

using assms

using mult-mv-inv

by blast

lemma mult-vm-cancel-r:
assumes mat-det A # 0 v %y A = v/ %y, A
shows v = v’

using assms

using mult-vm-inv

by blast

lemma vec-zero-l [simp):
A #py vec-zero = vec-zero

by (cases A) simp

lemma vec-zero-r [simp]:
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VEC-2€T0 *ym A = vec-zero
by (cases A) simp

lemma mult-mv-nonzero:
assumes v # vec-zero mat-det A # 0
shows A *,,, v # vec-zero
apply (rule ccontr)
using assms mult-mu-inv[of vec-zero A v] mat-inv-l vec-zero-1
by auto

lemma mult-vm-nonzero:
assumes v # vec-zero mat-det A # 0
shows v %,,, A # vec-zero
apply (rule ccontr)
using assms mult-vm-inv|of vec-zero v A] mat-inv-r vec-zero-r
by auto

lemma mult-sv-mv: k x5y (A %m0y ©) = (A *pmy (€ %50 0))
by (cases A, cases v) (simp add: field-simps)

lemma mult-mv-mult-vm: A %y, T = T *ym (mat-transpose A)
by (cases A, cases x) auto

lemma
mult-mu-vv: A %y V1 %y, 02 = 01 %y, (mat-transpose A s, v2)
by (cases v1, cases v2, cases A) (auto simp add: field-simps)

lemma mult-vo-mv: T %y (A *my ¥) = (T %pm A) *yp Y
by (cases z, cases y, cases A) (auto simp add: field-simps)

lemma vec-cnj-mult-muv:
shows vec-cnj (A #pmyp ) = (mat-cnj A) *pe (vec-cnj )
using assms
by (cases A, cases z) (auto simp add: vec-cnj-def mat-cnj-def complez-cnyj)

lemma vec-cnj-mult-vm: vec-cnj (v *ypm A) = vec-cnj v *ym mat-cnj A

unfolding vec-cnj-def mat-cnj-def
by (cases A, cases v, auto simp add: complex-cnyj)

4.3 Eigenvalues and eigenvectors

definition eigenpair where
[simp]: eigenpair k v H <— v # vec-zero N H sy v = k %5y v

definition eigenval where
[simp]: eigenval k H <— (3 v. v # vec-zero N H %y v = k %4y 0)

lemma eigen-equation:
shows eigenval k H <+ k* — mat-trace H x k + mat-det H = 0 (is ?lhs «+—

49



2rhs)
proof—
obtain A B C D where HH: H = (4, B, C, D)
by (cases H) auto
show ?thesis
proof
assume ?lhs
then obtain v where v # vec-zero H % v = k %54 v
unfolding eigenval-def
by blast
obtain v! v2 where vv: v = (vl, v2)
by (cases v) auto
from (H *,,, v = k %5, v have (H — . (K *sm eye)) xm, v = vec-zero
using HH wv
by (auto simp add: field-simps)
hence mat-det (H —pm (k *sm eye)) = 0
using (v # vec-zero» vv HH
using regular-homogenous-system|of A — k' D — k B C vl v2]
by (auto simp add: field-simps)
thus ?rhs
using HH
by (auto simp add: power2-eq-square field-simps)
next
assume ?rhs
hence *: mat-det (H —pm (k *5m eye)) = 0
using HH
by (auto simp add: field-simps power2-eq-square)
show ?lhs
proof (cases H —,,m (k *sm eye) = mat-zero)
case True
thus ?thesis
using HH
by (auto) (rule-tac =1 in exl, simp)
next
case Fulse
hence (A—k#0VB#0)V(D—-k#0V C#D0)
using HH
by auto
thus ?thesis
proof
assume A — k£ 0V B #0
hence C « B+ (D — k) * (k—A4) =0
using * singular-system[of A—k D—k B C (0, 0) 00 (B, k—A)] HH
by (auto simp add: field-simps)
hence (B, k—A) # vec-zero (H —pm (K *sm eye)) *m, (B, k—A) =
vec-zero
using HH (A —k# 0V B # )
by (auto simp add: field-simps)
then obtain v where v # vec-zero N (H —pm (K *sm eye)) xmo v =
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vec-zero
by blast
thus ?thesis
using HH
unfolding eigenval-def
by (rule-tac z=v in exl) (case-tac v, simp add: field-simps)
next
assume D — k# 0V C # 0
hence C « B+ (D — k) * (k—A4) =0
using x singular-system[of D—k A—k C B (0, 0) 00 (C, k—D)] HH
by (auto simp add: field-simps)
hence (k—D, C) # vec-zero (H —pm (k *sm eye)) *my (k—D, C) =
vec-2ero
using HH <D — k# 0V C # O
by (auto simp add: field-simps)
then obtain v where v # vec-zero N (H —pm (K *sm eye)) xmo v =
vec-zero
by blast
thus ?thesis
using HH
unfolding eigenval-def
by (rule-tac z=v in exl) (case-tac v, simp add: field-simps)
qed
qed
qed
qged

4.4 Bilinear and Quadratic forms; Congruence

Bilinear forms

definition bilinear-form where
[simp]: bilinear-form vl v2 H = (vec-cnj v1) #ym H %y 02

lemma bilinear-form-scale-m:
shows bilinear-form vl v2 (k *gm H) = k * bilinear-form vl v2 H
by (cases v1, cases v2, cases H) (simp add: vec-cnj-def complex-cnyj field-simps)

lemma bilinear-form-scale-v1:
shows bilinear-form (k *g, v1) v2 H = cnj k * bilinear-form vl v2 H
by (cases v1, cases v2, cases H) (simp add: vec-cnj-def complex-cnj field-simps)

lemma bilinear-form-scale-v2:

shows bilinear-form vl (k %5, v2) H = k x bilinear-form vl v2 H
by (cases v1, cases v2, cases H) (simp add: vec-cnj-def complex-cnj field-simps)
Quadratic forms

definition quad-form where
[simp]: quad-form v H = (vec-cnj v) *ypm H %44 v
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lemma quad-form v H = bilinear-form v v H
by simp

lemma quad-form-scale-v:

shows quad-form (k x4, v) H = cor ((cmod k)?) * quad-form v H
using bilinear-form-scale-v1 bilinear-form-scale-v2
by (simp add: complex-mult-cnj-cmod field-simps)

lemma quad-form-scale-m:

shows quad-form v (k x4y H) = k * quad-form v H
using bilinear-form-scale-m
by simp

lemma cnj-quad-form [simp]: ¢cnj (quad-form z H) = quad-form z (mat-adj H)
by (cases H, cases z) (auto simp add: mat-adj-def mat-cnj-def vec-cnj-def complez-cnj
field-simps)

Matrix congruence

abbreviation congruence where
congruence M H = mat-adj M *ppm H % M

lemma bilinear-form-congruence:
assumes mat-det M # 0
shows bilinear-form vl v2 H = bilinear-form (M *.,, v1) (M %, v2) (congruence
(mat-inv M) H)
proof—
have mat-det (mat-adj M) # 0
using assms
by (simp add: mat-det-adj)
show ?thesis
unfolding bilinear-form-def
apply (subst mult-mv-mult-vm)
apply (subst vec-cnj-mult-vm)
apply (subst mat-adj-def[symmetric])
apply (subst mult-vm-vm)
apply (subst mult-vo-mv)
apply (subst mult-vm-vm)
apply (subst mat-adj-inv[OF <mat-det M # 0)))
apply (subst mult-assoc-5)
apply (subst mat-inv-r[OF <mat-det (mat-adj M) # 0)])
apply (subst mat-inv-l]OF (mat-det M # O])
apply (subst mat-eye-l, subst mat-eye-r)
by simp
qed

lemma quad-form-congruence:

assumes mat-det M # 0

shows quad-form (M #,,, z) (congruence (mat-inv M) H) = quad-form z H
using bilinear-form-congruence[OF assms]
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by simp

lemma congruence-nonzero:
assumes H # mat-zero mat-det M # 0
shows congruence M H # mat-zero
using assms
by (subst mult-mm-non-zero-r, subst mult-mm-non-zero-1) (auto simp add: mat-det-ady)

lemma congruence-congruence:
shows congruence M1 (congruence M2 A) = congruence (M2 *p,m M1) A
apply (subst mult-mm-assoc)
apply (subst mult-mm-assoc)
apply (subst mat-adj-mult-mm)
apply (subst mult-mm-assoc)
by simp

lemma [simp]: congruence eye A = A
by (cases A) (simp add: mat-adj-def mat-cnj-def)

lemma congruence-congruence-inv:

assumes mat-det M # 0

shows congruence M (congruence (mat-inv M) A) = A
using assms congruence-congruence[of M mat-inv M A]
using mat-inv-l[of M| mat-eye-1
by (simp del: eye-def)

lemma congruence-inv:
assumes mat-det M # 0 congruence M A = B
shows congruence (mat-inv M) B = A
using assms
using (mat-det M # 0) mult-mm-inv-1[of mat-adj M A *pm M B|
using mult-mm-inv-rjof M A mat-inv (mat-adj M) %, B
by (simp add: mat-det-adj mult-mm-assoc mat-adj-inv)

lemma congruence-scale-m:
shows congruence A (k #sm B) = k *sm (congruence A B)
by (cases A, cases B) (auto simp add: mat-adj-def mat-cnj-def field-simps)

lemma inj-congruence:
assumes mat-det M # 0 congruence M H = congruence M H'
shows H = H'
proof—
have H %, M = H' %,y M
using assms
using mult-mm-cancel-l[of mat-adj M H 0y M H' %, M]
by (simp add: mat-det-adj mult-mm-assoc)
thus ?thesis
using assms
using mult-mm-cancel-rjof M H H'|

93



by simp
qed

definition similarity where similarity I M = mat-inv I % M *pm [

lemma
mat-det-similarity:
assumes mat-det [ # 0
shows mat-det (similarity I M) = mat-det M
using assms
unfolding similarity-def
by (simp add: mat-det-inv)

lemma mat-trace-similarity:
assumes mat-det I # 0
shows mat-trace (similarity I M) = mat-trace M
proof—
obtain a b ¢ d where II: [ = (a, b, ¢, d)
by (cases I) auto
obtain A B C D where MM: M = (A, B, C, D)
by (cases M) auto
have Ax (axd)/ (axd—bxc)+Dx(axd)/(axd—bxc)=
A+ D+ Ax(bxc)/(axd—bxc)+Dx*x(bxc)/(axd—>bxc)
using assms IT
by (simp add: field-simps)
thus ?thesis
using IT MM
by (simp add: field-simps similarity-def)
qed

end

5 Unitary matrices

theory UnitaryMatrices
imports Matrices
begin

definition unitary where
unitary M <— mat-adj M %, M = eye

definition unitary-gen where
unitary-gen M <— (3 k:complex. k # 0 A mat-adj M *pm M = k %4, eye)

lemma uniary-gen-scale [simp):
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assumes unitary-gen M k # 0
shows unitary-gen (k *gm M)
using assms
unfolding unitary-gen-def
by auto

lemma unitary-unitary-gen [simpl: unitary M = unitary-gen M
unfolding unitary-gen-def unitary-def
by auto

lemma unitary-gen-real:
assumes unitary-gen M
shows (3 kureal. k > 0 A mat-adj M #ppm M = cor k *sm eye)
proof—
obtain k where x: mat-adj M %, M = k %gp, eye k # 0
using assms
by (auto simp add: unitary-gen-def)
obtain a b ¢ d where M = (a, b, ¢, d)
by (cases M) auto
hence k = cor ((cmod a)?) + cor ((cmod c)?)
using x
by (subst complex-mult-cnj-cmod[symmetric])+ (auto simp add: mat-adj-def
mat-cng-def )
hence is-real k Re k > 0
using <k # O)
by (auto simp add: power2-eq-square) (metis comm-semiring-1-class.normalizing-semiring-rules(6)
mult-eq-0-iff of-real-eq-0-iff sum-squares-gt-zero-iff)
thus ?thesis
using x
by (rule-tac z=Re k in exl) (simp add: complez-of-real-Re)
qed

lemma unitary-gen-reqular:
assumes unitary-gen M
shows mat-det M # 0
proof—
from assms obtain k& where
k # 0 mat-adj M *pp M = k x4, eye
unfolding unitary-gen-def
by auto
hence mat-det (mat-adj M *m M) # 0
by simp
thus ?thesis
by (simp add: mat-det-adj)
qed

lemmas unitary-reqular = unitary-gen-reqular[OF unitary-unitary-gen]
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lemma
unitary-gen M <— (3 k:complex. k # 0 N mat-adj M *pm (1, 0, 0, 1) *pmm
M =k *¢m (1, 0,0, 1))
unfolding unitary-gen-def
using mat-eye-r
by (auto simp add: mult-assoc)

lemma unitary-comp:
assumes unitary M1 unitary M2
shows unitary (M1 s, M2)
using assms
unfolding unitary-def
by (simp del: eye-def) (metis mat-eye-r mult-mm-assoc)

lemma unitary-gen-comp:
assumes unitary-gen M1 unitary-gen M2
shows unitary-gen (M1 ., M2)
proof—
obtain k1 k2 where x: kI * k2 # 0 mat-adj M1 %, M1 = k1 %4, eye mat-adj
M2 spm M2 = k2 %5, eye
using assms
unfolding unitary-gen-def
by auto
have mat-adj M2 %, mat-adj M1 s (M1 %y, M2) = mat-adj M2 *pm
(mat-adj M1 spm M1) % M2
by (auto simp add: mult-mm-assoc)

also have ... = mat-adj M2 %, (k1 *sm eye) xmm M2)
using x
by (auto simp add: mult-mm-assoc)

also have ... = mat-adj M2 s (k1 %gm M2)

using mult-sm-eye-mm/[of k1 M2]
by (simp del: eye-def)
also have ... = kI *4, (k2 %5 eye)
using x
by auto
finally
show ?thesis
using x
unfolding unitary-gen-def
by (rule-tac =k1xk2 in exl, simp del: eye-def)
qged

lemma unitary-adj-eq-inv:
unitary M <— mat-det M # 0 N mat-adj M = mat-inv M
using unitary-regular[of M| mult-mm-inv-r[of M mat-adj M eye] mat-eye-l[of
mat-inv M| mat-inv-l[of M]
unfolding unitary-def
by — (rule, simp-all)
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lemma unitary-inv:
assumes unitary M
shows unitary (mat-inv M)
using assms
unfolding unitary-adj-eg-inv
using mat-adj-inv[of M| mat-det-inv[of M|
by simp

lemma unitary-gen-unitary:
shows unitary-gen M «— (3 k M'. k > 0 A unitary M' N M = (cor k *gm
eye) xmm M) (is ?lhs = ?rhs)
proof
assume ?lhs
then obtain k& where *: k>0 mat-adj M *,,,, M = cor k *s, eye
using unitary-gen-real[of M]
by auto

let 2k’ = cor (sqrt k)
have 7k’ x cnj ?k’ = cor k
using &k > O
by simp
moreover
have Re 2k’ > 0 is-real 2k’ 2k’ # 0
using ¢ > )
by auto
ultimately
show ?rhs
using *x mat-eye-I
unfolding unitary-gen-def unitary-def
by (rule-tac x=Re %k’ in exl) (rule-tac x=(1/%" )xsm M in exl, simp add:
complex-cnj mult-sm-mm|[symmetric])
next
assume ?rhs
then obtain k M’ where k > 0 unitary M’ M = (cor k *sm eye) *mm M’
by blast
hence M = cor k *gy,, M’
using mult-sm-mm|of cor k eye M) mat-eye-I
by simp
thus ?lhs
using (unitary M k > O
by (simp add: unitary-gen-def unitary-def)
qed

lemma unitary-gen-inv:
assumes unitary-gen M
shows unitary-gen (mat-inv M)
proof—
obtain k M’ where 0 < k unitary M' M = cor k *sm €ye *mm M’
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using unitary-gen-unitary[of M| assms
by blast
hence mat-inv M = cor (1/k) *sm mat-inv M’
by (metis mat-inv-mult-sm mult-sm-eye-mm norm-not-less-zero of-real-1
of-real-divide of-real-eq-0-iff sgn-1-neg sgn-greater sgn-if sgn-pos sgn-sgn)
thus ?thesis
using <k > 0) unitary M’
by (subst unitary-gen-unitary|of mat-inv M]) (rule-tac z=1/k in exl, rule-tac
z=mat-inv M'in exl, metis divide-pos-pos mult-sm-eye-mm unitary-inv zero-less-one)

qged

lemma unitary-special:
assumes unitary M mat-det M = 1
shows 3 a b. M = (a, b, —cnj b, cnj a)
proof—
have mat-adj M = mat-inv M
using assms mult-mm-inv-r[of M mat-adj M eye] mat-eye-r mat-eye-1
by (simp add: unitary-def)
thus ?thesis
using (mat-det M = 1)
by (cases M) (auto simp add: mat-adj-def mat-cnj-def)
qed

lemma unitary-gen-special:
assumes unitary-gen M mat-det M = 1
shows 3 a b. M = (a, b, —cnj b, cnj a)
proof—
from assms
obtain k where x: k # 0 mat-adj M *,,m M = k %5, eye
unfolding unitary-gen-def
by auto
hence mat-det (mat-adj M . M) = kxk
by simp
hence kxk = 1
using assms(2)
by (simp add: mat-det-adyj)
hence k =1V k=-1
using square-eq-1-iff [of k]
by simp
moreover
have mat-adj M = k *4,, mat-inv M
using *
using assms mult-mm-inv-r[of M mat-adj M k *s,, eye] mat-eye-r mat-eye-1
by simp (metis mult-sm-eye-mm *(2))
moreover
obtain a b ¢ d where M = (a, b, ¢, d)
by (cases M) auto
ultimately
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have M = (a, b, —cnj b, ecnja) V M = (a, b, cnj b, —cnj a)
using assms(2)
by (auto simp add: mat-adj-def mat-cnj-def )
moreover
have Re (— (cor (cmod a))? — (cor (cmod b))?) < 1
by (auto simp add: power2-eq-square) (smt add-increasing? add-nonneg-nonneg
is-num-normalize(8) less-le minus-add-distrib neg-le-0-iff-le norm-ge-zero norm-mult
not-one-le-zero real-0-le-add-iff zero-le-one)
hence — (cor (cmod a))? — (cor (cmod b))? # 1
by force
hence M # (a, b, ¢cnj b, —cnj a)
using (mat-det M = 1) complex-mult-cnj-cmod|of a] complez-mult-cnj-cmod|of
b
by auto
ultimately
show ?thesis
by auto
qed

lemma unitary-gen-iff
shows unitary-gen M +— (3 a bk . k # 0 A mat-det (a, b, —cnj b, cnj a) #
0N (M =k %5 (a, b, —cnj b, cnj a))) (is ?lhs = ?rhs)
proof
assume ?lhs
obtain d where *: dxd = mat-det M
using ez-complez-sqrt
by auto
hence d # 0
using unitary-gen-regular|OF <unitary-gen M)]
by auto
from (unitary-gen M)
obtain k where k # 0 mat-adj M *,,m M = k *4,, eye
unfolding unitary-gen-def
by auto
hence mat-adj ((1/d)*smM) *mm ((1/d)xsmM) = (k / (dxcnj d)) *sm eye
by (simp add: complez-cnj)
obtain a b where (a, b, — cnj b, enja) = (1 / d) *sm M
using unitary-gen-special[of (1 / d) *sm M] (unitary-gen M % unitary-gen-regular|of
M) «d # 0
by force
moreover
hence mat-det (a, b, — cnj b, cnj a) # 0
using unitary-gen-reqular[OF (unitary-gen M) «d # O
by auto
ultimately
show ?rhs
apply (rule-tac x=a in exl, rule-tac x=>b in exl, rule-tac x=d in exl)
using mult-sm-inv-l[of 1/d M]
by (auto simp add: field-simps)
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next
assume ?rhs
then obtain a b k where k # 0 A mat-det (a, b, — ecnj b, cnja) # 0 N M =
k %sm (a, b, — cnj b, cnj a)
by auto
thus ?lhs
unfolding unitary-gen-def
apply (auto simp add: mat-adj-def mat-cnj-def complex-cnyj)
using mult-eqg-0-iff [of enj k * k cnj a % a + cnj b x b]
by (auto simp add: field-simps)
qed

lemma unitary-iff:
shows unitary M <—
(3 abk . (cmoda)* + (cmod b)? # 0 A (cmod k)? = 1 / ((emod a)? + (ecmod
b)) A M =k %4, (a, b, —cnj b, cnj a)) (is ?lhs = ?rhs)
proof
assume ?lhs
obtain k a b where x: M = k %4, (a, b, —cnj b, cnj a) k # 0 mat-det (a, b,
—cnj b, enj a) # 0
using unitary-gen-iff unitary-unitary-gen[OF cunitary M)
by auto

have md: mat-det (a, b, —cnj b, cnj a) = cor ((cmod a)? + (cmod b)?)
by (auto simp add: complex-mult-cnj-cmod)

have k * cnj k * mat-det (a, b, —cnj b, cnj a) = 1
using wnitary M)
unfolding unitary-def
by (auto simp add: mat-adj-def mat-cnj-def complez-cnj field-simps)
hence (cmod k)? * ((cmod a)? + (cmod b)?) = 1
by (subst (asm) complez-mult-cnj-cmod, subst (asm) md, subst (asm) cor-mult[symmetric])
(metis of-real-1 of-real-eq-iff)
thus ?rhs
using *x mat-eye-I
apply (rule-tac x=a in exl, rule-tac z=>b in exl, rule-tac x=k in exl)
apply (auto simp add: complez-mult-cnj-cmod)
by (metis ((cmod k)? x ((¢cmod a)? + (ecmod b)?) = 1) mult-eq-0-iff nonzero-eq-divide-eq
zero-neg-one)
next
assume ?rhs
then obtain a b k where x: (cmod a)?> + (c¢cmod b)? # 0 (cmod k)? = 1 /
((cmod a)? + (ecmod b)?) M = k 4, (a, b, —cnj b, cnj a)
by auto
have (k * cnj k) « (a x enja) + (k *x enj k) * (b * cng b) = 1
apply (subst complez-mult-cnj-cmod)+
using *(1—2)
apply (auto simp add: field-simps)
apply (metis cor-add cor-mult of-real-1 of-real-power)+
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done
thus ?lhs
using x
unfolding unitary-def
by (simp add: mat-adj-def mat-cnj-def complex-cnyj field-simps)
qed

definition unitaryl1 where
unitaryll M +— mat-adj M *pp, (1, 0, 0, —1) #py M = (1, 0, 0, —1)

definition unitaryl1-gen where
unitaryll-gen M «— (3 k. k # 0 A mat-adj M *,p, (1, 0, 0, —1) %y M =
k *sm (1, 0,0, —1))

lemma unitaryl1-gen-real:
unitaryll-gen M «— (3 k. k # 0 N mat-adj M *p,pm (1, 0, 0, —1) %y M =
cor k xsm (1, 0, 0, —1))
unfolding unitaryl1-gen-def
proof auto
fix k

assume k # 0 congruence M (1, 0, 0, —1) = (k, 0, 0, — k)
hence mat-det (congruence M (1, 0, 0, —1)) = —kxk

by simp
moreover

have is-real (mat-det (congruence M (1, 0, 0, —1))) Re (mat-det (congruence
M (1,0,0,—-1)) <0
by (auto simp add: mat-det-adj) (smt real-minus-mult-self-le)
ultimately
have is-real (kxk) Re (—kxk) < 0
by auto
hence is-real k
using <k # O)
by auto (smt not-real-square-gt-zero)
thus Jka. ka # 0 AN k = cor ka
using & # )
by (rule-tac z=Re k in exl) (cases k, auto simp add: complex-of-real-Re)
qed

lemma unitaryl1-unitaryl1-gen [simp): unitaryll M = unitaryl1-gen M

unfolding unitaryl1-gen-def unitaryl1-def
by (rule-tac z=1 in exzl, auto)

lemma unitaryl 1-gen-regular:
assumes unitaryl1-gen M
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shows mat-det M # 0
proof—
from assms obtain k& where
k # 0 mat-adj M %y (1, 0, 0, —1) *mm M = cor k x5m (1, 0, 0, —1)
unfolding unitaryl1-gen-real
by auto
hence mat-det (mat-adj M *,m (1, 0, 0, —1) *pm M) # 0
by simp
thus ?thesis
by (simp add: mat-det-adyj)
qged

lemmas unitaryl1-reqular = unitaryl1-gen-regular| OF unitaryl1-unitaryl1-gen)

lemma unitaryl1-gen-mult-sm:
assumes k # 0 unitaryl1-gen M
shows unitaryl1-gen (k *sm M)
proof—
have k * cnj k = cor (Re (k * cnj k))
by (subst complez-of-real-Re) auto
thus ?thesis
using assms
unfolding unitaryl1-gen-real
by auto (rule-tac x=Re (kxcnj k) % ka in exl, auto)
qed

lemma unitaryl1-gen-div-sm:

assumes k # 0 unitaryll-gen (k *gm M)

shows unitary11-gen M
using assms unitaryl 1-gen-mult-sm[of 1/k k *sm M)
by simp

lemma unitaryl1-special:
assumes unitaryl1 M mat-det M = 1
shows 3 a b. M = (a, b, cnj b, cnj a)
proof—
have mat-adj M *pm (1, 0,0, —1) = (1, 0, 0, —1) *pum mat-inv M
using assms mult-mm-inv-r
by (simp add: unitaryl1-def)
thus ?thesis
using assms(2)
by (cases M) (simp add: mat-adj-def mat-cnj-def )
qged

lemma unitaryl1-gen-special:

assumes unitaryl1-gen M mat-det M = 1

shows 3 a b. M = (a, b, ecnj b, enja) vV M = (a, b, —cnj b, —cnj a)
proof—

from assms
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obtain k where x: k # 0 mat-adj M *pm (1, 0, 0, —1) % M = cor k *gpm
(Za 07 07 71)
unfolding unitaryl1-gen-real

by auto

hence mat-det (mat-adj M *ppm (1, 0, 0, —1) *pmm M) = — cor kx cor k
by simp

hence mat-det (mat-adj M . M) = cor kx cor k
by simp

hence cor kx cor k = 1
using assms(2)
by (simp add: mat-det-adj)

hence cork =1V cork = —1
using square-eq-1-iff [of cor k]
by simp

moreover

have mat-adj M *,p, (1, 0, 0, —1) = (cor k *gm (1, 0, 0, —1)) *pm mat-inv
M
using x
using assms mult-mm-inv-r mat-eye-r mat-eye-I
by auto
moreover
obtain a b ¢ d where M = (a, b, ¢, d)
by (cases M) auto
ultimately
have M = (a, b, cnj b, cnja) V M = (a, b, —cnj b, —cnj a)
using assms(2)
by (auto simp add: mat-adj-def mat-cnj-def)
thus ?thesis
by auto
qed

lemma unitaryl1-gen-iff .
shows unitaryl1-gen M <—
(Fabk.k#0N mat-det (a, b, cnj b, cnja) # 0 A
(M =k %4 (a, b, cng b, cnj a) V M =k x4, (=1, 0, 0, 1) *pm, (a,
b, enj b, enj a))) (is ?lhs = %rhs)
proof
assume ?lhs
obtain d where *: dxd = mat-det M
using ez-complex-sqrt
by auto
hence d # 0
using unitaryl1-gen-reqular[OF (unitaryl1-gen M)]
by auto
from (unitaryl1-gen M)
obtain k where k # 0 mat-adj M sy (1, 0, 0, —1) xmm M = cor k *gp, (1,
0,0, —1)
unfolding unitaryl1-gen-real
by auto
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hence mat-adj ((1/d)*%smM )*kmm (1, 0, 0, —1) s ((1/d)ksmM) = (cor k /
(dxcnj d)) *sm (1, 0, 0, —1)
by (simp add: complex-cnyj)
moreover
have is-real (cor k / (d x cnj d))
by (metis complez-In-mult-cnj-zero div-reals is-real-complex-of-real)
hence cor (Re (cork / (d * ¢cnj d))) = cor k / (d * cnj d)
by (simp add: complex-of-real-Re)
ultimately
have unitaryl1-gen ((1/d)*smM)
unfolding unitaryl1-gen-real
using «d # O <k # O
by (rule-tac z=Re (cor k / (d * ¢nj d)) in exl, auto)
moreover
have mat-det ((1 / d) *sm M) = 1
using * unitaryl1-gen-reqular[of M| unitaryl1-gen M>
by auto
ultimately
obtain a b where (a, b, cnj b, ecnja) = (1 / d) *sm M V (a, b, —cnj b, —cnj
a)=(1/d) *sm M
using unitaryl1-gen-special[of (1 | d) *gm M]
by force
thus ?rhs
proof
assume (a, b, ecnj b, enja) = (1 / d) *sm M
moreover
hence mat-det (a, b, cnj b, cnj a) # 0
using unitaryl1-gen-regular|OF (unitaryl1-gen M)] «d # 0»
by auto
ultimately
show ?rhs
using «d # O)
by (rule-tac z=a in exl, rule-tac x=> in exl, rule-tac x=d in exl, simp)
next
assume *: (a, b, —cnj b, —cnj a) = (1 / d) *sm M
hence (1 / d) *s;m M = (a, b, —cnj b, —cnj a)

by simp
hence M = (a x d, b x d, — (d * ecnj b), — (d * cnj a))
using «d # O

using mult-sm-inv-l[of 1/d M (a, b, —cnj b, —cnj a), symmetric)
by (simp add: field-simps)
moreover
have mat-det (a, b, —cnj b, —cnj a) # 0
using * unitaryl1-gen-reqular[OF (unitaryl1-gen M>] «d # O)
by auto
ultimately
show ?thesis
using «d # O)
by (rule-tac x=a in exl, rule-tac z=>b in exl, rule-tac z=—d in exl) (simp
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add: field-simps)
qed
next
assume ?rhs
then obtain a b k where k # 0 mat-det (a, b, cnj b, cnj a) # 0
M =k xgp (a, b, cnj b, cnja) V M =k *g (—1, 0, 0, 1) xpmm (a, b, cnj b,
cnj a)
by auto
moreover
let 22 =cnjk xcnja* (k*a)+ — (enjk b= (k= cnjb))
have %z = (kxcnj k)x(axenj a — bxcenj b)
by (auto simp add: field-simps)
hence is-real %x
by simp
hence cor (Re %z) = %z
by (rule complex-of-real-Re)
moreover
have %z # 0
using mult-eq-0-iff [of cnj k * k (cnj a * a + — cnj b * b)]
using «mat-det (a, b, enj b, cnj a) # O) <k # O
by (auto simp add: field-simps)
hence Re %z # 0
using «s-real ?x)
by (cases ?z) simp
ultimately
show ?lhs
unfolding unitaryl1-gen-real
by (auto simp add: mat-adj-def mat-cnj-def complex-cnj)
qed

lemma unitaryl1-gen-cis-blaschke:
assumes k # 0 M =k *g, (a, b, cnj b, cnj a) a # 0 mat-det (a, b, cnj b, cnj
a) # 0
shows 3 k' a’ k'"#A0Na'xenja’ # 1 NM =k xgy (cis o, 0, 0, 1) *pmm
(1, —a’, —cnja’, 1)
proof—
have a = cnj a * cis (2 * arg a)
using rcis-cmod-arg|of a] rcis-cnj|of al
using cis-rcis-eq reis-mult
by simp
thus ?thesis
using assms

by (rule-tac z=kxcnj a in ezxl, rule-tac z=2xarg a in ezxl, rule-tac z=— b / a
in exl) (auto simp add: field-simps complez-cnyj)
qed

lemma unitaryl1-gen-cis-blaschke’:
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assumes k £ 0 M =k x5, (—1, 0, 0, 1) *mm (a, b, cnj b, cnj a) a # 0 mat-det
(a, b, cnj b, cnj a) # 0
shows 3 k'pa’ k'#A0Na"xcnja’# 1 NM =k x5 (cis o, 0, 0, 1) *mm
(1, —a’, —cnja’, 1)
proof—
obtain k' ¢ o’ where x: k' # 0k *g, (a, b, cnj b, cnj a) = k' *g (cis @, 0,
0, 1) *mm (1, —a’, —cnja’, 1) a’ x ecnj a’ # 1
using unitaryl1-gen-cis-blaschke[OF k # 0) - <a # 0] ¢mat-det (a, b, cnj b,
cng a) # O
by blast
have (cis p, 0, 0, 1) *pm (=1, 0, 0, 1) = (cis (¢ + pi), 0, 0, 1)
by (simp add: cis-def)
thus ?thesis
using x (M =k x5, (—1, 0, 0, 1) #*mm (a, b, cnj b, cnj a)
by (rule-tac =k’ in exl, rule-tac t=p + pi in exl, rule-tac x=a’ in exl, simp)
(metis minus-mult-right equation-minus-iff minus-mult-left minus-mult-right)
qed

lemma unitaryl1-gen-cis-blaschke-rev:
assumes k' # 0 M = k' xgp, (cis ¢, 0, 0, 1) #mm (I, —a’, —cnj a’, 1) a’ * cng
a’ # 1
shows 3 kab. k # 0 A mat-det (a, b, cnj b, ecnja) #0 N M =k x5, (a, b,
enj b, enj a)
using assms
by (rule-tac z=k"xcis(p/2) in exl, rule-tac x=cis(p/2) in exl, rule-tac t=—a"*cis(p/2)
in exl) (simp add: complex-cnj cis-mult, simp add: cis-def)

lemma unitaryl 1-gen-cis-inversion:
assumes k # 0 M =k gy, (0, b, cnj b, 0) b # 0
shows 3 k' o. k£ 0 AN M = k' %5, (cis @, 0, 0, 1) xmm (0, 1, 1, 0)
using assms
using rcis-cmod-arg[of b, symmetric] rcis-cnjlof b] cis-rcis-eq
by simp (rule-tac x=2xarg b in exl, simp add: rcis-mult)

lemma unitaryl1-gen-cis-inversion’:
assumes k £ 0 M =k x5 (—1, 0, 0, 1) *mm (0, b, cnj b, 0) b # 0
shows 3 k' . k' #£ 0 AN M = k' %5, (cis @, 0, 0, 1) *pmm (0, 1, 1, 0)
proof—
obtain k' ¢ where x: k' # 0k x5, (0, b, cnj b, 0) = k' %5, (cis o, 0, 0, 1)
*mm (07 -Za 17 0)
using unitaryl I-gen-cis-inversion|OF <k # 0) - (b # 0]
by metis
have (cis p, 0, 0, 1) *pm (=1, 0, 0, 1) = (cis (¢ + pi), 0, 0, 1)
by (simp add: cis-def)
thus ?thesis
using x (M =k g, (=1, 0, 0, 1) *mm (0, b, cnj b, 0)
by (rule-tac =k’ in exl, rule-tac x=¢p + pi in exl, simp)
(metis minus-mult-right)
qed
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lemma unitaryl 1-gen-cis-inversion-rev:

assumes k' # 0 M = k' #g, (cis @, 0, 0, 1) xpmm (0, 1, 1, 0)

shows 3 ka b. k # 0 A mat-det (a, b, ecnj b, ecnja) # 0 AN M =k %5, (a, b,
cng b, enj a)
using assms
by (rule-tac x=Fk’scis(¢/2) in exl, rule-tac x=0 in exl, rule-tac z=cis(¢/2) in
exl) (stimp add: cis-mult, simp add: cis-def)

lemma unitaryl1-gen-iff
shows unitary1l-gen M «— (3 ka b . k # 0 A mat-det (a, b, cnj b, cnj a) #
0ANM=Fk *sm (a, b, cnj b, cnj a)) (is ?lhs = ?rhs)
proof
assume ?lhs
then obtain a b k£ where x: k # 0 mat-det (a, b, cnj b, cnj a) £ 0 M = k %5,
(a, by, enj b, cnj a) V M =k gy, (=1, 0, 0, 1) *mm (a, b, cnj b, cnj a)
using unitaryl1-gen-iff’
by auto
show ?rhs
proof (cases M = k 4y, (a, b, cnj b, cnj a))
case True
thus ?thesis
using x
by auto
next
case Fulse
hence xx: M =k *gp, (=1, 0, 0, 1) *pymm (a, b, cnj b, cnj a)
using x
by simp
show ?thesis
proof (cases a = 0)
case True
hence b # 0
using *
by auto
show ?thesis
using unitaryl1-gen-cis-inversion-rev|of - M|
using *x <a = )
using unitaryl1-gen-cis-inversion’|OF k # 0) - (b # 0y, of M|
by auto
next
case Fulse
show ?thesis
using unitaryl1-gen-cis-blaschke-rev|[of - M|
using #x
using unitaryl1-gen-cis-blaschke’|OF k # 0) - <a # O, of M b] ¢mat-det
(a, b, cnj b, cnj a) # O
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by blast
qed
qed
next
assume ?rhs
thus ?lhs
using unitaryll-gen-iff’
by auto
qed

lemma unitaryl1-iff:
shows unitaryll M +—
(3 abk. (cmoda)® > (cmod b)? A (emod k)? = 1 / ((emod a)? — (cmod b)?)
ANM =k *gn (a, b, cnj b, cnj a)) (is ?lhs = ?rhs)
proof
assume ?lhs
obtain k a b where x:
M =k %4, (a, b, cng b, cnj a)mat-det (a, b, cnj b, cnja) # 0k # 0
using unitaryl 1-gen-iff unitaryl1-unitaryl1-gen|OF <unitaryl1 M)
by auto

have md: mat-det (a, b, cnj b, cnj a) = cor ((emod a)* — (cmod b)?)
by (auto simp add: complex-mult-cnj-cmod)

hence x*: (cmod a)? # (cmod b)?
using <mat-det (a, b, cnj b, cnj a) # O
by auto (metis of-real-power)

have k x cnj k * mat-det (a, b, ¢cnj b, cnj a) = 1
using (M = k x4, (a, b, cnj b, cnj a)
using wnitaryl1 M)
unfolding unitaryl1-def
by (auto simp add: mat-adj-def mat-cnj-def complex-cnj) (simp add: field-simps)
hence (cmod k)? * ((cmod a)? — (e¢mod b)?) = 1
by (subst (asm) complez-mult-cnj-cmod, subst (asm) md, subst (asm) cor-mult[symmetric])
(metis of-real-1 of-real-eq-iff)
thus ?rhs
using (M = k x4, (a, b, cnj b, cnj a)) *x mat-eye-l
apply (rule-tac z=a in exl, rule-tac z=> in exl, rule-tac x=Fk in exl)
apply (auto simp add: complez-mult-cnj-cmod)
apply (metis less-iff-diff-less-0 linorder-neqE-linordered-idom mult-pow2-1t0
mult-zero-left not-one-less-zero zero-eq-power2 zero-neq-one)
apply (metis ((cmod k)? * ((cmod a)? — (cmod b)?) = 1) mult-eq-0-iff nonzero-eq-divide-eq
zero-neq-one)
done
next
assume ?rhs
then obtain a b k where (cmod b)? < (e¢mod a)*> A (cmod k)? = 1 / ((¢cmod
a)? — (ecmod b)2) A M = k #4 (a, b, cnj b, cnj a)
by auto
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moreover
have cnj k x c¢nj a * (k *
((cmod a)? — (emod b)?)))
proof—
have cnj k x cnj a x (k * a) = cor ((cmod k)? x (cmod a)?)
using complez-mult-cnj-cmod|of a] complez-mult-cnj-cmod|of k]
by (auto simp add: field-simps)
moreover
have cnj k x b * (k * cnj b) = cor ((cmod k)? * (ecmod b)?)
using complex-mult-cng-cmod|of b, symmetric] complex-mult-cnj-cmod|of k]
by (auto simp add: field-simps)
ultimately
show ?thesis
by (auto simp add: field-simps)
qed
ultimately
show ?lhs
unfolding unitaryl1-def
by (auto simp add: mat-adj-def mat-cnj-def complez-cnj field-simps)
qed

a) + — (cnj k x b x (k% cnj b)) = (cor ((emod k)?

lemma unitaryl1-inv:
assumes k # 0 M = k *5, (a, b, cnj b, cnj a) mat-det (a, b, cnj b, cnj a) # 0
shows 3 k" a’b". k' # 0 A mat-inv M = k' g, (a’, b’y eng b, cng a’) A mat-det
(a’, b’ enj b’ enj a’) # 0
using assms
by (subst assms, subst mat-inv-mult-sm[OF assms(1)])
(rule-tac z=1/(k * mat-det (a, b, cnj b, cnj a)) in exl, rule-tac z=cnj a in ezl
rule-tac x=—>b in exl, simp add: complex-cnj field-simps)

lemma unitaryl1-comp:

assumes kI # 0 M1 = k1 #g,, (al, b1, cnj b1, cnj al) mat-det (al, b1, cnj
b1, ecnjal) # 0

k2 #£ 0 M2 = k2 g (a2, b2, cnj b2, cnj a2) mat-det (a2, b2, cnj b2,

cnj a2) # 0

shows 3 kab. k # 0N ML *pm M2 =k x4, (a, b, cnj b, cnj a) A\ mat-det
(a, b, cnj b, cnj a) # 0
using assms
apply (rule-tac x=k1*k2 in exl)
apply (rule-tac x=al*a2 + blxcnj b2 in exl)
apply (rule-tac z=alxb2 + blxcnj a2 in exl)
apply (auto simp add: field-simps complex-cnyj)
apply algebra
done

lemma unitaryl 1-gen-mat-inv:
assumes unitaryll-gen M mat-det M # 0
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shows unitary11-gen (mat-inv M)
proof—
obtain k£ a b where k # 0 A mat-det (a, b, cnj b, cnj a) # 0 N M = k x4y, (a,
b, enj b, cnj a)
using assms unitaryl1-gen-iff [of M|
by auto
then obtain k' o’ b’ where k' # 0 A mat-inv M = k' %4y, (a’, b', cnj b’, cnj
a’) A mat-det (a’, b’ ecnj b’, enj a’) # 0
using unitaryl1-inv [of k M a b]
by auto
thus ?thesis
using unitaryl1-gen-iff [of mat-inv M]
by auto
qed

lemma unitaryl1-gen-comp:
assumes unitaryl1-gen M1 mat-det M1 # 0 unitaryl1-gen M2 mat-det M2 # 0
shows unitaryl1-gen (M1 #,,,, M2)
proof—
from assms obtain kI k2 al a2 b1 b2 where
k1 # 0 A mat-det (al, b1, enj b1, cnj al) # 0 AN M1 = kI *g, (al, b1, cnj
b1, cnj al)
k2 # 0 A mat-det (a2, b2, cnj b2, cnj a2) # 0 N M2 = k2 *4p, (a2, b2, cnyj
b2, cnj a2)
using unitaryl1-gen-iff [of M1] wunitaryll-gen-iff [of M2]
by blast
then obtain k a b where k # 0 A M1 %, M2 = k x4, (a, b, cnj b, cnj a)
A mat-det (a, b, cnj b, cnj a) # 0
using unitaryl1-complof k1 M1 al b1 k2 M2 a2 b2]
by blast
thus ?thesis
using unitaryl1-gen-iff [of M1 . M2]
by blast
qed

lemma unitaryl1-sgn-det-orientation:
assumes k # 0 mat-det (a, b, cnj b, cnj a) # 0 M = k x4, (a, b, cnj b, cnj a)
shows 3 k' sgn k' = sgn (Re (mat-det (a, b, cnj b, cnj a))) A congruence M
(1,0,0,—1)=cork’*sm (1, 0, 0, —1)
proof—
let %2 = cnjk xcnjax (kxa) — (enjk x b x (k*cnjb))
have x: 2z =k x ecnj k * (a *x enja — b * cnj b)
by (auto simp add: field-simps)
hence is-real %z
by auto
hence cor (Re %z) = %z
by (rule complez-of-real-Re)
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moreover
have sgn (Re ?z) = sgn (Re (a % cnja — b * cnj b))
proof—
have *: Re ?x = (cmod k)? * Re (a * cnj a — b * cnj b)
by (subst *, subst complez-mult-cnj-cmod, subst Re-mult-real) (metis Im-complez-of-real,
metis Re-complez-of-real)
show ?thesis
using <k # O
by (subst *) (simp add: sgn-mult)
qged
ultimately
show ?thesis
using assms(3)
by (rule-tac z=Re ?z in exl) (auto simp add: mat-adj-def mat-cng-def complex-cnj)
qed

lemma unitaryl1-sgn-det:
assumes k # 0 mat-det (a, b, cnj b, cnj a) # 0 M = k x4, (a, b, cnj b, cnj a)
M = (A, B, C, D)
shows sgn (Re (mat-det (a, b, cnj b, cnj a))) = (if b = 0 then 1 else sgn (Re
((4%D)/(B«C)) - 1))
proof (cases b = 0)
case True
thus ?thesis
using assms
by (simp only: mat-det.simps, subst complez-mult-cnj-cmod, subst complex-Re-diff ,
subst Re-complex-of-real, simp)
next
case Fulse
from assms have x: A= kxaB= kxbC= kxcnjbD= kxcnja
by auto
hence x: (AxD)/(BxC) = (axcnj a)/(bxcnj b)
using & # O)
by simp
show ?thesis
using b # )
apply (subst *, subst Re-divide-real, simp, simp)
apply (simp only: mat-det.simps)
apply (subst complez-mult-cnj-cmod)+
apply ((subst Re-complez-of-real)+, subst complez-Re-diff , (subst Re-complex-of-real)+,
stmp add: field-simps sgn-if)
done
qged

lemma unitaryl 1-orientation:

assumes unitaryl1-gen M M = (A, B, C, D)

shows 3 k' sgn k' = sgn (if B = 0 then 1 else sgn (Re ((AxD)/(BxC)) — 1))
A congruence M (1, 0, 0, —1) = cor k' g, (1, 0, 0, —1)
proof—
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from (unitaryl1-gen M)
obtain £ a b where x: k # 0 mat-det (a, b, cnj b, cnj a) # 0 M = kxgp, (a, b,
cnj b, enj a)
using unitaryl 1-gen-iff [of M|
by auto
moreover
have b = 0 +— B =10
using (M = (4, B, C, D))
by auto
ultimately
show ?thesis
using unitaryl1-sgn-det-orientation|OF | unitaryl1-sgn-det[OF * (M = (A,
B, C, D))]
by auto
qed

lemma unitaryl 1-sgn-det-orientation”:
assumes congruence M (1, 0, 0, —1) = cor k' *gp, (1, 0, 0, —1) k' # 0
shows 3 abk. k# 0ANM=kF %, (a, b, cnj b, cnj a) A sgn k' = sgn (Re
(mat-det (a, b, cnj b, cnj a)))
proof—
obtain a b k£ where
k # 0 mat-det (a, b, cnj b, ecnj a) # 0 M = k *5, (a, b, cnj b, cnj a)
using assms
using unitaryl 1-gen-iff [of M|
unfolding unitaryl1-gen-def
by auto
moreover
have sgn k' = sgn (Re (mat-det (a, b, cnj b, cnj a)))
proof—
let 2z = cnjk « enja x (kxa) — (enj k x b x (k x cnj b))
have x: 2z =k x cnj k = (a * cnja — b * cnj b)
by (auto simp add: field-simps)
hence is-real %z
by auto
hence cor (Re %z) = %z
by (rule complex-of-real-Re)

have xx: sgn (Re ?z) = sgn (Re (a * c¢nj a — b % cng b))
proof—
have *: Re ?x = (cmod k)% * Re (a * cnja — b * cnj b)
by (subst *, subst complex-mult-cnj-cmod, subst Re-mult-real) (metis
Im-complex-of-real, metis Re-complex-of-real)
show ?thesis
using & # O
by (subst ) (simp add: sgn-mult)
qed
moreover
have %z = cor k'
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using (M = k x4, (a, b, cnj b, cnj a)) assms
by (simp add: mat-adj-def mat-cnj-def complex-cnj complex-diff-def)
hence sgn (Re ?z) = sgn k'
using (cor (Re ?z) = %
unfolding complex-of-real-def
by simp
ultimately
show ?thesis
by simp
ged
ultimately
show ?thesis
by (rule-tac z=a in exl, rule-tac z=>b in exl, rule-tac z=k in exl) simp
qed

end

6 Hermitean matrices

theory HermiteanMatrices
imports UnitaryMatrices
begin

Hermitean matrices

definition hermitean :: complex-mat = bool where
hermitean A <— mat-adj A = A

lemma hermitean A +— mat-transpose A = mat-cnj A
unfolding hermitean-def
by (cases A) (auto simp add: mat-adj-def mat-cnj-def)

lemma hermitean-mat-cnj: hermitean H <— hermitean (mat-cnj H)
by (cases H) (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

lemma hermitean-mult-real:
assumes hermitean H
shows hermitean ((cor k) *sm H)
using assms
unfolding hermitean-def
by simp

lemma hermitean-congruence:
assumes hermitean H
shows hermitean (congruence M H)
using assms
unfolding hermitean-def
by (auto simp add: mult-mm-assoc)

lemma hermitean-elems:
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assumes hermitean (A, B, C, D)
shows is-real A is-real D B = ¢nj C enj B = C
using assms eg-cnj-iff-real|of A] eq-cnj-iff-real[of D]
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def )

lemma mat-det-hermitean-real:
assumes hermitean A
shows is-real (mat-det A)
using assms
unfolding hermitean-def
by (cases A, auto simp add: mat-adj-def mat-cnj-def ) (metis add-0-iff eq-cnj-iff-real
mult-eq-0-iff )

lemma Re-det-sgn-congruence:
assumes hermitean H mat-det M # 0
shows sgn (Re (mat-det (congruence M H))) = sgn (Re (mat-det H))
proof—
have x: mat-det (mat-adj M *pyp H *pmpm M) =
(cor ((emod (mat-det M))?)) * mat-det H
using complez-mult-cng-cmod|of mat-det M|
by (auto simp add: mat-det-adj field-simps)
have x: Re (mat-det (mat-adj M *ppm H *pm M)) =
(ecmod (mat-det M))? * Re (mat-det H)
by (subst *, subst Re-mult-real, rule is-real-complex-of-real) (subst Re-complez-of-real,
simp)
show ?thesis
using assms
by (subst *) (auto simp add: sgn-mult)
qged

lemma det-sgn-congruence:
assumes hermitean H mat-det M # 0
shows sgn (mat-det (congruence M H)) = sgn (mat-det H)
proof—
have x: mat-det (mat-adj M *ppm H *pm M) =
(cor ((emod (mat-det M))?)) x mat-det H
using complez-mult-cng-cmod|of mat-det M|
by (auto simp add: mat-det-adj field-simps)
thus ?thesis
using assms
by (subst *, auto simp add: sgn-mult power2-eq-square) (smt mult-eq-0-iff
norm-divide norm-mult norm-sgn of-real-1 of-real-divide of-real-mult sgn-eq times-divide-times-eq)
qged

lemma bilinear-form-hermitean-commute:
assumes hermitean H
shows bilinear-form vl v2 H = cnj (bilinear-form v2 vl H)
proof—
have v2 %, mat-cnj H *,, vec-cnj vl = vec-cnj vl *y, (mat-adj H *.,, v2)
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by (subst mult-vv-commute, subst mult-mv-mult-vm, simp add: mat-adj-def

mat-transpose-mat-cnyj)
also
have ... = bilinear-form v1 v2 H
using assms
by (simp add: mult-vv-mv hermitean-def)
finally
show ?thesis
by (simp add: enj-mult-vv vec-cnj-mult-vm)
qged

lemma quad-form-hermitean-real:
assumes hermitean H
shows is-real (quad-form z H)

using assms
by (subst eq-cnj-iff-real[symmetric]) (simp del: quad-form-def add: hermitean-def)

Eigenvalues, eigenvectors and diagonalization of Hermitean matrices

lemma hermitean-eigenval-real:
assumes hermitean H eigenval k H
shows is-real k
proof—
from assms obtain v where v # vec-zero H %, v = k %4y v
unfolding eigenval-def
by blast
have k * (v %y, vec-cng v) = (k %5y V) %4, (vec-cng v)
by (simp add: mult-vv-scale-svl)

also have ... = (H %, v) 4y (vec-cnj v)
using (H %, v = k %45, 0
by simp
also have ... = v %, (mat-transpose H *,,, (vec-cnj v))
by (simp add: mult-mv-vv)
also have ... = v #,, (vec-cnj (mat-cnj (mat-transpose H) %, v))
by (simp add: vec-cnj-mult-mv)
also have ... = v *,, (vec-cnj (H %, v))

using (hermitean H)
by (simp add: hermitean-def mat-adj-def)

also have ... = v #,, (vec-cnj (k #5, v))
using (H *,,, v = k %5, 0
by simp

finally have k * (v *,, vec-cnj v) = cnj k * (v %y, vec-cnj v)
by (simp add: mult-vv-scale-sv2)

hence £k = cnj k
using (v # vec-zero
using scalsquare-vv-zero|of v
by (simp add: mult-vv-commute)

thus ?thesis
by (metis eg-cnj-iff-real)

qed
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lemma hermitean-distinct-eigenvals:
assumes hermitean H
shows (3 k1 ka. k1 # ko A eigenval k1 H A eigenval ko H) V mat-diagonal H
proof—
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
show ?thesis
proof (cases B = 0)
case True
thus ?thesis
using <hermitean H) hermitean-elems[of A B C D] HH
by auto
next
case Fulse
have (mat-trace H)? # 4 » mat-det H
proof (rule ccontr)
have C = cnj B is-real A is-real D
using hermitean-elems HH <hermitean H>
by auto
assume — ?thesis
hence (A + D)? = J*(AxD — BxC)
using HH
by auto
hence (A — D)? = — /xBxcnj B
using (C' = cnj B)
by (auto simp add: power2-eq-square field-simps) algebra
hence (A — D)? / cor ((cmod B)?) = —4
using (B # () complex-mult-cnj-cmod|of B]
by (auto simp add: field-simps)
hence (Re A — Re D)? / (cmod B)? = —4
using <is-real A) tis-real D) <B # O
using Re-divide-real[of cor ((¢cmod B)?) (A — D)2
by (auto simp add: power2-eq-square)
thus Fulse
by (metis abs-neg-numeral abs-power2 neg-numeral-neq-numeral power-divide)
qed
show ?thesis
apply (rule disjl1)
apply (subst eigen-equation)+
using complez-quadratic-two-solutions|of —mat-trace H mat-det H| (mat-trace
H)% # 4 % mat-det H)
apply auto
apply (rule-tac z=ky in exl, rule-tac t=ko in exl)
apply (simp add: complez-diff-def)
done
qed
qed
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lemma hermitean-ortho-eigenvecs:
assumes hermitean H
assumes eigenpair k1 vl H eigenpair k2 v2 H k1 # k2
shows vec-cnj v2 *,, V1 = 0 vec-cng vl %4, V2 = 0
proof—
from assms
have v1 # vec-zero H ., vl = k1 *g, vl
02 £ vec-zero H #y,, 02 = k2 %4y 02
unfolding eigenpair-def
by auto
have real-k: is-real k1 is-real k2
using assms
using hermitean-eigenval-real[of H k1]
using hermitean-eigenval-real[of H k2]
unfolding eigenpair-def eigenval-def
by blast+

have vec-cnj (H *my v2) = vec-cnj (k2 *g, v2)
using (H x,,, 02 = k2 %4, v2)
by auto
hence vec-cnj v2 %y H = k2 x4, vec-cnj v2
using (hermitean H) real-k eq-cnj-iff-real[of k1] eg-cnj-iff-realof k2]
unfolding hermitean-def
by (cases H, cases v2) (auto simp add: mat-adj-def mat-cnj-def vec-cnj-def
complez-cnyj)
have k2 x (vec-cnj v2 #y, v1) = kI % (vec-cnj v2 *y, v1)
using (H *,,, vl = k1 *g, vD
using wec-cnj v2 *ym H = k2 %4, vec-cnj v2)
by (cases v1, cases v2, cases H) (auto simp add: vec-cng-def field-simps, algebra)
thus vec-cnj v2 %, vI = 0
using (k1 # k2)
by simp
hence cnj (vec-cnj v2 *y, v1) = 0
by simp
thus vec-cnj vl *,, v2 = 0
by (simp add: cnj-mult-vv mult-vo-commute)
qed

lemma hermitean-diagonizable:
assumes hermitean H
shows 3 kI k2 M. mat-det M # 0 A unitary M A congruence M H = (k1, 0,
0, k2) A
is-real k1 A is-real k2 A sgn (Re kI * Re k2) = sgn (Re (mat-det
H))
proof—
from assms
have (3 k1 ko. k1 # ko A eigenval k1 H A eigenval ko H) V mat-diagonal H
using hermitean-distinct-eigenvals[of H|
by simp
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thus ?thesis
proof
assume 3 ki ko. k1 # ko A eigenval kv H A eigenval ko H
then obtain k! k2 where ki # k2 eigenval k1 H eigenval k2 H
using hermitean-distinct-eigenvals
by blast
then obtain v v2 where eigenpair k1 vl H eigenpair k2 v2 H
vl # vec-zero v2 # vec-zero
unfolding eigenval-def eigenpair-def
by blast
hence *: vec-cnj v2 %y, v1 = 0 vec-cnj vl *4, v2 = 0
using k1 # k2) hermitean-ortho-eigenvecs <hermitean H)
by auto
obtain v11 v12 v21 v22 where vv: vl = (vi1, v12) v2 = (v21, v22)
by (cases vl, cases v2) auto
let ?nvl’ = vec-cnj vl *,, vl and ?nv2’ = vec-cnj v2 *,, V2
let ?nvl = cor (sqrt (Re ?nvl’))
let ?nv2 = cor (sqrt (Re ?nv2’))
have ?nvl’ # 0 nv2’ # 0
using (vl # vec-zero) (w2 # vec-zero) vvu
by (simp add: scalsquare-vv-zero)—+
moreover
have is-real ?nvl’ is-real ?nv2’
using vv
by (auto simp add: vec-cnj-def)
ultimately
have %nvl # 0 nv2 # 0
by — (cases ?nvl’, cases ?nv2’, auto)+
have Re (?nv1’) > 0 Re (?nv2') > 0
using vv
by (auto simp add: vec-cnj-def)
obtain nvl nv2 where nvl = ?nvl nvl # 0 nv2 = nv2 nv2 # 0
using «?nvl # 0) (nv2 # O)
by auto
let ?M = (1/nvl * vil, 1/nv2 % v21, 1/nvl * v12, 1/nv2 * v22)

have is-real k1 is-real k2
using (eigenval k1 H) (eigenval k2 H) (hermitean H)
by (auto simp add: hermitean-eigenval-real)
moreover
have mat-det M # 0
proof (rule ccontr)
assume — ?thesis
hence v11 * v22 = v12 % v21
using (vl # 0) w2 # O
by (auto simp add: field-simps)
hence 3 k. k # 0 N v2 = k x4, vl
using vv (vl # vec-zero) (w2 F#* vec-zero
apply auto
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apply (rule-tac z=v21/v11 in exl, force simp add: field-simps)
apply (rule-tac z=v21/v11 in exl, force simp add: field-simps)
apply (rule-tac x=v22/v12 in exl, force simp add: field-simps)
apply (rule-tac x=v22/v12 in exl, force simp add: field-simps)
done
thus Fulse
using (vec-cnj vl *,, v2 = 0 vv Pnvl’ £ O
by (auto simp add: vec-cnj-def field-simps) (metis comm-semiring-1-class.normalizing-semiring-rules(34)
mult-eq-0-iff )
qed
moreover
have unitary ?M
proof—
have **: cnj nvl * nvl = ?nvl’ cnj nv2 * nv2 = ?nv2’
using (nvl = nvly (mul # ) M2 = nu2) w2 # 0) ds-real ?nvl’)
tis-real ?nv2’
using (Re (?nv1’) > 0> <Re (%nv2’) > O
by (auto simp add: complex-of-real-Re)
have x#x: cnj nvl * nv2 # 0 cnj nv2 x nvl # 0
using vv (mvl = ?nul) (nvl # 0) vl = nu2) (M2 # 0 Us-real nvl’
ts-real ?nv2’
by auto

show ?thesis
unfolding unitary-def
using vv % (fnvl’ #£ 0 (Pnv2’ £ 0) * xxx
apply (auto simp add: mat-adj-def mat-cnj-def vec-cnj-def complex-cnyj)
apply (metis add-divide-distrib divide-self-if)
apply (metis add-divide-distrib divide-zero-left)
apply (metis add-divide-distrib divide-zero-left)
apply (metis add-divide-distrib divide-self-if )
done
qed
moreover
have congruence M H = (k1, 0, 0, k2)
proof—
have mat-inv ?M *, H *pm M = (k1, 0, 0, k2)
proof—
have x: H *pm M = M xpm (K1, 0, 0, k2)
using <eigenpair k1 vl H) (eigenpair k2 v2 H) vv (Pnvl # 0) (9nv2 # O)
unfolding eigenpair-def
apply (cases H)
apply (auto simp add: vec-cnj-def)
apply (metis add-divide-distrib mult.commute)+
done
show ?thesis
using mult-mm-inv-l[of ?M (k1, 0, 0, k2) H *pm ?M, OF (mat-det M
# 0y x[symmetric], symmetric]
by (simp add: mult-mm-assoc)
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qed
moreover
have mat-inv ?M = mat-adj ?M
using (mat-det ?M # 0) wnitary ?M) mult-mm-inv-rlof ?M mat-adj ?M
eye]
by (simp add: unitary-def)
ultimately
show ?thesis
by simp
qed
moreover
have sgn (Re k1 % Re k2) = sgn (Re (mat-det H))
using (congruence M H = (k1, 0, 0, k2)) s-real k1) <is-real k2)
using Re-det-sgn-congruence[of H M| «mat-det ?M # 0) chermitean H)
by simp
ultimately
show ?thesis
by (rule-tac x=k1 in exl, rule-tac x=k2 in exl, rule-tac x=%?M in exl) simp
next
assume mat-diagonal H
then obtain A D where H = (4, 0, 0, D)
by (cases H) auto
moreover
hence is-real A is-real D
using <hermitean H) hermitean-elems[of A 0 0 D]
by auto
ultimately
show ?thesis
by (rule-tac z=A in ez, rule-tac z=D in exl, rule-tac x=eye in exl) (simp
add: unitary-def mat-adj-def mat-cnj-def)
qed
qed

end

7 Elementary complex geometry

theory FElementaryComplexGeometry
imports MoreComplex LinearSystems
begin

definition colinear :: complexr = complex = complex = bool where
colinear z1 22 23 <— z1 = 22V Im ((28 — 21)/(22 — 21)) = 0

lemma colinear-ez-real:
colinear z1 22 28 +— (3 kureal. 21 = 22 V 28 — z1 = complex-of-real k * (22

— z1))
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unfolding colinear-def
by (auto split: split-if-asm) (metis Im.simps complex.exhaust complez-of-real-def
eq-iff-diff-eq-0 nonzero-divide-eg-eq)

lemma colinear-sym1:
colinear z1 22 z3 <— colinear z1 23 22
unfolding colinear-def
using div-reals|of 1 (23 — 21)/(22 — z1)] div-reals[of 1 (22 — 2z1)/(23 — z1)]
by auto

lemma colinear-sym2’:
assumes colinear z1 z2 z8
shows colinear 22 z1 23
proof—
obtain k£ where z1 = 22 V 23 — z1 = complex-of-real k x (22 — z1)
using assms
unfolding colinear-ex-real
by auto
thus ?thesis
proof
assume z3 — zI = complez-of-real k x (22 — z1)
thus ?thesis
unfolding colinear-ex-real
by (rule-tac z=1—Fk in exl) (auto simp add: field-simps)
qged (simp add: colinear-def)
qged

lemma colinear-sym2:
colinear z1 22 28 <— colinear 22 z1 23
using colinear-sym2'[of z1 22 23] colinear-sym2'[of 22 z1 23]
by auto

lemma colinear-transi:
assumes colinear 20 22 z1 colinear 20 28 z1 20 # z1
shows colinear z0 z2 23
using assms
unfolding colinear-ezx-real
by (cases 20 = 22, auto) (rule-tac x=k/ka in exl, case-tac ka = 0, auto simp
add: field-simps)

lemma colinear-det:
assumes — colinear z2 z3 z1
shows det2 (21 — 22) (enj (21 — 22)) (22 — 28) (enj (22 — 23)) # 0
proof—
from assms have ((z1 — 22) / (28 — 22)) — cnj ((21 — 22) / (23 — 22)) # 0
28 # 22
unfolding colinear-def
using im-complex|[of (z1 — 22) | (28 — 22)]
by auto
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thus ?thesis
by (auto simp add: field-simps complex-cnj-divide complex-cnj-add complex-cnj-diff)
qed

definition line :: compler = compler = complex set where
line z1 22 = {z. colinear z1 22 z}

lemma line-points-colinear:
assumes 21 € line z 2’ 22 € line z z' 23 € line z 2" 2 # 2’
shows colinear z1 22 23

using assms

unfolding line-def

by auto (smt colinear-syml colinear-sym2 colinear-transl)

lemma line-param:
shows z1 + complez-of-real k x (22 — 21) € line z1 22
unfolding line-def
by (auto simp add: colinear-def)

definition circle :: complex = real = complex set where
circle p r = {z. cmod (z — p) = r}

lemma line-equation:
assumes zI # z2 1 = rot90 (22 — z1)
shows line z1 22 = {z. enj pxz + pxenjz — (enj px z1 + p x enj 2z1) = 0}
proof—
{
fix z
have z € line z1 22 <— Im ((z — 21)/(22 — 21)) = 0
using assms
by (simp add: line-def colinear-def)
also have ... +— (z — 21)/(22 — 21) = enj ((z — 21)/(22 — 21))
using complex-diff-cnjlof (z — 21)/(22 — z1)]
by auto
also have ... «— (z — z1)x(cnj 22 — enj z1) = (enj z — enj z1)x(22 — 21)
using assms(1)
by auto (metis (lifting) complex-cnj-cancel-iff complex-cnj-diff complex-cnj-divide
frac-eq-eq right-minus-eq)+
also have ... «+— cnj(22 — z1)xz — (22 — z1)xcenj 2z — (eng(22 — 21)x21 —
(22 — z1)xcnj 21) = 0
by (simp add: complex-cnj-diff field-simps)
alsohave ... «— cenjpu*xz +pu*xcnjz — (enj p*xz1 + w*cnjzl) =0
using assms cnj-miz-minus
by simp
finally have z € line z1 22 «— cnj ux 2z + p*xcnjz — (enj p* 21 + p x
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enjzl) =0

thus %thesis
by auto
qed

lemma circle-equation:
assumes r > (
shows circle p r = {z. zxenj z — zxenj p — eng zxp + pxenj p — complex-of-real

(rxr) = 0}
proof (safe)
fix z

assume z € circle pp r
hence (z — p)*xcnj (z — p) = complex-of-real (rxr)
unfolding circle-def
using complez-mult-cnj-cmod|of z — p
by (auto simp add: power2-eq-square)
thus z x ecnjz — z*cnj u — cenjz * u+ px cnj p — complex-of-real (r * 1)
=0
by (auto simp add: field-simps complex-cnj-diff)
next
fix z
assume z % cnjz — z % ¢nj p — cnj 2z x o+ pox enj p — complex-of-real (r *
r) =0
hence (z — p)*xcnj (z — p) = complex-of-real (rxr)
by (auto simp add: field-simps complex-cnj-diff)
thus z € circle p r
using assms
using complez-mult-cng-cmod|of z — p)
using power2-eq-imp-eq[of cmod (z — p) 7]
unfolding circle-def power2-eq-square[symmetric] complex-of-real-def
by auto
qed

definition circline where
circline A BC D = {z. cor Axzxcnj z + c¢nj BCxz + BCxcnj z + cor D = 0}

lemma circline-circle:
assumes A # 0 A x D < (cmod BC)?
cl = circline A BC' D
pu = —BC/complez-of-real A r2 = ((cmod BC)? — AxD) | A% r = sqrt r2
shows ¢l = circle p r
proof—
have x: ¢l = {z. z x ¢nj z + enj (BC / complez-of-real A) % z + (BC /
complez-of-real A) * cnj z + complex-of-real (D / A) = 0}
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using <cl = circline A BC D) (A # O
by (auto simp add: circline-def complex-cnj-divide field-simps)

have 72 > 0
proof—
have (c¢cmod BC)> — Ax D > 0
using (4 * D < (cmod BC)%
by auto
thus %thesis
using (A # () «r2 = ((emod BC)? — AxD) | A%
by (metis zero-le-divide-iff zero-le-power2)
qed
hence xx: r x r =121 > 0
using (r = sqrt r2
by (auto simp add: real-sqrt-mult[symmetric])

have xxx: — u x — cnj p — complex-of-real r2 = complex-of-real (D | A)
using (u = — BC / complex-of-real A «r2 = ((emod BC)? — A x D) | A%
by (auto simp add: complez-cnj-divide complex-cnj-minus complez-mult-cnj-cmod
power2-eq-square complex-of-real-def complex-divide-def div-reals field-simps intro!:
complex-eql)
thus ?thesis
using r2 = ((emod BC)? — AxD) / A% u = — BC | complex-of-real A
by (subst x, subst circle-equation[of 7 u, OF «r > 0], subst xx) (auto simp
add: complex-cnj-minus complex-cnj-divide field-simps power2-eq-square)
qged

lemma circline-ez-circle:
assumes A # 0 A x D < (cmod BC)?
cl = circline A BC D
shows 3 p r. ¢l = circle p r

using circline-circle]OF assms]

by auto

lemma circle-circline:
assumes cl = circle p rr > 0
shows cl = circline 1 (—u) ((cmod p)? — r?)
proof—
have complez-of-real ((cmod p)? — r2) = p * enj p — complex-of-real (r2)
by (auto simp add: complez-mult-cnj-cmod)
thus cl = circline 1 (— p) ((emod p)? — r?)
using assms
using circle-equation[of v ]
unfolding circline-def power2-eq-square
by (simp add: complex-cnj-minus field-simps)
qed

lemma circle-ex-circline:
assumes cl = circle p rr > 0
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shows 3 A BC D. A # 0 AN AxD < (e¢mod BC)? A cl = circline A BC D

using circle-circline[OF assms]

using «r > O

by (rule-tac x=1 in exl, rule-tac t=—p in exl, rule-tac t=Re (u * cnj p) — (r
x 1) in exl) (simp add: complex-mult-cnj-cmod power2-eq-square)

lemma circline-line:

assumes
A=0BC #0
cl = circline A BC D
z1 = — cor D x BC / (2 x BC % c¢nj BC)
22 = z1 + it * sgn (if arg BC > 0 then —BC else BC)
shows
cl = line 21 22
proof—

have ¢l = {z. enj BCxz + BCxcnj z + complex-of-real D = 0}
using assms
by (simp add: circline-def)
have {z. ¢cnj BCxz + BCxcnj z + complez-of-real D = 0} =
{z. enj BCxz + BCxcnj z — (cnj BCxz1 + BCxcnj z1) = 0}
using (BC # 0> assms
by (auto simp add: complez-cnj-minus complezx-cnj-divide complex-cnj-mult)
moreover
have 21 # 22
using (BC # 0> assms
by (auto simp add: sgn-eq)
moreover
have 3 k. k # 0 A BC = cor kxrot90 (22 — z1)
using assms
apply auto
apply (rule-tac z=(cmod BC) in exl, simp, metis Complex.Re-sgn Im-sgn
cmod-cis mult.commute complex-surj eq-divide-eq mult-zero-left sgn-eq)
apply (rule-tac z=—(cmod BC) in exl, simp,metis Complex.Re-sgn Im-sgn
cis-arg cmod-cis mult.commute complex-minus-def minus-minus minus-mult-left)
done
then obtain k where cor k # 0 BC = cor kxrot90 (22 — z1)
by auto
moreover
have x: A\ z. cnj-miz (BC / cor k) z — cnj-mix (BC [ cor k) z1 = (1/cor k)
* (enj-mixz BC z — enj-mixz BC' z1)
using <cor k # O)
by (simp add: complex-cnj field-simps)
hence {z. cnj-mix BC z — cnj-miz BC z1 = 0} = {z. cnj-miz (BC [ cor k) z
— cng-miz (BC [/ cor k) z1 = 0}
using (cor k # O
by auto
ultimately
have cl = line 21 22
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using line-equation|of z1 z2 BC/cor k] «cl = {z. ¢cnj BCxz + BCxcnj z +
complez-of-real D = 0}
by auto
thus %thesis
using <zl # z2)
by blast
qed

lemma circline-ez-line:
assumes
A=0BC #0
cl = circline A BC D
shows 3 21 22. z1 # 22 N cl = line z1 22
proof—
let ?z1 = — cor D x BC / (2 % BC x cnj BC)
let 722 = 221 + 1% sgn (if 0 < arg BC then — BC else BC)
have 721 # 222
using (BC # O)
by (simp add: sgn-eq)
thus ?thesis
using circline-line[OF assms, of 221 922] «<BC # )
by (rule-tac t=%z1 in exl, rule-tac t="2922 in exl, simp)
qed

lemma line-ez-circline:
assumes cl = line z1 22 21 # 22
shows 3 BC D. BC # 0 A ¢l = circline 0 BC' D
proof—
let ?BC = rot90 (22 — z1)
let ?D = Re (— 2 * scalprod z1 ?BC)
show ?thesis
proof (rule-tac t=?BC in exl, rule-tac x=%D in exl, rule conjl)
show ?BC # 0
using «z1 # z2)
by (metis complex-minus-def eq-iff-diff-eq-0 i-mult-Complex minus-diff-eq
mult-zero-right)
next
have x: complex-of-real (Re (— 2 x scalprod z1 (rot90 (22 — 21)))) = —
(eng-miz z1 (rot90 (22 — z1)))
by (cases z1, cases z2, auto simp add: complex-of-real-def field-simps)
show cl = circline 0 ?BC ?D
apply (subst assms, subst line-equation[of z1 z2 ?BC])
unfolding circline-def
by (fact, simp, subst %, simp add: field-simps)
qed
qed

end
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theory Angles
imports MoreComplex
begin

definition ang-vec () where
[simp]: z1 22 = |arg 22 — arg 21|

definition ang-vec-c (c¢) where
[simp]:c z1 22 = abs ( z1 22)

definition acute-ang where
[simp]: acute-ang o = (if o > pi [ 2 then pi — « else )

definition ang-vec-a (a) where
[simp]: a z1 22 = acute-ang (c z1 22)

lemma ang-vec-sym:
assumes zI 22 # pi
shows 21 22 = — 22 21
using assms
unfolding ang-vec-def
using canon-ang-uminus|of arg z2 — arg z1]
by simp

lemma ang-vec-sym-pi:
assumes zI z2 = pi
shows 21 22 = 22 z1
using assms
unfolding ang-vec-def
using canon-ang-uminus-pi[of arg z2 — arg z1|
by simp

lemma ang-vec-c-sym:
shows ¢ 21 22 = ¢ 22 21
unfolding ang-vec-c-def
using ang-vec-sym-pi[of z1 z2] ang-vec-sym[of z1 22]
by (cases z1 z2 = pi) auto

lemma ang-vec-a-sym:
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azl 22 =a 2221
unfolding ang-vec-a-def
using ang-vec-c-sym

by auto

lemma ang-vec-c-bounded: 0 < c z1 z2 A ¢ z1 22 < pi
using canon-ang(1)[of arg 22 — arg z1] canon-ang(2)[of arg 22 — arg z1]
by auto

lemma ortho-c-scalprod0:
assumes z1 # 022 # 0
shows ¢ z1 22 = pi/2 <— scalprod z1 22 = 0
proof
assume c zI 22 = pi | 2
have |arg 22 — arg z1| = arg (22 / 21)
using arg-div]of 22 z1] assms
by auto
hence arg (22 / z1) = pi/2 V arg (22 | 21) = —pi/2
using (¢ z1 22 = pi/2
unfolding ang-vec-c-def
unfolding ang-vec-def
by auto
hence Re (22 / 21) = 0
using re-complex-zero-argl [of z2/21]
by auto
hence 22 / 21 + ¢nj (22 ]/ 21) = 0
using re-complex|of 22 /21|
by (auto simp add: complex-of-real-def [symmetric])
thus scalprod z1 22 = 0
using assms complez-cnj-divide|of 22 z1]
using add-frac-eq[of z1 cnj z1 22 cnj 22]
using divide-eq-0-iff [of 22 = cnj z1 + cnj 22 * 21 21 * cnj z1]
by (auto simp add:field-simps)
next
assume scalprod z1 z2 = 0
hence 22 * cnj z1 4+ cnj 22 x 21 = 0
by (simp add:field-simps)
hence 22 / z1 + cnj (22 / z1) = 0
using assms complez-cnj-divide[of 22 21|
using add-frac-eq|of z1 cnj z1 22 cnj 22]
using divide-eq-0-iff [of 22 * cnj z1 + cnj 22 x z1 z1 * cnj z1]
by auto
hence Re (22 / 21) = 0
using re-complex|of 22 /21|
by auto
have 22 / z1 # 0
using assms
by auto
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hence arg (22 / z1) = pi/2 V arg (22 | 21) = —pi/2
using (Re (22 / z1) = 0) re-complex-zero-arg2|of 22 /21]
by auto

have |arg 22 — arg z1]| = arg (22 / 21)
using arg-div]of 22 z1] assms
by auto

thus c z1 22 = pi | 2
using <arg (22 / 21) = pi/2 V arg (22 | 21) = —pi/2
unfolding ang-vec-c-def
unfolding ang-vec-def
by (metis abs-minus-cancel abs-of-nonneg minus-divide-left pi-half-ge-zero)

qed

lemma ortho-a-scalprod0:
assumes z1 # 022 # 0
shows a z1 22 = pi/2 +— scalprod z1 22 = 0
unfolding ang-vec-a-def
using assms ortho-c-scalprod0|of z1 z2)
by auto

lemma canon-ang-plus-pil:
assumes zI z2 > 0
shows | 21 22 + pi] = 21 22 — pi
proof (rule canon-ang-eql)
show 3 zuint. 21 22 — pi — ( 21 22 + pi) = 2 * real © * pi
by (rule-tac z=—1 in exl) auto
next
show — pi < 2122 —pi N 21 22 — pr < pi
using assms
unfolding ang-vec-def
using canon-ang(1)[of arg 22 — arg z1] canon-ang(2)[of arg z2 — arg z1]
by auto
qed

lemma canon-ang-plus-pi2:
assumes zI 22 < (0
shows | z1 22 + pi| = 21 22 + pi
proof (rule canon-ang-id)
show — pi < 2122 + pi N 21 22 + pr < pi
using assms
unfolding ang-vec-def
using canon-ang(1)[of arg 22 — arg z1] canon-ang(2)[of arg z2 — arg z1]
by auto
qed

lemma ang-vec-oppositel:
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assumes zI # 0
shows (—z1) 22 = | 21 22 — pi]
unfolding ang-vec-def
apply (subst arg-uminus[OF assms])
apply (subst canon-ang-arg|of z2, symmetric])
apply (subst canon-ang-diff [of arg 22 arg z1 + pi, symmetric])
apply (subst canon-ang-id[of pi, symmetric]) back
apply simp
apply (subst canon-ang-diff [of arg 22 — arg z1 pi, symmetric])
apply (simp add: field-simps)
done

lemma ang-vec-opposite2:

assumes z2 # (

shows z1 (—22) = | z1 22 + pi
unfolding ang-vec-def
using arg-mult[of —1 22] assms
using arg-complezx-of-real-negative[of —1]
using canon-ang-diff [of arg —1 + arg 22 arg 21]
using canon-ang-sum|of arg z2 — arg z1 pi]
using canon-ang-id[of pi] canon-ang-arg|of z1]
by auto (metis (hide-lams, no-types) ab-diff-minus ab-semigroup-add-class.add-ac(1)
minus-add minus-add-distrib minus-minus)

lemma ang-vec-opposite-opposite:
assumes z1 # 022 # 0
shows (—z1) (—22) = 21 22
apply (subst ang-vec-oppositel [OF assms(1)])
apply (subst ang-vec-opposite2[ OF assms(2)])
apply (subst canon-ang-id|of pi, symmetric]) back
apply simp
apply (subst canon-ang-diff [symmetric])
apply (simp del: ang-vec-def)
by (metis ang-vec-def canon-ang(1) canon-ang(2) canon-ang-id)

lemma ang-vec-a-opposite2:
azl 22 = azl (—22)
proof(cases 22 = 0)
case True
thus ?thesis
by (metis minus-zero)
next
case Fulse
thus ?thesis
proof(cases z1 22 < —pi | 2)
case True
hence 21 22 < 0
by auto (metis less-trans minus-pi-half-less-zero)
have a z1 22 = pi + 21 22
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using True ¢ z1 z2 < O)
unfolding ang-vec-a-def ang-vec-c-def ang-vec-a-def abs-real-def
by auto
moreover
have a z1 (—22) = pi + 21 22
unfolding ang-vec-a-def ang-vec-c-def abs-real-def
using canon-ang(1)[of arg 22 — arg z1] canon-ang(2)[of arg 22 — arg 21]
using canon-ang-plus-pi2[of z1 22] True « z1 22 < 0y 22 # O
using ang-vec-opposite2|of 22 z1]
by auto
ultimately
show ?thesis
by auto
next
case Fulse
show ?thesis
proof (cases z1 z2 < 0)
case True
have a 21 22 = — 21 22
using (- z1 22 < — pi / 2) True
unfolding ang-vec-a-def ang-vec-c-def ang-vec-a-def abs-real-def
by auto
moreover
have a z1 (—22) = — 21 22
using (— z1 22 < — pi / 2) True
unfolding ang-vec-a-def ang-vec-c-def abs-real-def
using canon-ang-plus-pi2[of z1 22]
using canon-ang(1)[of arg 22 — arg z1] canon-ang(2)[of arg 22 — arg 21]
using (22 # 0) ang-vec-opposite2[of 22 z1]
by auto
ultimately
show ?thesis
by simp
next
case Fulse
show ?thesis
proof (cases z1 z2 < pi | 2)
case True
have a 21 22 = 21 22
using (— z1 22 < 0) True
unfolding ang-vec-a-def ang-vec-c-def ang-vec-a-def abs-real-def
by auto
moreover
have a z1 (—22) = 21 22
using (— z1 22 < 0 True
unfolding ang-vec-a-def ang-vec-c-def abs-real-def
using canon-ang-plus-pil [of z1 22]
using canon-ang(1)[of arg 22 — arg z1] canon-ang(2)[of arg 22 — arg 21]
using 22 # () ang-vec-opposite2|of 22 z1]
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by auto

ultimately

show ?thesis
by simp

next

case Fulse

have z1 22 > 0
using Fulse
by (metis less-linear less-trans pi-half-gt-zero)

have a 21 22 = pi — 21 22
using Fulse ¢ z1 22 > O)
unfolding ang-vec-a-def ang-vec-c-def ang-vec-a-def abs-real-def
by auto

moreover

have a z1 (—22) = pi — 21 22
unfolding ang-vec-a-def ang-vec-c-def abs-real-def
using False « z1 22 > O
using canon-ang-plus-pil [of z1 22]
using canon-ang(1)[of arg 22 — arg z1] canon-ang(2)[of arg 22 — arg z1]
using 22 # 0) ang-vec-opposite2|of z2 z1]
by auto

ultimately

show ?thesis
by auto

qed
qged
qged
qed

lemma ang-vec-a-oppositel :
azlz2 =a(—21) 22
using ang-vec-a-sym[of —z1 z2]| ang-vec-a-opposite2|of 22 z1] ang-vec-a-sym|[of z2
21]
by auto

lemma ang-vec-a-scalel:
assumes k #
shows a (complex-of-real k x 21) 22 = a 21 22
proof (cases k > 0)
case True
thus ?thesis
unfolding ang-vec-a-def ang-vec-c-def ang-vec-def
using arg-mult-real-positive[of k z1]
by auto
next
case Fulse
hence k£ < 0
using assms
by auto
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thus ?thesis
using arg-mult-real-negative[of k z1]
using ang-vec-a-oppositel [of z1 z2)
unfolding ang-vec-a-def ang-vec-c-def ang-vec-def
by simp
qed

lemma ang-vec-a-scale2:

assumes k # (

shows a z1 (complex-of-real k x 22) = a z1 22
using ang-vec-a-sym[of z1 complez-of-real k * 22]
using ang-vec-a-scalel [OF assms, of 22 z1]
using ang-vec-a-sym|of z1 22|
by auto

lemma ang-vec-a-scale:

assumes kI # 0 k2 # 0

shows a (complex-of-real k1 * z1) (complex-of-real k2 % 22) = a 21 22
using ang-vec-a-scalel[OF assms(1)] ang-vec-a-scale2[OF assms(2)]
by auto

lemma ang-a-cnj-cnj:
shows a z1 22 = a (cnj z1) (cnj 22)
unfolding ang-vec-a-def ang-vec-c-def ang-vec-def
proof(cases arg z1 # pi A arg 22 # pi)
case True
thus acute-ang ||larg 22 — arg z1]| = acute-ang |larg (cnj 22) — arg (cnj z1)|]
using arg-cnj2[of z1] arg-cnj2|of 22]
apply (auto simp del:acute-ang-def)
proof(cases |arg z2 — arg z1| = pi)
case True
thus acute-ang |larg 22 — arg z1|| = acute-ang ||— arg 22 + arg z1]|
using canon-ang-uminus-pilof arg 22 — arg z1]
by (auto simp add:field-simps del:acute-ang-def)
next
case Fulse
thus acute-ang |larg 22 — arg z1|| = acute-ang ||— arg 22 + arg z1]|
using canon-ang-uminus|of arg z2 — arg z1]
by (auto simp add:field-simps del:acute-ang-def)
qed
next
case Fulse
thus acute-ang ||larg 22 — arg z1]| = acute-ang |larg (cnj 22) — arg (cnj z1)]|
proof(cases arg z1 = pi)
case Fulse
hence arg 22 = pi
using « = (arg z1 # pi A arg 22 # pi)
by auto
thus ?thesis
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using False
using arg-cnj2[of z1]| arg-cnjl[of 22]
apply (auto simp del:acute-ang-def)
proof (cases arg z1 > 0)
case True
hence —arg z1 < 0
by auto
thus acute-ang ||pi — arg z1|| = acute-ang ||pi + arg 21]|
using True MoreComplex.canon-ang-plus-pil [of arg z1]
using arg-bounded|of z1] MoreComplex.canon-ang-plus-pi2[of —arg z1]
by (auto simp add:field-simps del:acute-ang-def)
next
case Fulse
hence —arg z1 > 0
by simp
thus acute-ang ||pi — arg z1]| = acute-ang ||pi + arg z1|]
proof(cases arg z1 = 0)
case True
thus ?thesis
by (auto simp del:acute-ang-def)
next
case Fulse
hence —arg z1 > 0
using (—arg z1 > O)
by auto
thus “thesis
using Fualse MoreComplex.canon-ang-plus-pil [of —arg z1]
using arg-bounded|of z1] MoreComplex.canon-ang-plus-pi2|of arg 21|
by (auto simp add:field-simps del:acute-ang-def)
qed
qed
next
case True
thus ?thesis
using arg-cnjl [of z1]
apply (auto simp del:acute-ang-def)
proof(cases arg z2 = pi)
case True
thus acute-ang ||arg 22 — pil| = acute-ang ||arg (cnj 22) — pil]
using arg-cnjl [of 22]
by auto
next
case Fulse
thus acute-ang ||arg 22 — pil| = acute-ang ||arg (cnj 22) — pil]
using arg-cnj2[of z2]
apply (auto simp del:acute-ang-def)
proof(cases arg z2 > 0)
case True
hence —arg 22 < 0
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by auto
thus acute-ang ||arg z2 — pil| = acute-ang ||— arg 22 — pil|
using True canon-ang-minus-pil [of arg z2]
using arg-bounded|of z2] canon-ang-minus-pi2lof —arg z2]
by (auto simp add:field-simps del:acute-ang-def)
next
case Fulse
hence —arg 22 > 0
by simp
thus acute-ang |larg 22 — pi]| = acute-ang ||— arg 22 — pil]
proof(cases arg z2 = 0)
case True
thus ?thesis
by (auto simp del:acute-ang-def)
next
case Fulse
hence —arg 22 > 0
using (—arg 22 > O
by auto
thus “thesis
using Fulse canon-ang-minus-pil [of —arg z2]
using arg-bounded|of z2] canon-ang-minus-pi2[of arg 22]
by (auto simp add:field-simps del:acute-ang-def)
qed
qed
qged
qed
qed

abbreviation sgn-bool where
sgn-bool p = if p then 1 else —1

definition circ-tang-vec :: complex = complex = bool = complex where
cire-tang-vec p E p = sgn-bool p it *x (E — p)

lemma circ-tang-vec-ortho:

scalprod (E — p) (circ-tang-vec i E p) = 0
unfolding circ-tang-vec-def Let-def
by (auto simp add: complezx-cnj-mult)

lemma circ-tang-vec-opposite-orient:

cire-tang-vec p E p = — circ-tang-vec p E (= p)
unfolding circ-tang-vec-def
by auto

definition ang-circ where
ang-circ E pul p2 pl p2 = (circ-tang-vec 1 E p1) (circ-tang-vec p2 E p2)
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definition ang-circ-c where
ang-circ-c E p1 p2 pl p2 = c¢ (cire-tang-vec pul E p1) (circ-tang-vec pu2 E p2)

definition ang-circ-a where
ang-circ-a E pl p2 pl p2 = a (circ-tang-vec ul E pl1) (circ-tang-vec u2 E p2)

lemma ang-circ-simp:

assumes F # ul E # u2

showsang-circ E pl p2 pl p2 = canon-ang (arg (E — p2) — arg (E — pl) +
sgn-bool p1 * pi | 2 — sgn-bool p2 * pi | 2)
unfolding ang-circ-def ang-vec-def circ-tang-vec-def
apply (rule canon-ang-eq)
using assms
using arg-mult-2kpi[of sgn-bool p2xii E — p2]
using arg-mult-2kpi[of sgn-bool p1xii E — p1]
apply auto
apply (rule-tac z=z—=za in ezxl, auto simp add: field-simps)
apply (rule-tac z=—1+z—za in exl, auto simp add: field-simps)
apply (rule-tac t=1+z—za in exl, auto simp add: field-simps)
apply (rule-tac x=r—2za in exl, auto simp add: field-simps)
done

lemma ang-circ-c-simp:
assumes F # ul E # u2
shows ang-circ-c E pl p2 pl p2 = abs (canon-ang (arg(E — p2) — arg(E —
wl) + (sgn-bool p1) x pi/2 — (sgn-bool p2) * pi/2))
unfolding ang-circ-c-def ang-vec-c-def
using ang-circ-simp[OF assms]
unfolding ang-circ-def
by auto

lemma ang-circ-a-simp:
assumes F # ul E # u2
shows ang-circ-a E p1 p2 pl p2 = acute-ang (abs (canon-ang (arg(E — p2) —
arg(E — p1) + (sgn-bool p1) * pi/2 — (sgn-bool p2) * pi/2)))
unfolding ang-circ-a-def ang-vec-a-def
using ang-circ-c-simp[OF assms]
unfolding ang-circ-c-def
by auto

lemma ang-circ-a-p True:
assumes E # ul E # u2
shows ang-circ-a E pl1 p2 pl p2 = ang-circ-a E pu1 p2 True True
proof (cases pl1)
case True
show ?thesis
proof (cases p2)
case True
show ?thesis
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using (p1) (p2)
by simp
next
case Fulse
show ?thesis
using (p1) = p2)
unfolding ang-circ-a-def
using circ-tang-vec-opposite-orient[of u2 E p2]
using ang-vec-a-opposite2
by simp
qed
next
case Fulse
show ?thesis
proof (cases p2)
case True
show ?thesis
using — pIl» (p2)
unfolding ang-circ-a-def
using circ-tang-vec-opposite-orient[of ul E pl1]
using ang-vec-a-oppositel
by simp
next
case Fulse
show ?thesis
using (— pl) = p2)
unfolding ang-circ-a-def
using circ-tang-vec-opposite-orient|of pl E pl] circ-tang-vec-opposite-orient|of
n2 E p2]
using ang-vec-a-oppositel ang-vec-a-opposite2
by simp
qged
qed

lemma ang-circ-a-simp1:
assumes E # ul E # u2
shows ang-circ-a E pul p2pl p2 = a (E — pl) (E — p2)
unfolding ang-vec-a-def ang-vec-c-def ang-vec-def
by (subst ang-circ-a-pTrue[OF assms, of p1 p2], subst ang-circ-a-simp[OF assms,
of True True]) (metis add-diff-cancel)

abbreviation ang-circ-a’ where
ang-circ-a’ E ul p2 = ang-circ-a E pul1 p2 True True

lemma ang-circ-a’-simp:

assumes z # pl z # p2

shows ang-circ-a’ z pl p2 = a (z — pl1) (z — p2)
by (rule ang-circ-a-simp1[OF assms))
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lemma cos-cmod-scalprod:
shows cmod b x cmod ¢ x (cos (b ¢)) = Re (scalprod b c)
proof (cases b = 0V ¢ = 0)
case True
thus ?thesis
by auto
next
case Fulse
thus ?thesis
by (simp add: cos-diff cos-arg sin-arg field-simps)
qed

lemma law-of-cosines:

shows (cdist B C)? = (cdist A C)? + (cdist A B)? — 2x(cdist A C)x(cdist A
B)s(cos ( (C—A) (B—A))
proof—

let a = C—B and ?b = C—A and %c = B—A

have %0 = %b — %c

by simp
hence (cmod ?a)? = (cmod (2b — %c))?
by metis
also have ... = Re (scalprod (?b—?c) (?b—%c))
by (simp add: cmod-square)
also have ... = (cmod ?b)? + (cmod ?¢)* — 2xRe (scalprod ?b ?c)
by (simp add: cmod-square field-simps)
finally

show ?thesis
using cos-cmod-scalprod[of ?b ?c]
by simp
qed

declare ang-vec-c-def[simp del]

lemma cos-c-: cos (¢ z1 22) = cos ( z1 22)

unfolding ang-vec-c-def

by (smt cos-minus)

lemma cos-a-c: cos (a z1 22) = abs (cos (c z1 22))

unfolding ang-vec-a-def

using ang-vec-c-bounded|of z1 22] cos-lt-zero|of ¢ z1 z2] cos-gt-zero-pi|of ¢ z1 z2]

by (cases ¢ z1 22 = pi/2) (auto, smt cos-minus cos-periodic-pi3)

end
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8 Homogeneous coordinates in extended complex
plane

theory HomogeneousCoordinates
imports MoreComplex Matrices
begin

typedef homo-coords = {v. v # vec-zero}
by (rule-tac z=(1, 0) in ez, simp)

lemma obtain-homo-coords:
fixes z::homo-coords
obtains A B where
Rep-homo-coords . = (A, B) A# 0V B # 0
by (cases ) (auto simp add: Abs-homo-coords-inverse)

definition homo-coords-eq :: homo-coords = homo-coords = bool (infix ~ 50)
where
[simp]: 21 = 22 +—
(let 21 = Rep-homo-coords z1;
22 = Rep-homo-coords z2
in (3 k. k # (0::complex) N 22 = k #5, 21))

lemma homo-coords-eq-refip:
reflp homo-coords-eq
by (auto simp add: reflp-def, rule-tac z=1 in exl, simp)

lemma homo-coords-eq-symp:
symp homo-coords-eq
by (auto simp add: symp-def, rule-tac x=1/k in exl, simp)

lemma homo-coords-eq-transp:
transp homo-coords-eq
by (auto simp add: transp-def, rule-tac x=kaxk in exl, simp)

lemma homo-coords-eq-equivp:
equivp homo-coords-eq
by (auto intro: equivpl homo-coords-eq-reflp homo-coords-eq-symp homo-coords-eq-transp)

lemma homo-coords-eg-refl [simp]:
z Rz
using homo-coords-eq-refip
by (auto simp add: reflp-def refl-on-def)

lemma homo-coords-eq-trans:
assumes zI1 ~ 22 22 ~ 23
shows 21 ~ 23

using assms homo-coords-eq-transp

unfolding transp-def
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by blast

lemma homo-coords-eq-sym:
assumes zI ~ z2
shows 22 ~ z1
using assms homo-coords-eq-symp
unfolding symp-def
by blast

lemma homo-coords-eq-miz:
assumes Rep-homo-coords z1 = (217, z1") Rep-homo-coords 22 = (22', 22")
shows z1 ~ 22 < 22'x21" = 21'%22"
using assms
proof (cases z1" # 0 V 22" #+ 0)
case Fulse
thus ?thesis
using assms using Rep-homo-coords|of z1] Rep-homo-coords|of z2]
by auto
next
case True
thus ?thesis
using assms
apply auto
apply (rule-tac =22""/z1"" in exl)
using Rep-homo-coords|of z2)
apply (auto simp add: field-simps)
apply (rule-tac z=22""/21"" in exl)
using Rep-homo-coords|of 21]
apply (auto simp add: field-simps)
done
qed

lemma [simp]: Rep-homo-coords (Abs-homo-coords (Rep-homo-coords ©)) = Rep-homo-coords
T

using Rep-homo-coords|of z]

by (simp add: Abs-homo-coords-inverse)

Quotient of homogeneous coordinates

quotient-type
complez-homo = homo-coords |/ homo-coords-eq
by (rule homo-coords-eq-equivp)

Infinite point

definition inf-homo-rep where [simp]: inf-homo-rep = Abs-homo-coords (1, 0)
lift-definition inf-homo :: complez-homo (ocop) is inf-homo-rep
done

lemma [simp]: Rep-homo-coords (Abs-homo-coords (1, 0)) = (1, 0)
by (simp add: Abs-homo-coords-inverse)
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lemma [simp]: Rep-homo-coords inf-homo-rep = (1, 0)
by simp

lemma inf-snd-0: z = inf-homo-rep +— (let (21, 22) = Rep-homo-coords z in z1

20N 22=0)
using Rep-homo-coords|of z]
by auto

lemma not-inf-snd-not0:

assumes — z & inf-homo-rep

shows let (21, z2) = Rep-homo-coords z in 22 # 0
using assms Rep-homo-coords|of z| inf-snd-0]of z]
by auto

Zero

definition zero-homo-rep where [simp]: zero-homo-rep = Abs-homo-coords (0, 1)
lift-definition zero-homo :: complex-homo (0},) is zero-homo-rep
done

lemma [simp]: Rep-homo-coords (Abs-homo-coords (0, 1)) = (0, 1)
by (simp add: Abs-homo-coords-inverse)

lemma [simp]: Rep-homo-coords zero-homo-rep = (0, 1)
by simp

lemma zero-fst-0: z =~ zero-homo-rep <— (let (21, 22) = Rep-homo-coords z in
z1 =0 N z2 #0)

using Rep-homo-coords|of 2]

by auto

One

definition one-homo-rep where [simp]: one-homo-rep = Abs-homo-coords (1, 1)
lift-definition one-homo :: complex-homo (1) is one-homo-rep
done

lemma [simp]: Rep-homo-coords (Abs-homo-coords (1, 1)) = (1, 1)
by (simp add: Abs-homo-coords-inverse)

lemma [simp]: Rep-homo-coords one-homo-rep = (1, 1)
by simp

lemma [simp]s Ih # Op, Oh 75 Op Oh 7£ lh Jh # Oh Op 75 Uh OQp 75 lh
by (transfer, auto)+

definition ii-homo-rep where ii-homo-rep = Abs-homo-coords (ii, 1)
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lift-definition ii-homo :: complex-homo (iiy) is ii-homo-rep
done

lemma [simp]: Rep-homo-coords (Abs-homo-coords (ii, 1)) = (ii, 1)
by (simp add: Abs-homo-coords-inverse)

lemma [simp]: Rep-homo-coords ii-homo-rep = (i3, 1)
by (simp add: ii-homo-rep-def)

lemma ex-3-different-points:
fixes z::complex-homo
shows 3 21 22. z # 21 N z1 # 22 N\ z # 22
proof (cases z # O0p N z # 1)
case True
thus ?thesis
by (rule-tac z=0}, in exl, rule-tac x=1y in ezl, auto)
next
case Fulse
hence 2 = 0, V 2z = 1y,
by simp
thus ?thesis
proof
assume z = 0,
thus ?thesis
by (rule-tac z=ocy, in exl, rule-tac x=1}, in exl, auto)
next
assume z = 1y,
thus %thesis
by (rule-tac =00y, in exl, rule-tac =0y, in exl, auto)
qed
qed

Conversion from complex

definition of-complex-coords where
of-complez-coords z = Abs-homo-coords (z, 1)

lemma [simp]: Rep-homo-coords (of-complez-coords z) = (z, 1)
by (simp add: of-complex-coords-def Abs-homo-coords-inverse)

lift-definition of-complex :: complexr = complex-homo is of-complex-coords
by (simp del: homo-coords-eq-def)

lemma of-complex-inj:
assumes of-complex x = of-complex y
shows z = y

using assms

by transfer simp
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lemma of-complex-image-ing:
assumes of-complex ¢ A = of-complex ‘ B
shows A = B

using assms

using of-complez-inj

by auto

lemma [simp]: of-complex x # oop,
by transfer simp

lemma [simp]: ooy # of-complex x
by transfer simp

lemma inf-homo-or-complex-homo:
z=o0p V (3 z. 2 = of-complex z)
proof (transfer)
fix z
obtain a b where *: Rep-homo-coords z = (a, b)
by (rule obtain-homo-coords)
show z = inf-homo-rep V (3z. z & of-complex-coords )
using * Rep-homo-coords|of Z]
by (cases b = 0) auto
qed

lemma zero-of-complex [simp): of-complex 0 = 0p
by transfer simp

lemma one-of-complex [simp]: of-complex 1 = 1},
by transfer simp

lemma
[simp]: of-complex a = 0 +— a = 0
by (subst zero-of-complex[symmetric]) (auto simp add: of-complez-inj)

lemma
[simp]: of-complex a = 1} +— a = 1
by (subst one-of-complex[symmetric]) (auto simp add: of-complex-ing)

Coercion to complex

definition to-complex-homo-coords :: homo-coords = complex where
to-complex-homo-coords z = (let (21, 22) = Rep-homo-coords z in z1/2z2)

lift-definition to-complez :: complex-homo = complex is to-complex-homo-coords
proof—
fix zy
assume z =~ y
thus to-complex-homo-coords x = to-complex-homo-coords y
by (auto simp add: to-complex-homo-coords-def split-def Let-def)
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qed

lemma [simp]: to-complex (of-complez z) = z
by (transfer) (simp add: of-complez-coords-def to-complex-homo-coords-def Abs-homo-coords-inverse)

lemma [simp]: z # ooy, = (of-complex (to-complex 2)) = z
proof (transfer)
fix z
obtain z1 22 where zz: Rep-homo-coords z = (z1, 22)
by (rule obtain-homo-coords)
assume — z ~ inf-homo-rep
hence 22 # 0
using zz Rep-homo-coords|of z]
by auto (erule-tac x=1/z1 in allE, simp)
thus of-complez-coords (to-complex-homo-coords z) =~ z
using 2z
by (auto simp add: of-complex-coords-def to-complez-homo-coords-def Abs-homo-coords-inverse)
qed

Addition

definition add-homo-coords :: homo-coords = homo-coords = homo-coords (infix1
+he 100) where
z +ne w = (let (21, 22) = Rep-homo-coords z;
(wl, w2) = Rep-homo-coords w in
Abs-homo-coords (z1*xw2 + wl*22, z2%w2))

lemma add-homo-coords-Rep:
assumes Rep-homo-coords z = (z1, 22) Rep-homo-coords w = (w1, w2) z2 # 0
V w2 # 0
shows Rep-homo-coords (z +pe w) = (21xw2 + wl*z2, 22*xw2)
proof—
from assms
have (z1*xw2 4+ wl*22, 22xw2) # vec-zero
using Rep-homo-coords|of z] Rep-homo-coords|of w]
by auto
thus ?thesis
using assms(1—2)
by (auto simp add: add-homo-coords-def split-def Let-def Abs-homo-coords-inverse)
qged

lemma add-homo-coords-00:
assumes Rep-homo-coords z = (z1, 22) Rep-homo-coords w = (w1, w2) 22 = 0
w2 =0
shows z +p,. w = Abs-homo-coords (0, 0)
using assms unfolding add-homo-coords-def
by simp

lemma add-coords-well-defined-lemma;:
assumes z ~ y ' ~ y’
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shows z +p. 2’/ = y +pe y’
using assms
proof—
obtain Az Br where zz: Rep-homo-coords © = (Ax, Bz)
by (rule obtain-homo-coords)
obtain Az’ Bz’ where zz”: Rep-homo-coords ' = (Axz’, Bz')
by (rule obtain-homo-coords)
obtain Ay By where yy: Rep-homo-coords y = (Ay, By)
by (rule obtain-homo-coords)
obtain Ay’ By’ where yy” Rep-homo-coords y' = (Ay’, By’)
by (rule obtain-homo-coords)
from assms obtain k k'’ where
x: k # 0 Ay = kxAxz By = kxBx k' # 0 Ay’ = k'x Az’ By’ = k'xBx’
using zz zz’ yy yy'
by auto
show ?thesis
proof (cases Bt = 0 A Bz’ = 0)
case True
thus ?thesis
using add-homo-coords-00[of © Az 0 ' Az’ 0] add-homo-coords-00[of y Ay 0
y' Ay' 0] zx yy zz’ yy' *
by (auto, rule-tac x=1 in exl, simp)
next
case Fulse
thus ?thesis
using zz zz’ yy yy' *
using Rep-homo-coords|of x] Rep-homo-coords|of '] (k # 0) <k’ # O
using add-homo-coords-Replof © Az Bz x' Az’ Bz'] add-homo-coords-Rep|of
yk* Az k x Bry' k' x Az’ k' x Bz
by simp (rule-tac z=kxk’ in exl, auto simp add: field-simps)
qed
qed

lift-definition add-homo :: complex-homo = complex-homo = complex-homo (infixl
+5, 100) is add-homo-coords
by (rule add-coords-well-defined-lemma, simp-all)

lemma add-homo-commute: © +p y =y +p, «
proof (transfer)
fix x y
obtain Az Bz where zz: Rep-homo-coords © = (Az, Br)
by (rule obtain-homo-coords)
obtain Ay By where yy: Rep-homo-coords y = (Ay, By)
by (rule obtain-homo-coords)

show = 4+, ¥y = y +pe T
proof (cases Bz # 0 V By # 0)
case True
thus ?thesis
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using add-homo-coords-Rep|of x Ax Bz y Ay By, OF zx yy]
using add-homo-coords-Rep|of y Ay By © Az Bz, OF yy xz]
by auto (rule-tac x=1 in exl, simp)+
next
case Fulse
thus ?thesis
using zz yy add-homo-coords-00
by (auto, rule-tac x=1 in exl, simp)
qed
qged

lemma of-complex-add: (of-complex za) +p (of-complex 2b) = of-complex (za +
zb)
proof (transfer)
fix za 2b
have Rep-homo-coords (Abs-homo-coords (za, 1)) = (za, 1) Rep-homo-coords
(Abs-homo-coords (zb, 1)) = (2b, 1)
by (auto simp add: Abs-homo-coords-inverse)
thus of-complex-coords za +,. of-complex-coords zb = of-complex-coords (za +
zb)
unfolding of-complex-coords-def
using add-homo-coords-Replof Abs-homo-coords (za, 1) za 1 Abs-homo-coords
(2b, 1) zb 1]
by (simp add: Abs-homo-coords-inverse)
qed

lemma [simp]: (of-complex z) +1 cop = ooy,
proof (transfer)
fix z
show of-complex-coords z 4. inf-homo-rep = inf-homo-rep
using add-homo-coords-Rep|of Abs-homo-coords (z, 1) z 1 Abs-homo-coords (1,
0) 1 0]
unfolding of-complex-coords-def
by (simp add: Abs-homo-coords-inverse)
qed

lemma [simp]: cop, +1 (of-complex z) = oo,
by (subst add-homo-commute) simp

lemma add-homo-zero-right [simp): z +5, 0p = 2
proof (transfer)
fix 2z
obtain 21 22 where 2z: Rep-homo-coords z = (21, 22)
by (rule obtain-homo-coords)
thus z +5. zero-homo-rep =~ z
using add-homo-coords-Rep|of z z1 22 zero-homo-rep 0 1]
by auto (metis zero-neg-one)
qed
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lemma add-homo-zero-left [simp]: O, +n 2 = 2
by (subst add-homo-commute) simp

uminus

definition uminus-homo-coords where
uminus-homo-coords z = (let (21, 22) = Rep-homo-coords z in Abs-homo-coords
(=21, 22))

lemma uminus-homo-coords-Rep [simp]: Rep-homo-coords (uminus-homo-coords
z) = (let (21, 22) = Rep-homo-coords z in (—z1, 22))

unfolding uminus-homo-coords-def Let-def

apply (cases Rep-homo-coords z)

using Rep-homo-coords|of z]

by (auto simp add: Abs-homo-coords-inverse)

lift-definition uminus-homo :: complex-homo = complex-homo is uminus-homo-coords
by (auto simp add: split-def Let-def)

lemma of-complez-uminus [simp]: uminus-homo (of-complex z) = of-complex (—z)
by (transfer) auto

Subtraction

definition minus-homo :: complex-homo = complez-homo = complex-homo (infixl
—pn 100) where
2zl —p 22 = z1 +p, (uminus-homo z2)

lemma minus-homo-coords-Rep:
assumes Rep-homo-coords z = (z1, 22) Rep-homo-coords w = (w1, w2) 22 # 0
V w2 # 0
shows Rep-homo-coords (z +ne (uminus-homo-coords w)) = (z1*w2 — wl*z2,
22%w2)
using assms
using add-homo-coords-Rep|of z z1 z2 uminus-homo-coords w —wl1 w2] uminus-homo-coords-Rep[of
w]
by simp

lemma of-complex-minus:

(of-complex z1) —p, (of-complex 22) = of-complex (21 — 22)
unfolding minus-homo-def complez-diff-def
by (simp add: of-complex-add)

lemma [simp]:
assumes z # ooy
shows z —p, z = 0y,
proof—
from assms obtain z’ where z = of-complez 2z’
using inf-homo-or-complez-homolof 2]
by auto
thus ?thesis
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by (simp add: of-complez-minus)
qed

lemma diff-zero-homo:
assumes z1 —p 22 = 0y 21 # oop V 22 # ooy,
shows z1 = 22
using assms
unfolding minus-homo-def
proof transfer
fix z w
obtain 21 22 where 2z: Rep-homo-coords z = (21, 22)
by (rule obtain-homo-coords)
obtain w! w2 where ww: Rep-homo-coords w = (w1, w2)
by (rule obtain-homo-coords)
have mww: Rep-homo-coords (uminus-homo-coords w) = (—wl, w2)
using ww
by simp
assume *: 2 +p. uminus-homo-coords w = zero-homo-rep and
-z & inf-homo-rep V — w = inf-homo-rep
have 22 # 0 V w2 # 0
using Rep-homo-coords|of z] Rep-homo-coords|of w]
using (= z = inf-homo-rep V = w = inf-homo-rep)
using inf-snd-0[of z] inf-snd-0[of w] zz ww
by auto
thus z =~ w
using * zz ww
apply simp
apply (subst (asm) minus-homo-coords-Rep|of z z1 22 w wl w2])
apply auto
apply (rule-tac x=w2/22 in exl, auto simp add: field-simps)
apply (rule-tac z=w2/22 in exl, auto)
done
qed

Multiplication

definition mult-homo-coords :: homo-coords = homo-coords = homo-coords (infixl
*pe 100) where
z #pe y = (let (z1, y1) = Rep-homo-coords x;
(22, y2) = Rep-homo-coords y in
Abs-homo-coords (x1xx2, yl+y2))

lemma mult-homo-coords-Rep:
assumes Rep-homo-coords © = (Az, Bx) Rep-homo-coords x' = (Az’, Bz’) (Bx
#0V Az’ #£ 0) AN (Bz' £ 0V Az # 0)
shows Rep-homo-coords (x *p. x') = (AzxxAz’, BxxBz')
using assms Rep-homo-coords|of x| Rep-homo-coords|of ']
by (auto simp add: mult-homo-coords-def split-def Let-def Abs-homo-coords-inverse)

lemma mult-homo-coords-00:
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assumes Rep-homo-coords x = (Az, Bx) Rep-homo-coords x' = (Az’, Bz') (Bx
=0ANAz’=0)V (Bz' =0 N Az = 0)

shows z . 2’ = Abs-homo-coords (0, 0)
using assms unfolding mult-homo-coords-def
by auto

lemma mult-coords-well-defined-lemma:
assumes z ~ y ' ~ y’
shows z *p,. 2/ ~ y *p. y'
proof—
obtain Azr Bx where zz: Rep-homo-coords © = (Az, Bx)
by (rule obtain-homo-coords)
obtain Az’ Bz’ where 2z’ Rep-homo-coords ' = (Az’, Bz')
by (rule obtain-homo-coords)
obtain Ay By where yy: Rep-homo-coords y = (Ay, By)
by (rule obtain-homo-coords)
obtain Ay’ By’ where yy’: Rep-homo-coords y' = (Ay’, By’
by (rule obtain-homo-coords)
from assms obtain k k' where
x: k # 0 Ay = kxAx By = kxBx k' # 0 Ay’ = k'« Az’ By’ = k'«Bz’
using zz zz’ yy yy'
by auto
show ?thesis
proof (cases (Bx # 0 V Az’ # 0) A (Bz' # 0V Az # 0))
case Fulse
thus ?thesis
using mult-homo-coords-00[of © Az Bx x' Az’ Bz'] mult-homo-coords-00[of y
Ay By y' Ay’ By'] xz yy 2z’ yy' *
by auto (rule-tac x=1 in exl, simp)+
next
case True
thus ?thesis
using zz 2z’ yy yy’ *
using Rep-homo-coords|of x] Rep-homo-coords|of x'] (k # 0y <k’ # O
using mult-homo-coords-Rep|of © Ax Bx ' Az’ Bx']
mult-homo-coords-Replof y k * Az k x Bz y' k' x Az' k' x Bz']
by simp (rule-tac z=kxk’ in exl, auto simp add: field-simps)
qed
qed

lift-definition mult-homo :: complex-homo = complex-homo = complex-homo
(infixl x; 100) is mult-homo-coords
by (rule mult-coords-well-defined-lemma, simp-all)

lemma mult-of-complez:
shows (of-complex z1) %5, (of-complex 22) = of-complezx (21 * 22)
proof (transfer)
fix 21 22
show of-complex-coords z1 *p. of-complex-coords z2 = of-complex-coords (z1 x
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22)
using mult-homo-coords-Replof of-complez-coords z1 - - of-complex-coords z2)
by simp

qed

lemma mult-homo-commute:
shows z1 %, 22 = 22 %, z1
proof transfer
fix z1 22
obtain z11 212 where z1: Rep-homo-coords z1 = (z11, z12)
by (rule obtain-homo-coords)
obtain 221 222 where 22: Rep-homo-coords 22 = (221, 222)
by (rule obtain-homo-coords)
show z1 x5, 22 = 22 *p. 21
proof (cases (212 # 0 V 221 # 0) A (222 # 0 V z11 # 0))
case True
thus ?thesis
using mult-homo-coords-Rep|of z1 z11 z12 22 221 222] 21 22
using mult-homo-coords-Rep|of 22 221 222 z1 z11 212]
by simp (rule-tac z=1 in exl, simp)
next
case Fulse
thus ?thesis
using mult-homo-coords-00[of z1 z11 212 22 221 222] 21 22
using mult-homo-coords-00|of 22 221 222 z1 z11 z12]
by auto (rule-tac x=1 in exl, simp)+
qged
qed

lemma mult-homo-zero-left [simp]:
assumes z # ooy
shows 0y, *, z = 0},
using assms
proof—
obtain 2’ where 2z = of-complex z’
using inf-homo-or-complez-homolof z] assms
by auto
thus ?thesis
using zero-of-complex
using mult-of-complex[of 0 2]
by simp
qged

lemma mult-homo-zero-right [simp]:
assumes z # ooy
shows z %5, 0 = 04,
using mult-homo-zero-left[OF assms]
by (simp add: mult-homo-commute)
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lemma mult-homo-inf-right [simp]:
assumes z # 0,
shows z %5, oo = ooy,
using assms
proof (transfer)
fix z
obtain z! 22 where zz: Rep-homo-coords z = (z1, 22)
by (rule obtain-homo-coords)
assume - z & zero-homo-rep
hence z1 # 0
using Rep-homo-coords|of z] zz
by auto (metis divide-self-if eq-divide-eq mult-divide-mult-cancel-right)
thus z *j. inf-homo-rep = inf-homo-rep
using zz mult-homo-coords-Replof z z1 22 Abs-homo-coords (1, 0) 1 0]
by auto
qed

lemma mult-homo-inf-left [simp]:
assumes z # 0,
shows ooy, *;, z = oop,
using mult-homo-inf-right[OF assms]
by (simp add: mult-homo-commute)

lemma mult-homo-one-left [simp]:
shows 1}, %, z = 2
proof (transfer)
fix z
obtain z! 22 where Rep-homo-coords z = (21, 22)
by (rule obtain-homo-coords)
thus one-homo-rep *p. 2 =~ 2
using mult-homo-coords-Rep|of Abs-homo-coords (1, 1) 1 1 z z1 22]
by auto (metis zero-neq-one)
qed

lemma mult-homo-one-right [simp]:
shows z %5, 1}, = 2

using mult-homo-one-left[of z]

by (simp add: mult-homo-commute)

Reciprocal

definition reciprocal-homo-coords :: homo-coords = homo-coords where

reciprocal-homo-coords x = (let (z1, y1) = Rep-homo-coords  in Abs-homo-coords

(y1, x1))

lemma reciprocal-homo-coords-Rep: Rep-homo-coords (reciprocal-homo-coords x)

= (let (z1, y1) = Rep-homo-coords = in (y1, 1))
apply (cases Rep-homo-coords x)

unfolding reciprocal-homo-coords-def Let-def
using Rep-homo-coords|of ]
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by (auto simp add: Abs-homo-coords-inverse)

lift-definition reciprocal-homo :: complez-homo = complex-homo is reciprocal-homo-coords
proof—

fix zy

assume z ~ y

thus reciprocal-homo-coords x =~ reciprocal-homo-coords y

by (cases Rep-homo-coords x, cases Rep-homo-coords y) (auto simp add:

reciprocal-homo-coords-Rep)
qged

lemma [simp]: reciprocal-homo-coords (reciprocal-homo-coords z) = z

unfolding reciprocal-homo-coords-def|of reciprocal-homo-coords z|

by (cases Rep-homo-coords z) (auto simp add: reciprocal-homo-coords-Rep, metis
Rep-homo-coords-inverse)

lemma [simp]: reciprocal-homo (reciprocal-homo z) = z
by (transfer) (auto, rule-tac x=1 in exl, simp)

lemma [simp]: reciprocal-homo 0 = oo,
by (transfer) (simp add: reciprocal-homo-coords-Rep)

lemma [simp]: reciprocal-homo ocop, = 0,
by (transfer) (simp add: reciprocal-homo-coords-Rep)

lemma [simp]: reciprocal-homo 15, = 1,
by (transfer) (simp add: reciprocal-homo-coords-Rep)

Division
definition divide-homo :: complex-homo = complez-homo = complex-homo (infixl

:n 100) where
x i Yy = x *p (reciprocal-homo y)

lemma [simp]:

assumes z # 0p,

shows z :, 0, = ooy,
using assms
unfolding divide-homo-def
by simp

lemma [simp]:

assumes z # ooy

shows z :;, oo, = 0,
using assms
unfolding divide-homo-def
by simp

lemma [simp]: cop, :, 0 = oop
unfolding divide-homo-def
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by (transfer) (simp add: reciprocal-homo-coords-def mult-homo-coords-def)

lemma [simp]: 0y :p cop = 0p
unfolding divide-homo-def
by (transfer) (simp add: mult-homo-coords-def reciprocal-homo-coords-def)

lemma divide-homo-one [simp]:
shows z :j, 1, = 2

unfolding divide-homo-def

by simp

lemma of-complex-divide:
assumes 22 # 0
shows (of-complex z1) :p, (of-complex 22) = of-complex (21 | 22)
using assms
unfolding divide-homo-def
proof (transfer)
fix z1 22 :: complex
assume z2 # (
thus of-complez-coords z1 xp. reciprocal-homo-coords (of-complex-coords z2) =~
of-complez-coords (z1 | 22)
by (auto simp add: of-complex-coords-def Abs-homo-coords-inverse mult-homo-coords-def
reciprocal-homo-coords-def)
(rule-tac x=1/22 in exl, auto)
qed

lemma divide-homo-coords-Rep [simp]:

assumes Rep-homo-coords z = (z1, z2) Rep-homo-coords w = (w1, w2)

(22 £ 0V w2 #0)N(wl #0V 21 #0)

shows Rep-homo-coords (z *p. (reciprocal-homo-coords w)) = (z1xw2, z2xwl)
using assms
using mult-homo-coords-Rep[of z z1 22 reciprocal-homo-coords w w2 w1] reciprocal-homo-coords-Rep|of
w

]
by simp

Conjugate

definition cnj-homo-coords where
cng-homo-coords z = (let (z1, 22) = Rep-homo-coords z in Abs-homo-coords (cnj
z1, cnj 22))

lemma [simp]: Rep-homo-coords (cnj-homo-coords z) = vec-cnj (Rep-homo-coords
)

apply (cases Rep-homo-coords z)

using Rep-homo-coords|of z]

by (simp add: cnj-homo-coords-def Abs-homo-coords-inverse vec-cnj-def )

lift-definition cnj-homo :: complez-homo = complex-homo is cnj-homo-coords
by auto
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lemma cnj-homo (of-complex z) = of-complex (cnj z)
by (transfer) (simp add: vec-cnj-def)

lemma cnj-homo oo, = ooy,
by (transfer) (simp add: vec-cnj-def)

lemma cnj-homo-coords-involution [simp]:
cng-homo-coords (cnj-homo-coords z) = z
unfolding cnj-homo-coords-def [of cnj-homo-coords z] Let-def
by (cases Rep-homo-coords z, auto simp add: Let-def split-def vec-cnj-def) (metis
Rep-homo-coords-inverse)

lemma cnj-homo-involution [simp]: cnj-homo (cnj-homo z) = z
by (transfer) (auto, rule-tac =1 in exl, simp)

lemma [simp]:
cng-homo oo = oop,
by (transfer) (auto simp add: vec-cnj-def)

lemma [simp]:
cng-homo 0 = 0y
by (transfer) (auto simp add: vec-cnj-def)

Inversion

definition inversion-homo where
inversion-homo = cngj-homo o reciprocal-homo

lemma inversion-homo-sym:
inversion-homo = reciprocal-homo o cnj-homo
unfolding inversion-homo-def
by (rule ext, simp) (transfer, case-tac Rep-homo-coords x, auto simp add: reciprocal-homo-coords-Rep
split-def Let-def vec-cnj-def , metis zero-neg-one)

lemma inversion-homo-involution [simp]: inversion-homo (inversion-homo z) = z
proof—
have *: cnj-homo o reciprocal-homo = reciprocal-homo o cnj-homo
using inversion-homo-sym
by (simp add: inversion-homo-def)
show ?thesis
unfolding inversion-homo-def
by (subst *) simp
qed

lemma [simp]:

inversion-homo 05, = ooy,
by (simp add: inversion-homo-def)
lemma [simp]:

inversion-homo ooy, = 0},
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by (simp add: inversion-homo-def)

8.1 Ratio and crossratio

definition ratio-rep where
ratio-rep z1 22 23 =
(let (z1z, z1y) = Rep-homo-coords z1;
(22z, z2y) = Rep-homo-coords z2;
(23z, 23y) = Rep-homo-coords 23 in
Abs-homo-coords ((z1xx22y — 22zxz1y)*23y, (zlz*x23y — 23Tx21y)*22y))

lemma ratio-rep-Rep [simp]:
assumes (- z1 = 22 A = 28 & inf-homo-rep) V (= 21 = 23 N\ = 22 = inf-homo-rep)
shows Rep-homo-coords (ratio-rep z1 22 28) = (let (z1z, 21y) = Rep-homo-coords
z1;
(22z, z2y) = Rep-homo-coords z2;
(28%, 28y) = Rep-homo-coords 28 in ((z1lz%22y — 22xxz1y)*28y, (z1x%28y
— 28xxz1y)*22y))
proof—
obtain z1’ 21" where zz1: Rep-homo-coords z1 = (z1’, z1")
by (rule obtain-homo-coords)
obtain 22’ 22" where 222: Rep-homo-coords z2 = (22', 22"
by (rule obtain-homo-coords)
obtain z3’ 23’ where zz3: Rep-homo-coords z3 = (28', z3")
by (rule obtain-homo-coords)
have ((z1' % 22" — 22" % 21") % 23", (21" % 28" — 23" % 21"") % 22"") # wvec-zero
using assms
using homo-coords-eq-miz|OF zz1 222] homo-coords-eq-mix[OF zz3, of inf-homo-rep
10]
using homo-coords-eq-miz[OF zz1 zz3] homo-coords-eq-miz[OF zz2, of inf-homo-rep
10]
by auto
thus %thesis
using zz1 222 223
unfolding ratio-rep-def Let-def
by (simp add: Abs-homo-coords-inverse)
qged

lemma ratio-rep-Rep’ [simp]:
assumes (zI ~ 22 V z3 = inf-homo-rep) A (z1 =~ 28 V 22 = inf-homo-rep)
shows ratio-rep z1 22 23 = Abs-homo-coords (0, 0)
using assms
unfolding ratio-rep-def
by (cases Rep-homo-coords z1, cases Rep-homo-coords z2, cases Rep-homo-coords
28) auto

lift-definition ratio :: complex-homo = complex-homo = complex-homo = complex-homo

is ratio-rep
proof—

115



fix z1 22 28 wl w2 w3

assume *: zI ~ wl 22 = w2 23 = w3

obtain 21’ 21" where zz1: Rep-homo-coords z1 = (z1', z1")
by (rule obtain-homo-coords)

obtain 22’ 22’ where 222: Rep-homo-coords z2 = (22, z2")
by (rule obtain-homo-coords)

obtain z3’ 23" where zz3: Rep-homo-coords z3 = (23, z3"')
by (rule obtain-homo-coords)

obtain w!’ wl’ where wwl: Rep-homo-coords wl = (wl’, wl”)
by (rule obtain-homo-coords)

obtain w2’ w2'" where ww2: Rep-homo-coords w2 = (w2’, w2")
by (rule obtain-homo-coords)

obtain w8’ w38’ where ww3: Rep-homo-coords w3 = (w8', w3'’)
by (rule obtain-homo-coords)

show ratio-rep z1 22 28 = ratio-rep wil w2 ws
proof (cases — z1 = 22 A — 28 = inf-homo-rep V — 21 &~ 28 N = 22 =
inf-homo-rep)
case True
hence = w1 ~ w2 A = w8 = inf-homo-rep V = wl =~ w3 N = w2 = inf-homo-rep
using * homo-coords-eq-sym homo-coords-eq-trans
by metis
thus ?thesis
apply (subst homo-coords-eq-def , unfold Let-def)
using ratio-rep-Rep[OF (= z1 = 22 A = 28 =~ inf-homo-rep V = z1 ~ 23 A
- 22 = inf-homo-rep]
using ratio-rep-Rep[OF (- wl ~ w2 A = w8 ~ inf-homo-rep V = wl ~ w3
A = w2 =& inf-homo-rep)]
using 221 222 228 wwl ww?2 wws *
by (simp add: Let-def field-simps, (erule-tac exE)+) (rule-tac t=k+kaxkb in
exl, simp)
next
case Fulse
hence - (= wl =~ w2 N = w3 = inf-homo-rep V = wl = w3 N = w2 =
inf-homo-rep)
using *x homo-coords-eq-sym homo-coords-eq-trans
by metis
thus ?thesis
using False
by (simp del: homo-coords-eq-def)
qed
qged

lemma ratio-is-ratio:
assumes z1 # 22 V z1 # 23 z1 # oop, 22 # oop V 28 # oo,
shows ratio z1 22 23 = (21 —p, 22) :p, (21 —p 253)
unfolding minus-homo-def divide-homo-def
using assms

proof transfer
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fix zwwv
obtain z! 22 where zz: Rep-homo-coords z = (z1, 22)
by (rule obtain-homo-coords)
obtain w! w2 where ww: Rep-homo-coords w = (w1, w2)
by (rule obtain-homo-coords)
obtain v! v2 where vv: Rep-homo-coords v = (v1, v2)
by (rule obtain-homo-coords)
assume *: — z & w V — 2z & v 0z & inf-homo-rep
- w & inf-homo-rep V = v & inf-homo-rep
hence *x: = z =~ w A = v = inf-homo-rep V = z = v A = w = inf-homo-rep
by (metis homo-coords-eg-trans)
have 22 # 0 w2 # 0 V v2 # 0 z1xw2 # 22xwl V z1%v2 # 22xvl
using zz vv ww not-inf-snd-not0[of v] not-inf-snd-not0|of z] not-inf-snd-not0[of
w] homo-coords-eq-miz[of z 21 22 w wl w2] homo-coords-eq-miz|of z z1 22 v vl v2]
*
by auto
thus ratio-rep z w v =
2 +pne uminus-homo-coords w *p,.
reciprocal-homo-coords (z +p. uminus-homo-coords v)
using zz ww vv *x
using divide-homo-coords-Replof z +p. uminus-homo-coords w z1 x w2 + —
wl * 22 22 x w2 (2 +pe uminus-homo-coords v) z1 * v2 + — vl * 22 22 x v2 |
using minus-homo-coords-Replof z z1 22 w w1 w2]
using minus-homo-coords-Rep|of z 21 z2 v vl v2]
by (auto simp add: field-simps)
qged

lemma
assumes 22 # oop, 28 F# oo,
shows ratio ooy, 22 28 = 1y,
using assms
proof transfer
fix 22 23
obtain 22z 22y where 222: Rep-homo-coords 22 = (22x, 22y)
by (rule obtain-homo-coords)
obtain z3z 23y where 223: Rep-homo-coords z3 = (25z, 23y)
by (rule obtain-homo-coords)
assume - z2 =~ inf-homo-rep — 23 =~ inf-homo-rep
have 22y # 0 28y # 0
using not-inf-snd-not0[OF = z2 = inf-homo-rep)] 222
using not-inf-snd-not0[OF = z8 = inf-homo-rep)] 223
by auto
thus ratio-rep inf-homo-rep 22 z8 ~ one-homo-rep
using (— z2 =~ inf-homo-rep) (- z8 = inf-homo-rep) 222 223
by (subst homo-coords-eq-def , subst ratio-rep-Rep, simp-all) (rule-tac x=1/(22y*23y)
in exl, auto)
qed

117



lemma
assumes z1 # oop 28 F# oo,
shows ratio z1 ocop 28 = ooy,
using assms
proof transfer
fix z1 23
obtain 21z z1y where 2z1: Rep-homo-coords z1 = (z1z, z1y)
by (rule obtain-homo-coords)
obtain z3z 23y where 2z3: Rep-homo-coords z8 = (28z, 23y)
by (rule obtain-homo-coords)
assume - zI1 = inf-homo-rep — 23 =~ inf-homo-rep
have z1y # 0 28y # 0
using not-inf-snd-not0[OF = z1 = inf-homo-rep)] 221
using not-inf-snd-not0[OF = z8 = inf-homo-rep)] 223
by auto
thus ratio-rep z1 inf-homo-rep z8 ~ inf-homo-rep
using (= z1 =~ inf-homo-rep) (= z8 = inf-homo-rep) zz1 223
by (subst homo-coords-eq-def , subst ratio-rep-Rep, simp-all) (rule-tac x=—1/(z1y*2z3y)
in exl, auto)
qed

lemma
assumes z1 # ooy 22 # oo,
shows ratio z1 z2 ooy, = 0y,
using assms
proof transfer
fix 21 22
obtain zlz z1y where 2z1: Rep-homo-coords z1 = (z1z, z1y)
by (rule obtain-homo-coords)
obtain 22z 22y where 2z2: Rep-homo-coords z2 = (22z, 22y)
by (rule obtain-homo-coords)
assume - z1 =~ inf-homo-rep — 22 =~ inf-homo-rep
have z1y # 0 22y # 0
using not-inf-snd-not0[OF = z1
using not-inf-snd-not0[OF - z2
by auto
thus ratio-rep z1 22 inf-homo-rep = zero-homo-rep
using (= z1 =~ inf-homo-rep) (= z2 = inf-homo-rep) zz1 222
by (subst homo-coords-eq-def , subst ratio-rep-Rep, simp-all) (rule-tac x=—1/(z1y*22y)
in exl, auto)
qged

inf-homo-repy] zz1
inf-homo-rep)] 222

~
~
~
~

lemma
assumes zI # 22 z1 # ooy,
shows ratio z1 z2 z1 = ooy,
proof—
have z1 —p, 22 # 0y,
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using diff-zero-homolof z1 22| «z1 # 22) <zl # oop)
by auto
thus ?thesis
using assms
using ratio-is-ratio[of z1 22 z1]
by simp
qed

definition cross-ratio-rep where
cross-ratio-rep z u v w =
(let (2', 2'") = Rep-homo-coords z;
(u’; u') = Rep-homo-coords u;
(v’, v"") = Rep-homo-coords v;
(w', w'") = Rep-homo-coords w
in Abs-homo-coords ((z'xu’ — u'*z")x(v*w’ — w'sxv'’),
(Z/*w/, _ w/*Z//)*(,U/*u// _ u/*,U//)))

lemma cross-ratio-rep-Rep [simp]:
assumes (n 2zl R 22 A28 = zf)V (0 zl &zl N 22 & 28)
shows Rep-homo-coords (cross-ratio-rep z1 22 28 z4) =
(let (217, z1"") = Rep-homo-coords z1;
(22', 22") = Rep-homo-coords z2;
(237, 28'") = Rep-homo-coords z3;
(247, z4"") = Rep-homo-coords z4,
in ((21%22" — 22"%21"x(28 %24 " — 24 '%28""), (2124 " — 24 521 ") x(28 '%22"
— 22'%23")))
proof—
obtain 21’ 21" where zz1: Rep-homo-coords z1 = (z1', z1")
by (rule obtain-homo-coords)
obtain 22’ 22" where 222: Rep-homo-coords 22 = (22, 22"
by (rule obtain-homo-coords)
obtain 23’ 28" where 223: Rep-homo-coords z3 = (28', z3")
by (rule obtain-homo-coords)
obtain z/’ z/' where zz/: Rep-homo-coords z§ = (24, z4 ")
by (rule obtain-homo-coords)
show ?thesis
using 2z1 222 223 224
using assms
unfolding cross-ratio-rep-def Let-def
using homo-coords-eq-miz[OF zz1 zz2] homo-coords-eq-mix|OF zz3 zz]]
using homo-coords-eq-miz[OF zz1 zz4] homo-coords-eq-miz|OF zz2 223]
by (auto simp add: Abs-homo-coords-inverse)
qed

lift-definition cross-ratio :: complex-homo = complex-homo = complex-homo =

complex-homo = complex-homo is cross-ratio-rep
proof—
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fix 21 22 28 z4 w1 w2 w3 w4

obtain 21’ 21" where zz1: Rep-homo-coords z1 = (z1', z1")
by (rule obtain-homo-coords)

obtain 22’ 22’ where 222: Rep-homo-coords z2 = (22, 22")
by (rule obtain-homo-coords)

obtain 23’ 23" where 223: Rep-homo-coords 23 = (23, 23"
by (rule obtain-homo-coords)

obtain z/’ 2/’ where zz/: Rep-homo-coords z§ = (24, z4 ")
by (rule obtain-homo-coords)

obtain wl’ w1’ where wwl: Rep-homo-coords wl = (wl’, w1'’)
by (rule obtain-homo-coords)

obtain w2’ w2’ where ww2: Rep-homo-coords w2 = (w2’, w2")
by (rule obtain-homo-coords)

obtain w8’ w8’ where ww3: Rep-homo-coords w8 = (w8', w3"’)
by (rule obtain-homo-coords)

obtain w4’ wj' where ww/: Rep-homo-coords wi = (w4’ ws")
by (rule obtain-homo-coords)

let 2wi2 = w1’ * w2" — w2’ x w1

let 2w34 = w3’ * wi" — wi’' * w3"

let 2wl = w1’ x wi" — wq' * w1’

let w32 = w3’ x w2 — w2’ * w3"

let 2212 = 21" % 22" — 22" % 21"

let 2284 = 28" % 24" — 24’ * 28"

let 2214 = 21" % 24" — 24" * 21"

let 2232 = 28" % 22" — 22" % 28"

assume *: z1 ~ wl 22 ~ w2 28 = w3 z4 ~ w4
hence xx:
fwi2 x wl) = 0 <— 2212 x 228} = 0 2wil4 x w32 = 0 «— 221} x 9232
=0
using zz1 222 223 zz4 wwl ww2 wwd ww4
by auto

show cross-ratio-rep z1 22 28 z4 =~ cross-ratio-rep wl w2 ws wj
proof (cases 9212 x 2234 = 0 A 2214 % 2282 = 0)
case True
thus ?thesis
using zz1 222 228 zz4 wwl ww2 wwd ww4 **
by (simp add: cross-ratio-rep-def split-def Let-def) (rule-tac x=1 in exl, auto)
next
case Fulse
have ~ 21 ~ 22 N~ 28 = 24 V ~ 2zl = zf N~ 22 =~ 28
using Fulse
using homo-coords-eq-mix[OF zz1 zz2] homo-coords-eq-miz|OF 223 zz4]
using homo-coords-eq-mix[OF zz1 zz4] homo-coords-eq-miz|OF zz2 223]
by (simp del: homo-coords-eq-def) metis
moreover
have - wl ~ w2 AN w8 =~ wj V- wl = wj N - w2 ~ ws
using *x False
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using homo-coords-eq-miz[OF wwl ww2] homo-coords-eq-mix|OF ww3 ww]
using homo-coords-eq-mizx[OF wwl ww4]| homo-coords-eq-miz[OF ww2 ww3)]
by (simp del: homo-coords-eq-def) metis

ultimately

show ?thesis
using x
using cross-ratio-rep-Rep|of z1 22 28 z4)
using cross-ratio-rep-Replof w1 w2 w8 wf]
using zz1 222 228 zz4 wwl ww2 wwd ww4
apply simp
apply (erule exE)+
apply simp
apply (rule-tac z=kxkaxkbxkc in exl)
apply (simp add: field-simps)
done

qed
qed

lemma cross-ratio z 0y, 1 ocop = 2
proof (transfer)
fix z
have x: = z = zero-homo-rep N — one-homo-rep = inf-homo-rep V - z =
inf-homo-rep A = zero-homo-rep ~ one-homo-rep
by (cases Rep-homo-coords z) auto
show cross-ratio-rep z zero-homo-rep one-homo-rep inf-homo-rep =~ z
using cross-ratio-rep-Rep[OF ]
by (simp add: split-def Let-def) (rule-tac x=—1 in exl, simp)
qed

lemma cross-ratio-0:
assumes z1 # 22 z1 #* 28
shows cross-ratio z1 z1 22 23 = 0y,
using assms
proof (transfer)
fix 21 22 28
let 721 = Rep-homo-coords z1 and ?z2 = Rep-homo-coords z2 and %23 =
Rep-homo-coords z3
assume - z1 ~ 22 - z1 = 23
thus cross-ratio-rep z1 z1 22 23 ~ zero-homo-rep
using cross-ratio-rep-Replof z1 z1 22 23]
homo-coords-eq-miz|of z1 fst 2z1 snd ?z1 22 fst 222 snd ?22] homo-coords-eq-mix|of
z1 fst 221 snd ?z1 z3 fst 223 snd ?23]
by (cases 221, cases 922, cases 223, simp add: split-def Let-def)
qed

lemma cross-ratio-1:

assumes z1 # 22 22 #* 28

shows cross-ratio 22 z1 22 28 = 1y,
using assms
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proof (transfer)
fix z1 22 23
obtain 21’ 21" where zz1: Rep-homo-coords z1 = (z1', z1")
by (rule obtain-homo-coords)
obtain 22’ 22’ where 2z2: Rep-homo-coords z2 = (22, z2")
by (rule obtain-homo-coords)
obtain z3’ 23" where zz3: Rep-homo-coords z3 = (23, z3"')
by (rule obtain-homo-coords)
assume -zl = 22 0 22 = 23
thus cross-ratio-rep 22 z1 22 z8 ~ one-homo-rep
using zz1 222 223
using homo-coords-eq-miz|of z1 21’ 21" 22 22" 22"]  homo-coords-eq-miz|of 22
22" 22" 23 28" 23"
by (auto simp add: cross-ratio-rep-def split-def Let-def Abs-homo-coords-inverse)
(rule-tac x=1 ] (22" % 23" — 28" % 22") % (22" % 21" — 21" % 22")) in exl, simp)
qged

lemma cross-ratio-inf:
assumes z1 # 23 22 # 23
shows cross-ratio 28 z1 z2 28 = ooy,
using assms
proof (transfer)
fix 21 22 23
obtain 21’ 21" where zz1: Rep-homo-coords z1 = (z1', z1")
by (rule obtain-homo-coords)
obtain 22’ 22’ where 222: Rep-homo-coords z2 = (22, z22")
by (rule obtain-homo-coords)
obtain z3’ 23" where zz3: Rep-homo-coords z3 = (23, z3"')
by (rule obtain-homo-coords)
assume -zl = 23 0 22 = 23
thus cross-ratio-rep 28 z1 22 28 = inf-homo-rep
using zz1 222 223
using homo-coords-eq-miz[of z1 21’ z1" 28 28" 23"] homo-coords-eq-miz|of 22
22" 22" 23 28" 23"
by (auto simp add: cross-ratio-rep-def split-def Let-def Abs-homo-coords-inverse)
qed

lemma
assumes (z ZuAv A w)V (z#wWAu#0v)2z#00, u#oo, vF# o0 W
# oop
shows cross-ratio z u v w = ((z—pu) *5, (v—pw)) :pn (z—pw) *p (v—pu))
using assms
unfolding minus-homo-def divide-homo-def
proof transfer
fix zuvw
obtain z! 22 where zz: Rep-homo-coords z = (z1, 22)
by (rule obtain-homo-coords)
obtain ul u2 where uu: Rep-homo-coords u = (ul, u2)
by (rule obtain-homo-coords)
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obtain vI v2 where vv: Rep-homo-coords v = (v1, v2)
by (rule obtain-homo-coords)

obtain w! w2 where ww: Rep-homo-coords w = (w1, w2)
by (rule obtain-homo-coords)

assume ¥: "z X u A vRwYV oz wA - uxvand
xk: 0z & inf-homo-rep — u = inf-homo-rep — v = inf-homo-rep - w =~
inf-homo-rep
have 22 # 0 u2 # 0v2 # 0 w2 # 0
using ** 2z uu vv ww
using not-inf-snd-not0|of z] not-inf-snd-not0[of u] not-inf-snd-not0|of v] not-inf-snd-not0|of
w
]
by simp-all
moreover
have ((z1%u2 — 22«ul # 0) A (vI*xw2 — v2xwl # 0)) V ((z1xw2 — 22*xwl #
0) A (vIxu2 — v2*xul # 0))
using x
apply (subst (asm) homo-coords-eq-miz[OF zz uu))
apply (subst (asm) homo-coords-eq-miz|OF vv ww))
apply (subst (asm) homo-coords-eq-miz[OF zz ww))
apply (subst (asm) homo-coords-eq-mix[OF uu vv])
by (auto simp add: field-simps)
moreover
hence z1 * w2 # wl * 22 A vl * u2 # ul * v2 V 21 * u2 # ul * 22 N\ vl *
w2 # wl * v2
by auto
ultimately
show cross-ratio-rep z u v w =~
2 +he uminus-homo-coords u *p. (v +pe uminus-homo-coords w) *p.
reciprocal-homo-coords
(2 +he uminus-homo-coords w *pe (v +pe uminus-homo-coords u))
using uu v ww 2z *
apply simp
apply (subst divide-homo-coords-Rep[of (z +ne uminus-homo-coords w) *p. (v
“+he uminus-homo-coords w) (z1 * u2 — ul * 22) x (vl * w2 — wl * v2) 22 %
u2 % (V2 % w2) (2 +pe uminus-homo-coords w) *p. (v +pe uminus-homo-coords
u) (21 * w2 — wl x 22) * (vl * u2 — ul * v2)
22 % w2 x (v2 x u2)])
using mult-homo-coords-Rep[of z +he uminus-homo-coords u z1 * u2 — ul x*
22 22 * u2 v +pe uminus-homo-coords w vl * w2 — wl * v2 v2 * wW2]
using minus-homo-coords-Replof z z1 22 u ul u2]
using minus-homo-coords-Rep[of v v1 v2 w w1 w2]
using mult-homo-coords-Rep[of z +p. uminus-homo-coords w z1 * w2 — wl *
22 22 * w2 v +p. uminus-homo-coords uw vl * u2 — ul * v2 v2 * u2)
using minus-homo-coords-Replof z z1 22 w w1 w2]
using minus-homo-coords-Rep[of v vl v2 u ul u2]
using mult-homo-coords-Rep|of z +p. uminus-homo-coords u z1 * u2 — ul *
22 22 % u2 v +pe uminus-homo-coords w vl * w2 — wl * v2 V2 * wW2]
using minus-homo-coords-Replof z z1 22 u ul u2]
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using minus-homo-coords-Rep[of v v1 v2 w wl w2]
by simp-all (rule-tac z=2z2xu2x(v2*xw2) in exl, simp)
qed

8.2 Distance

definition inprod-homo-rep where
inprod-homo-rep z w =
(let (21, 22) = Rep-homo-coords z;
(w1, w2) = Rep-homo-coords w
in vec-cng (21, 22) %y (w1, w2))
syntax
-inprod-homo-rep :: homo-coords = homo-coords = complex ({-,-))
translations
(z,w) == CONST inprod-homo-rep z w

lemma [simp]: is-real (z,z)
unfolding inprod-homo-rep-def
by (cases Rep-homo-coords z, simp add: vec-cnj-def)

lemma [simp]: Re (z,z) > 0
unfolding inprod-homo-rep-def
by (cases Rep-homo-coords z, simp add: vec-cnj-def)

lemma inprod-homo-bilinearl :
assumes Rep-homo-coords z' = k x4, Rep-homo-coords z
shows (z',w) = cenj k * (z,w)
using assms
unfolding inprod-homo-rep-def Let-def
by (cases Rep-homo-coords z, cases Rep-homo-coords z', cases Rep-homo-coords w)
(simp add: vec-cnj-def complex-cnj field-simps)

lemma inprod-homo-bilinear?:
assumes Rep-homo-coords w' = k %4, Rep-homo-coords w
shows (z,w’) = k * (z,w)
using assms
unfolding inprod-homo-rep-def Let-def
by (cases Rep-homo-coords z, cases Rep-homo-coords z’, cases Rep-homo-coords w)
(simp add: vec-cnj-def complex-cnj field-simps)

definition norm-homo-rep where
norm-homo-rep z = sqrt (Re (z,z))
syntax
-norm-homo-rep :: homo-coords = complex ({-))
translations
(z) == CONST norm-homo-rep z

lemma
norm-homo-rep-square: (z2)> = Re ((z,2))
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unfolding norm-homo-rep-def
by simp

lemma norm-homo-gt-0: (z) > 0
proof—
obtain 21 22 where Rep-homo-coords z = (21, 22)
by (rule obtain-homo-coords)
thus ?thesis
using complez-mult-cngj-cmod|of z1] complez-mult-cnj-cmod|of 2] Rep-homo-coords|of
z]
unfolding norm-homo-rep-def inprod-homo-rep-def
by (simp add: vec-cnj-def split-def Let-def field-simps power2-eq-square) (metis
norm-eq-zero sum-squares-gt-zero-iff )
qed

lemma norm-homo-scale:
assumes Rep-homo-coords z' = k %4, Rep-homo-coords z
shows (2)2 = Re (cnj k * k) * (z)?

apply (subst norm-homo-rep-square)+

apply (subst inprod-homo-bilinear! [OF assms])

apply (subst inprod-homo-bilinear2[OF assms])

apply (simp add: field-simps)

done

definition dist-homo-rep where
dist-homo-rep z1 22 =
(let (z1z, z1y) = Rep-homo-coords z1;
(22z, 22y) = Rep-homo-coords 22;
num = (zlz*x22y — 22xxz1y) * (cnj z1xxeng 22y — cnj 22xxcng z1y);
den = (zlzxcenj z1x + zlyxceng z1y) * (22xxcnj 22¢ + 22y*cnj 22y)
in 2xsqrt(Re num / Re den))

lemma dist-homo-rep-iff: dist-homo-rep z w = 2xsqrt(1 — (ecmod (z,w))?* / ((z)*
- (w)?)
proof—
obtain 2/ 22 wl w2 where x: Rep-homo-coords z = (z1, 22) Rep-homo-coords
w = (wl, w2)
by (cases Rep-homo-coords z, cases Rep-homo-coords w) auto
have 1: 2sqrt(1 — (cmod (2,w))® / ()7 * (w)2)) = Zrsqri((2)? * (w)? —
(cmod (z,w))?) / ({2)? * (w)?))
using norm-homo-gt-0|of z] norm-homo-gt-0[of w]
by (simp add: field-simps)
have 2: (2)2 * (w)? = Re ((z1%cnj 21 + 22xcnj 22) x (wlxcnj wl + w2xcnj
w2))
using x

by (simp add: norm-homo-rep-def inprod-homo-rep-def vec-cnj-def )

have 3: (2)? * (w)? — (ecmod (z,w))? = Re ((z1*w2 — wil*22) * (cnj z1*xcnj w2
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— cnj wlxcng 22))
apply (subst cmod-square, (subst norm-homo-rep-square)+)
using x
by (simp add: inprod-homo-rep-def vec-cnj-def field-simps)

thus ?thesis
using 1 2 8
using x
unfolding dist-homo-rep-def Let-def
by simp
qged

lift-definition dist-homo :: complez-homo = complex-homo = real is dist-homo-rep
proof—

fix 21 22 21’ 22’

obtain zI1z z1y 22z 22y z1'v 21"y 22’z 22'y where

zz: Rep-homo-coords z1 = (z1z, z1y) Rep-homo-coords 22 = (22z, 22y) Rep-homo-coords
z1' = (21'z, 21'y) Rep-homo-coords z2' = (22'x, 22'y)

by (cases Rep-homo-coords z1, cases Rep-homo-coords z2, cases Rep-homo-coords
z1', cases Rep-homo-coords z2') blast

assume z1 ~ z1' 22 ~ 22’

then obtain k7 k2 where
x: k1 # 0 Rep-homo-coords z1' = k1 x4, Rep-homo-coords z1 and
xx: k2 # 0 Rep-homo-coords z2' = k2 %4, Rep-homo-coords z2
by auto

have (cmod (z1,22))% | ((21)? * (22)?) = (cmod (21",22"))? | ((21")? * (22")?)
using k1 # 0 k2 # O
using cmod-square[symmetric, of k1] cmod-square[symmetric, of k2]
apply (subst norm-homo-scale[OF *(2)])
apply (subst norm-homo-scale[OF *x(2)])
apply (subst inprod-homo-bilinear1 [OF x(2)])
apply (subst inprod-homo-bilinear2[OF *x(2)])
by (simp add: power2-eq-square)

thus dist-homo-rep z1 22 = dist-homo-rep 21’ 22’
by (subst dist-homo-rep-iff )+ simp

qged

lemma dist-homo-finite:
dist-homo (of-complex z1) (of-complex 22) = 2 % cmod(z1 — 22) / (sqrt (14+(cmod
21)?) * sqrt (1+(cmod 22)?))
apply transfer
apply (subst cmod-square)+
apply (simp add: dist-homo-rep-def real-sqrt-divide cmod-def power2-eq-square)
by (smt ab-diff-minus comm-semiring-1-class.normalizing-semiring-rules(24 ) minus-diff-eq
minus-mult-right real-sqrt-mult-distrib2)

lemma dist-homo-infinitel :
dist-homo (of-complex z1) ooy, = 2 / sqrt (1+(cmod 21)?)
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by transfer (subst cmod-square, simp add: dist-homo-rep-def real-sqri-divide)

lemma dist-homo-infinite2:
dist-homo ooy, (of-complex z1) = 2 | sqrt (1+(cmod 21)?)
by transfer (subst cmod-square, simp add: dist-homo-rep-def real-sqri-divide)

lemma dist-homo-rep-zero:

dist-homo-rep z w = 0 +— (cmod (z,w))? = ((2)? * (w)?)
using norm-homo-gt-0[of z] norm-homo-gt-0[of w]
by (subst dist-homo-rep-iff) auto

lemma dist-homo-zerol [simp]: dist-homo z z = 0
by transfer (subst dist-homo-rep-zero, ((subst norm-homo-rep-square)+), subst cmod-square,
stmp)

lemma dist-homo-zero2 [simp]:
assumes dist-homo z1 z2 = 0
shows z1 = 22
using assms
proof transfer
fix z w
obtain 21 22 wl w2 where *x: Rep-homo-coords z = (21, 22) Rep-homo-coords
w = (wl, w2)
by (cases Rep-homo-coords z, cases Rep-homo-coords w, auto)
let 2z = (z1*xw2 — wil*22) * (cnj z1xenj w2 — enj wixcng 22)
assume dist-homo-rep z w = 0
hence (cmod (z,w))? = (2)? * (w)?
by (subst (asm) dist-homo-rep-zero)
hence Re %z = 0
using x
by (subst (asm) cmod-square) ((subst (asm) norm-homo-rep-square)+, simp
add: inprod-homo-rep-def vec-cnj-def field-simps)
hence %z = 0
using complez-mult-cnj-cmod|of z1xw2 — wl*22]
by (subst complez-eq-if-Re-eq|of %z 0]) (simp add: complex-cnj power2-eq-square,
auto)
thus z =~ w
using homo-coords-eq-miz[OF ]
by (auto simp del: homo-coords-eq-def) (metis complex-cnj-cnj complex-cnj-mult)
qed

lemma dist-homo-sym [simp]:
shows dist-homo z1 22 = dist-homo 22 z1
by transfer (simp add: dist-homo-rep-def split-def Let-def field-simps)

Triangle inequality

lemma dist-homo-triangle-finite: cmod(a — b) / (sqrt (1+(cmod a)?) * sqrt (1+(cmod
b)2)) < cmod (a — c) / (sqrt (1+(cmod a)?) * sqrt (1+(cmod ¢)?)) + emod (c —
b) / (sqrt (1+(cmod b)?) * sqrt (1+(cmod c)?))
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proof—
let ?cc = 1+(cmod ¢)? and ?bb = 1+(cmod b)? and ?aa = 1+(cmod a)?
have sqrt ?cc > 0 sqrt ?aa > 0 sqrt 2bb > 0
by (auto simp add: power2-eq-square) (metis add-strict-increasing norm-ge-zero
norm-mult zero-less-one)+

have (a — b)x(1+4cnj cxc) = (a—c)*(1+cnj cxb) + (c—b)x(1 + cnj cxa)
by (simp add: field-simps)
moreover
have cmod ((a — b)*(1+cnj cxc)) = cmod(a — b) x (1+(cmod c)?)
using complex-mult-cng-cmod|of cnj c]
by (auto simp add: power2-eq-square) (metis abs-add-abs abs-one abs-power2
norm-of-real of-real-1 of-real-add of-real-mult power2-eq-square)
ultimately
have cmod(a — b) * (1+(cmod ¢)?) < cmod (a—c) * cmod (1+cnj cxb) + cmod
(¢—b) * cmod(1 + cnj cxa)
using complez-mod-triangle-ineq2lof (a—c)*(14cnj cxb) (c—b)*(1 + cnj cxa)]
by simp
moreover
have x: A abcdbd d"[b<bd<d;a> (0zredl); ¢ > 0] = axb + cxd
< axb’ + cxd’
by (metis add-mono comm-mult-left-mono)
have cmod (a—c) * emod (14cnj cxb) + cmod (c—b) * cmod(1 + cnj cxa) <
emod (a — c) * (sqrt (1+(emod ¢)?) * sqrt (1+(cmod b)?)) + cmod (¢ — b) *
(sqrt (1+(cmod c)?) * sqrt (1+(cmod a)?))
using *[OF cmod-1-plus-mult-le[of cnj ¢ b] cmod-1-plus-mult-le[of cnj ¢ a], of
cmod (a—c) ecmod (c—Db)]
by (simp add: field-simps real-sqrt-mult[symmetric])
ultimately
have cmod(a — b) * Zcc < cmod (a — ¢) * sqrt ?cc x sqrt ?bb + cmod (¢ — b)
x sqrt Zcc x sqrt Zaa
by simp
moreover
hence 0 < ?cc * sqrt ?aa * sqrt ?bb
using mult-right-mono[of 0 sqrt ?aa sqrt ?bb]
using mult-right-mono[of 0 ?cc sqrt ?aa * sqrt 2bb]
by simp
moreover
have sqrt ?cc | %cc = 1 / sqrt cc
using «sqrt fcc > O
by (simp add: field-simps) (metis abs-of-pos real-sqrt-abs2 real-sqrt-mult-distrib2)
hence sqrt ?cc | (Pcc = sqrt 2aa) = 1 / (sqrt 2aa * sqrt ?cc)
using times-divide-eq-right[of 1/sqrt ?aa sqrt ?cc ?cc]
using «sqrt Zaa > 0)
by simp
hence cmod (a — ¢) x sqrt ?cc |/ (Zcc * sqrt 2aa) = ecmod (a — ¢) / (sqrt aa
% sqrt ?cc)
using times-divide-eq-right[of cmod (a — ¢) sqrt ?cc (Pcc x sqrt ?aa)]
by simp
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moreover
have sqrt ?cc | %cc = 1 / sqrt %cc
using «sqrt fcc > O
by (simp add: field-simps) (metis abs-of-pos real-sqrt-abs2 real-sqrt-mult-distrib2)
hence sqrt ?cc | (Pcc = sqrt 2bb) = 1 / (sqrt 2bb * sqrt ?cc)
using times-divide-eq-right[of 1/sqrt 2bb sqrt ?cc ?cc]
using «sqrt 2bb > )
by simp
hence c¢cmod (¢ — b) * sqrt Zcc |/ (cc * sqrt 2bb) = ecmod (¢ — b) / (sqrt 2bb *
sqrt Zec)
using times-divide-eq-right[of cmod (¢ — b) sqrt ?cc ?cc x sqrt 2bb]
by simp
ultimately
show ?thesis
using divide-right-mono[of cmod (a — b) x Zcc cmod (a — ¢) * sqrt Zcc * sqrt
2bb + cmod (¢ — b) * sqrt ?cc = sqrt Zaa Pcc x sqrt Zaa x sqrt 2bb] (sqrt Yaa >
0 <sqrt 2bb > 0y «sqrt 2cc > O)
by (simp add: add-divide-distrib)
qed

lemma dist-homo-triangle-infinitel: 1 / sqrt(1 + (cmod b)?) < 1 ] sqrt(1 +
(ecmod ¢)?) + cmod (b — ¢) / (sqrt(1 + (cmod b)?) * sqrt(1 + (emod c)?))
proof—
let ?bb = sqrt (1 + (emod b)?) and ?cc = sqrt (1 + (cmod c)?)
have ?bb > 0 %cc > 0
by (metis add-strict-increasing real-sqrt-gt-0-iff zero-le-power2 zero-less-one)+
hence *: ?bb * 2cc > 0
by (metis one-power2 real-sqrt-mult-distrib2 real-sqrt-sum-squares-mult-ge-zero)
have xx: (fcc — 2bb) / (9bb x %cc) =1 /) 2bb — 1 ]/ Pcc
using (sqrt (1 + (emod b)?) > 0) «sqrt (1 + (emod ¢)?) > O
by (simp add: field-simps)
show 1 / 2bb < 1 / %cc + cmod (b — ¢) / (2bb * Zcc)
using divide-right-mono[OF cmod-diff-ge[of ¢ b] *]
by (subst (asm) *x) (simp add: field-simps norm-minus-commute)
qed

lemma dist-homo-triangle-infinite2:
1/ sqrt(1 + (cmod a)?) < cmod (a — ¢) / (sqrt (1+(cmod a)?) * sqrt (1+(cmod
e)?) + 1 / sqrt(1 + (emod c)?)
using dist-homo-triangle-infinitel [of a ]
by simp

lemma dist-homo-triangle-infinite3:
emod(a — b) / (sqrt (1+(emod a)?) * sqrt (1+(cmod b)?)) < 1 / sqrt(1 + (cmod
a)?) + 1 / sqrt(1 + (emod b)?)
proof—
let ?aa = sqrt (1 + (ecmod a)?) and 2bb = sqrt (1 + (cmod b)?)
have %aa > 0 7bb > 0
by (metis add-strict-increasing real-sqrt-gt-0-iff zero-le-power2 zero-less-one)+

129



hence *: %aa * ?bb > 0
by (metis one-power2 real-sqrt-mult-distrib2 real-sqrt-sum-squares-mull-ge-zero)
have xx: (%aa + ?bb) / (%aa * 2bb) = 1 / %aa + 1 / ?bb
using <Zaa > 0) <?bb > O
by (simp add: field-simps)
show cmod (a — b) / (?aa x 2bb) < 1 / %aa + 1 ] ?bb
using divide-right-mono[OF cmod-diff-le[of a b] %]
by (subst (asm) *x) (simp add: field-simps norm-minus-commute)
qed

lemma dist-homo-triangle:
shows dist-homo A B < dist-homo A C + dist-homo C B
proof (cases A = oop,)
case True
show ?thesis
proof (cases B = oop,)
case True
show ?thesis
proof (cases C' = oop,)
case True
show ?thesis
using (A = oop) (B = oop) (C = oop)
by simp
next
case Fulse
then obtain ¢ where C' = of-complex c
using inf-homo-or-complex-homolof C]
by auto
show ?thesis
using (A = oop) (B = oop) (C = of-complex ¢©
by (simp add: dist-homo-infinite2)
qed
next
case Fulse
then obtain b where B = of-complex b
using inf-homo-or-complex-homolof B]
by auto
show ?thesis
proof (cases C' = oop,)
case True
show ?thesis
using (A = oop) (C' = oop) (B = of-complex b
by simp
next
case Fulse
then obtain ¢ where C' = of-complex ¢
using inf-homo-or-complex-homolof C]
by auto
show ?thesis
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using (A = oop) (B = of-complex by <C = of-complex ¢
using mult-left-mono[OF dist-homo-triangle-infinitel [of b c], of 2]
by (simp add: dist-homo-finite dist-homo-infinitel dist-homo-infinite2)
qed
qed
next
case Fulse
then obtain a where A = of-complez a
using inf-homo-or-complez-homo[of A
by auto
show ?thesis
proof (cases B = oop,)
case True
show ?thesis
proof (cases C' = oop,)
case True
show ?thesis
using (B = oop) (C = oop) (A = of-complex )
by (simp add: dist-homo-infinite2)
next
case Fulse
then obtain ¢ where C' = of-complex ¢
using inf-homo-or-complez-homo|of C]
by auto
show ?thesis
using (B = oop) (C = of-complex ¢ (A = of-complex
using mult-left-mono[OF dist-homo-triangle-infinite2|of a c|, of 2]
by (simp add: dist-homo-finite dist-homo-infinitel dist-homo-infinite2)
qed
next
case Fulse
then obtain b where B = of-complex b
using inf-homo-or-complex-homolof B]
by auto
show ?thesis
proof (cases C = oop,)
case True
thus ?thesis
using (C = oop) (B = of-complex by (A = of-complex a
using mult-left-mono[OF dist-homo-triangle-infinite3[of a b], of 2]
by (simp add: dist-homo-finite dist-homo-infinitel dist-homo-infinite2)
next
case Fulse
then obtain ¢ where C' = of-complex ¢
using inf-homo-or-complez-homo|of C]
by auto
show ?thesis
using (A = of-complex a) (B = of-complex b «C = of-complex ¢
using mult-left-mono[OF dist-homo-triangle-finite[of a b c], of 2]
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by (simp add: dist-homo-finite norm-minus-commute)
qed
qed
qed

instantiation complex-homo :: metric-space
begin
definition dist-complex-homo = dist-homo
definition open-complex-homo S = (Vz€S. Je>0. Vy. dist-homo yz < e — y
€ 9)
instance
proof
fix x y :: complex-homo
show (distzy = 0) = (z = y)
unfolding dist-complex-homo-def
using dist-homo-zerol [of x] dist-homo-zero2|of = y]
by auto
next
fix S :: complez-homo set
show open S = (Vz€S. Fe>0.Vy. distyz < e — y € 5)
unfolding open-complez-homo-def dist-complex-homo-def
by simp
next
fix x y z :: complex-homo
show dist x y < dist x z + dist y z
unfolding dist-complex-homo-def
using dist-homo-triangle|of x y 2]
by simp
qed
end

end

theory RiemannSphere
imports HomogeneousCoordinates ~"~ /src/HOL/ Library / Product- Vector
begin

lemma Lim-within: (f ———> 1) (at a within S) +—
(Ve >0.3d>0.Yz € S. 0 < distxa Ndistza <d— dist (fz)l <e)
by (auto simp add: tendsto-iff eventually-at dist-nz)

lemma continuous-on-iff:
continuous-on s f <—
(Vz€s. Vex>0.3d>0.Va'es. distz' . < d — dist (fz') (fz) < e)
unfolding continuous-on-def Lim-within
apply (intro ball-cong [OF refl] all-cong ex-cong)
apply (rename-tac y, case-tac y = x)
apply simp
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apply (simp add: dist-nz)
done

9 Riemann sphere

typedef riemann-sphere = {(z::real, y::real, z:real). xxx + yxy + 2%z = 1}
by (rule-tac z=(1, 0, 0) in exl) simp

lemma sphere-bounds’:
assumes z*r + y*y + zxz = (1::real)
shows —1 <z ANz <1
proof—
from assms have zxzx < 1
by (smt real-minus-mult-self-le)
hence 22 < 1% (— 1)? < 1?
by (auto simp add: power2-eq-square)
show —1 <z Az < [
proof (cases z > 0)
case True
thus ?thesis
using square-cancel|OF «z? < 12)]
by simp
next
case Fulse
thus ?thesis
using square-cancel[OF (—z)* < 1?)]
by simp
qged
qged

lemma sphere-bounds:
assumes z*r + y*y + zxz = (1::real)
shows —1 <z ANz <1 -1 <yANy<1 —1<zANz<Z1
using assms
using sphere-bounds’[of x y z]| sphere-bounds’[of y x z] sphere-bounds’[of z x y]
by (auto simp add: field-simps)

Polar coords parametrization

lemma sphere-params-on-sphere:
assumes T = cos a * cos By = cos a x sin [ z = sin «
shows zxz + yxy + zxz = 1
proof—
have zxz + yxy = (cos a * cos a) * (cos B * cos B) + (cos a * cos ) * (sin
B * sin B)
using assms
by simp
hence zxz + y*xy = cos a * cos «
using sin-cos-squared-add3[of f]
by (subst (asm) distrib-left[symmetric]) (simp add: field-simps)
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thus ?thesis
using assms
using sin-cos-squared-add3|of a
by simp
qed

lemma sphere-params:
assumes r*xxr + y*xy + zxz = 1
shows = = cos (arcsin z) * cos (atan2 y x) A y = cos (arcsin z) x sin (atan2 y
z) A z = sin (arcsin z)
proof (cases z=1V z = —1)
case True
hence x =0 ANy =20
using assms
by auto
thus ?thesis
using z =1V z=-0
by (auto simp add: cos-arcsin)
next
case Fulse
hence x # 0 V y # 0
using assms
by auto (metis minus-one square-eq-1-iff’)
thus ?thesis
using sphere-bounds[OF assms| assms
by (auto simp add: cos-arcsin cos-arctan sin-arctan power2-eq-square field-simps
real-sqrit-divide atan2-def cos-periodic-pi2 cos-periodic-pi3 sin-periodic-pi3) (smt real-sqri-abs2)+
qed

lemma ex-sphere-params:

assumes TxT + y*xy + 2xz = 1

shows 3 a 8.2 = cos a*xcos BAYy=cosaxsinfANz=sinaN—pi/2
<aAha<pi/2N-pi<BAPB<pi
using assms arcsin-bounded|of z] sphere-bounds|of x y 2|
by (rule-tac z=arcsin z in exl, rule-tac x=atan2 y x in exl) (simp add: sphere-params
arcsin-bounded atan2-bounded)

Stereographic and inverse stereographic projection

definition stereographic-coords :: Tiemann-sphere = homo-coordswhere
stereographic-coords M = (let (x, y, z) = Rep-riemann-sphere M in
(if (z,y, 2) # (0,0, 1) then
Abs-homo-coords (Complex © y, complex-of-real (1 — z))
else
Abs-homo-coords (1, 0)
)

lemma stereographic-coords-rep:
Rep-homo-coords (stereographic-coords M) = (let (z, y, z) = Rep-riemann-sphere
M in
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(if (z,y,2) # (0,0, 1) then
(Complex x y, complex-of-real (1 — z))
else

(1, 0)
)

proof—
obtain z y 2 where MM: (z, y, z) = Rep-riemann-sphere M
by (cases Rep-riemann-sphere M) auto
show ?thesis
proof (cases (z, y, z) # (0, 0, 1))
case True
thus ?thesis
using MM [symmetric] Abs-homo-coords-inverse[of (Complex xy, 1 — cor z)]
using Rep-riemann-sphere[of M|
by (casesz = 0 Ay = 0, cases z=1) (auto simp add: stereographic-coords-def,
metis Complex-eq-1 complex-of-real-def)
next
case Fulse
thus ?thesis
using MM
by (simp add: stereographic-coords-def)
qed
qed

lift-definition stereographic :: riemann-sphere = complex-homo is stereographic-coords
by (simp del: homo-coords-eq-def)

definition inv-stereographic-coords :: homo-coords = riemann-sphere where
inv-stereographic-coords z = (
let (21, z2) = Rep-homo-coords z
i if 22 = 0 then
Abs-riemann-sphere (0, 0, 1)
else

let z = 21/22;
X = Re (2xz / (1 + zxcnj 2));
Y =1Im (2+z / (1 + zxcnj 2));
Z = ((emod 2)? — 1) / (1 + (cmod 2)?)

in Abs-riemann-sphere (X, Y, 7))

lift-definition inv-stereographic :: complex-homo = riemann-sphere is inv-stereographic-coords
by (auto simp add: inv-stereographic-coords-def split-def Let-def)

lemma one-plus-square-neg-zero [simp):

fixes x :: real

shows 1 + (cor z)? # 0

by (metis (hide-lams, no-types) of-real-1 of-real-add of-real-eq-0-iff of-real-power
power-one sum-power2-eq-zero-iff zero-neq-one)

lemma Re-stereographic: Re (2 x z / (1 + z*x ¢cnjz)) = 2 x Re 2 / (1 + (¢mod
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2)?)
using one-plus-square-neq-zero
by (subst complexz-mult-cnj-cmod, subst Re-divide-real) (auto simp add: power2-eq-square)

lemma Im-stereographic: Im (2 * 2 / (1 + 2 x cnjz)) = 2 xIm z / (1 + (cmod

2)?)

using one-plus-square-neq-zero

by (subst complez-mult-cnj-cmod, subst Im-divide-real) (auto simp add: power2-eq-square)

lemma inv-stereographic-on-sphere:
assumes X = Re (2xz / (1 + zxenj 2)) Y = Im (2xz |/ (1 + zxenj 2)) Z =
((cmod 2)* — 1) / (1 + (cmod 2)?)
shows XxX 4+ YxY 4+ ZxZ =1
proof—
have 1 + (cmod 2)? # 0
by (metis power-one realpow-two-sum-zero-iff zero-neq-one)
thus ?thesis
using assms
by (simp add: Re-stereographic Im-stereographic) (cases z, simp add: power2-eq-square
real-sqrt-mult[symmetric] add-divide-distrib[symmetric], simp add: field-simps)
qged

lemma inv-stereographic-coords-Rep:
Rep-riemann-sphere (inv-stereographic-coords z) =
(let (21, 22) = Rep-homo-coords z
in if 22 = 0 then

0,0, 1)
else
let z = z1/22;
X = Re (2xz / (1 + zxcnj z));
Y =1Im (2%2 / (1 + zxcnj 2));
Z = ((emod 2)? — 1) / (1 + (cmod z)?)
in (X, Y, 2)

proof—
obtain z1 22 where zz: Rep-homo-coords z = (z1, 22)
by (rule obtain-homo-coords)
show ?thesis
proof (cases 22 = 0)
case True
thus ?thesis
using zz
by (simp add: Let-def inv-stereographic-coords-def Abs-riemann-sphere-inverse)
next
case Fulse
thus ?thesis
using inv-stereographic-on-spherelof - z1/22] zz
by (simp add: Let-def inv-stereographic-coords-def Abs-riemann-sphere-inverse)
qed
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qed
definition [simp]: North = Abs-riemann-sphere (0, 0, 1)

lemma stereographic-North: stereographic © = oo <— x = North
proof (transfer)
fix z
show stereographic-coords x =~ inf-homo-rep <— = = North
proof
assume z = North
thus stereographic-coords r = inf-homo-rep
by (simp add: stereographic-coords-def Abs-riemann-sphere-inverse Abs-homo-coords-inverse)
next
assume x: stereographic-coords x = inf-homo-rep
show =z = North
proof (cases Rep-riemann-sphere x = (0, 0, 1))
case True
thus ?thesis
by auto (metis Rep-riemann-sphere-inverse)
next
case Fulse
thus ?thesis
using *
using Rep-riemann-sphere[of ]
by (auto simp add: stereographic-coords-def split-def Let-def Abs-homo-coords-inverse
complex-of-real-def split: split-if-asm) (metis pair-collapse)
qed
qed
qed

lemma stereographic-inv-stereographic’:
assumes
z: z = z1/22 and 22 # 0 and
X: X =Re (2xz /(1 + 2zxcnjz))and Y: Y = Im (2xz / (1 + zxcnj z)) and
Z: 7 = ((emod 2)? — 1) / (1 + (cmod 2)?)
shows 3 k. k # 0 A (Complex X Y, complex-of-real (1 — Z)) = k *s, (21, 22)
proof—
have 1 + (cmod 2)? # 0
by (metis one-power2 sum-power2-eq-zero-iff zero-neq-one)
hence cor (1 — Z) = 2 / cor (1 + (cmod 2)?)
using 7
by (simp add: field-simps complex-of-real-def)
moreover
have X = 2 x Re(z) / (1 + (cmod 2)?)
using X
by (simp add: Re-stereographic)
have Y = 2 x Im(z) / (I + (cmod 2)?)
using YV
by (simp add: Im-stereographic)
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have Complex X Y = 2 x z / cor (1 + (cmod 2)?)
using <1 + (cmod 2)% # O
by (subst (X = 2xRe(z) / (1 + (emod 2)%)), subst (Y = 2xIm(z) / (I +
(cmod 2)?), simp add: Complex-scalej Complex-scalel of-real-numeral)
moreover
have 1 + (cor (emod (21 | 22)))? # 0
by (rule one-plus-square-neq-zero)
ultimately
show ?thesis
using 22 # () <1 + (cmod 2)* # O
by (simp, subst z)+
(rule-tac z=(2 / (1 + (cor (cmod (21 / 22)))?)) / 22 in exl, auto)
qed

lemma
stereographic-inv-stereographic:
stereographic (inv-stereographic z) = z
proof transfer
fix z
obtain z1 22 where zz: Rep-homo-coords z = (z1, 22)
by (rule obtain-homo-coords)
have 2z ~ stereographic-coords (inv-stereographic-coords z)
proof (cases z2 = 0)
case True
thus ?Zthesis
using zz Rep-homo-coords|of z]
by (simp add: stereographic-coords-def inv-stereographic-coords-Rep)
next
case Fulse
thus ?Zthesis
using zz stereographic-inv-stereographic’[of z1 /22 z1 z2)
by (simp add: stereographic-coords-rep inv-stereographic-coords-Rep Let-def)
qed
thus stereographic-coords (inv-stereographic-coords z) =~ z
by (rule homo-coords-eq-sym)
qed

lemma bij-stereographic: bij stereographic
unfolding bij-def inj-on-def surj-def
proof (safe)
fix zy
assume stereographic © = stereographic y
thus z = y
proof (transfer)
fix ad
assume x: stereographic-coords a = stereographic-coords b
obtain za ya za zb yb zb where xx: Rep-riemann-sphere a = (za, ya, za)
Rep-riemann-sphere b = (zb, yb, 2b)
by (metis prod-casesd)
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show a = b
proof (subst Rep-riemann-sphere-inject|symmetric])
show Rep-riemann-sphere a = Rep-riemann-sphere b
proof (cases Rep-riemann-sphere a = (0, 0, 1))
case True
thus ?thesis
using * #* Rep-riemann-sphere|of b]
unfolding stereographic-coords-def
by (cases zb=1) (auto simp add: Abs-homo-coords-inverse complex-of-real-def )
next
{
fix k
assume za * za + (ya * ya + za * za) = 1
zb % zb + (k * (k % (za x za)) + k * (k * (ya * ya))) = 1
zb# 1za#1k#01 +k*xza=k+ 20k # 1
hence Fulse
by algebra
} note *xx = this

case Fulse
thus ?thesis
using * #*x Rep-riemann-sphere|of a] Rep-riemann-sphere|[of b]
unfolding stereographic-coords-def
apply (case-tac[!] 2b = 1, case-tac[!] za = 1)
apply (auto simp add: Abs-homo-coords-inverse complez-of-real-def)
apply (case-tac[!] k)
using sk
apply (auto simp add: field-simps)
apply (case-tac reall = 1)
by auto
qed
qed
qed
next
fix a
show 3 b. a = stereographic b
by (rule-tac z=inv-stereographic a in exl) (simp add: stereographic-inv-stereographic)
qed

lemma inv-stereographic-stereographic:
inv-stereographic (stereographic ) = x

using stereographic-inv-stereographic|of stereographic x]

using bij-stereographic

unfolding bij-def inj-on-def

by simp

lemma inv-stereographic-is-inv:
inv-stereographic = inv stereographic
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by (rule inv-equality[symmetric], simp-all add: inv-stereographic-stereographic stereographic-inv-stereographic)

Circles on the sphere

type-synonym real-vec-4 = real X real X real X real

fun mult-sv :: real = real-vec-4 = real-vec-4 (infixl *5,4 100) where
k %594 (a, b, ¢, d) = (kxa, kxb, kxc, kxd)

typedef plane-vec = {(a::real, b::real, c::real, d::real). a 0NV b# 0V c# 0V

d# 0}
by (rule-tac z=(1, 1, 1, 1) in exl) simp

definition plane-vec-eq where
plane-vec-eq vl v2 «— (3 k. k # 0 A Rep-plane-vec v2 = k *4,4 Rep-plane-vec
vl)

lemma [simp]: 1 %54 T = T
by (cases z) simp

lemma [simpl: & *sp4 (Y *s0a V) = (T%Y) *gpa U
by (cases v) simp

quotient-type plane = plane-vec / plane-vec-eq
proof (rule equivpl)
show refip plane-vec-eq
unfolding reflp-def
by (auto simp add: plane-vec-eq-def) (rule-tac x=1 in exl, simp)
next
show symp plane-vec-eq
unfolding symp-def
by (auto simp add: plane-vec-eq-def) (rule-tac z=1/k in exl, simp)
next
show transp plane-vec-eq
unfolding transp-def
by (auto simp add: plane-vec-eg-def) (rule-tac r=kaxk in exl, simp)
qed

definition on-sphere-circle-rep where
on-sphere-circle-rep o A +—
(let (X, Y, Z) = Rep-riemann-sphere A;
(a, b, ¢, d) = Rep-plane-vec a
inaxX + bxY + cxZ + d = 0)

lift-definition on-sphere-circle :: plane = riemann-sphere = bool is on-sphere-circle-rep
proof—
fix vl v2
obtain af b1 ¢! di where vvl: Rep-plane-vec v1 = (al, b1, c1, d1)
by (cases Rep-plane-vec v1) auto
obtain a2 b2 c2 d2 where vw2: Rep-plane-vec v2 = (a2, b2, c2, d2)
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by (cases Rep-plane-vec v2) auto
assume plane-vec-eq v1 v2
then obtain k where x: a2 = kxal b2 = kxbl c2 = kxcl d2 = kxdl k # 0
using vl vv2
by (auto simp add: plane-vec-eg-def)
show on-sphere-circle-rep vl = on-sphere-circle-rep v2
proof (rule ext)
fix M
obtain z y z where MM: Rep-riemann-sphere M = (z, y, z2)
by (cases Rep-riemann-sphere M) auto
have k x al xx + k x bl xy + k xcl * z + k x dl = kx(al*xz + blxy +
cl*xz + d1)
by (simp add: field-simps)
thus on-sphere-circle-rep vi M = on-sphere-circle-rep v2 M
using vvl vw2 MM x
by (auto simp add: plane-vec-eq-def on-sphere-circle-rep-def split-def Let-def)
qed
qed

definition sphere-circle-set where
sphere-circle-set o = {A. on-sphere-circle a A}

Distance on the Riemann sphere

definition dist-riemann-sphere’ where
dist-riemann-sphere’ M1 M2 =
(let (z1, y1, 21) = Rep-riemann-sphere M1;
(22, y2, 22) = Rep-riemann-sphere M2
in norm (x1 — 22, yl — y2, 21 — 22))

lemma dist-riemann-sphere’-inner:
(dist-riemann-sphere’ M1 M2)* = 2 — 2 x inner (Rep-riemann-sphere M1)
(Rep-riemann-sphere M2)
using Rep-riemann-sphere[of M1] Rep-riemann-sphere[of M2)]
unfolding dist-riemann-sphere’-def
by (auto simp add: norm-prod-def) (simp add: power2-eq-square field-simps)

lemma zzz [simp):
Re (2 x m1 / (1 + cor ((cmod m1)?))) = 2 * Re m1 / (1 + (cmod m1)?)
apply (subst Re-divide-real)
apply (simp add: power2-eq-square)
apply (metis numeral-One of-real-1 of-real-add of-real-eq-0-iff power-one sum-power2-eq-zero-iff
zero-neg-numeral)
apply (simp add: power2-eq-square)
done

lemma yyy [simp]:

Im (2 * m1 ] (1 + cor ((emod m1)?))) = 2 x Im m1 / (1 + (cmod m1)?)
apply (subst Im-divide-real)
apply (simp add: power2-eq-square)
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apply (metis numeral-One of-real-1 of-real-add of-real-eq-0-iff power-one sum-power2-eq-zero-iff
zero-neg-numeral)

apply (simp add: power2-eq-square)

done

lemma dist-riemann-sphere’-ge-0 [simp]: dist-riemann-sphere’ M1 M2 > 0
using norm-ge-zero

unfolding dist-riemann-sphere’-def

by (simp add: split-def Let-def)

lemma dist-homo-stereographic-finite:
assumes stereographic M1 = of-complex m1 stereographic M2 = of-complex m2
shows dist-riemann-sphere’ M1 M2 = 2 x cmod (m1 — m2) / (sqrt (1 + (cmod
m1)?) * sqrt (1 + (ecmod m2)?))
proof—
obtain z1 yI z1 22 y2 22 where MM: (z1, yI, z1) = Rep-riemann-sphere M1
(22, y2, 22) = Rep-riemann-sphere M2
by (cases Rep-riemann-sphere M1, cases Rep-riemann-sphere M2, auto, blast)
have x: M1 = inv-stereographic (of-complex m1) M2 = inv-stereographic (of-complex
m2)
using inv-stereographic-is-inv assms
by (metis inv-stereographic-stereographic)+
have (1 + (cmod m1)?) # 0 (1 + (cmod m2)?) # 0
by (metis power-one realpow-two-sum-zero-iff zero-neg-one)-+
have (1 + (¢cmod m1)?) > 0 (1 + (cmod m2)?) > 0
by (smt realpow-square-minus-le)+
hence (1 + (cmod m1)?) x (1 + (cmod m2)?) > 0
by (metis norm-mult-less norm-zero power2-eq-square zero-power2)
hence sqrt ((1 + ¢mod m1 * emod m1) * (1 + cmod m2 % cmod m2)) > 0
using real-sqrt-gt-0-iff
by (simp add: power2-eq-square)
hence *x: (2 * cmod (m1 — m2) / sqrt ((1 + e¢mod m1 x cmod m1) x (1 +
cmod m2 x cmod m2))) > 0 <— cmod (m1 — m2) > 0
by (metis diff-self divide-nonneg-pos mult-2 norm-ge-zero norm-triangle-ineq4
noTM-2€10)

have (dist-riemann-sphere’ M1 M2)? x (1 + (e¢mod m1)?) * (1 + (cmod m2)?)
= 4 * (emod (m1 — m2))?
apply (subst *)+
proof transfer
fix m1 m2
have (1 + (cmod m1)?) # 0 (1 + (cmod m2)?) # 0
by (metis power-one realpow-two-sum-zero-iff zero-neq-one)+
thus (dist-riemann-sphere’ (inv-stereographic-coords (of-complex-coords m1))
(inv-stereographic-coords (of-complex-coords m2)))? x (1 + (ecmod m1)?) * (1 +
(ecmod m2)?)= 4 * (cmod (m1 — m2))?
apply (simp add: dist-riemann-sphere’-inner inv-stereographic-coords-Rep
complez-mult-cnj-cmod)
apply (subst cor-squared)+
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apply (subst zzx)+
apply (subst yyy)+
apply (subst left-diff-distrib[of 2])
apply (subst left-diff-distrib[of 2%(1+(cmod m1)?)])
apply (subst distrib-right[of - - (1 + (cmod m1)?)])
apply (subst distrib-right[of - - (1 + (cmod m1)?)])
apply (subst distrib-right[of 2 * (2 x Re m1 / (1 + (cmod m1)?) = (2 * Re
m2 / (1 + (emod m2)?))) * (1 + (emod m1)?) - (1 + (cmod m2)?)])
apply (subst distrib-right[of 2 * (2 * Im m1 / (1 + (cmod m1)?) x (2 x Im
m2 / (1 + (cmod m2)?))) * (1 + (cmod m1)?) - (1 + (cmod m2)?)]
apply simp
apply (subst (asm) cmod-square)+
apply (subst cmod-square)+
apply (simp add: field-simps)
done
qged
hence (dist-riemann-sphere’ M1 M2)? = 4 * (cmod (m1 — m2))? / (1 + (e¢mod
m1)?) x (1 + (cmod m2)?))
using (1 + (emod m1)?) # 0> «(1 + (cmod m2)?) # O
using eq-divide-imp[of (1 + (cmod m1)?) * (1 + (cmod m2)?) (dist-riemann-sphere’
M1 M2)? 4 % (cmod (m1 — m2))?
by simp
thus dist-riemann-sphere’ M1 M2 = 2 * cmod (m1 — m2) / (sqrt (1 + (emod
m1)?) * sqrt (1 + (emod m2)?))
using power2-eq-iff [of dist-riemann-sphere’ M1 M2 2 x (¢cmod (m1 — m2)) /
sqrt (1 + (emod m1)?) * (1 + (cmod m2)?))]
using (1 + (cmod m1)?) * (1 + (cmod m2)?) > 0> (1 + (emod m1)?) > 0
(1 + (emod m2)?) > 0)
apply (auto simp add: power2-eg-square real-sqrt-mult[symmetric])
using dist-riemann-sphere’-ge-0[of M1 M2] #x
by simp
qged

lemma dist-homo-stereographic-infinite:
assumes stereographic M1 = ooy, stereographic M2 = of-complex m2
shows dist-riemann-sphere’ M1 M2 = 2 / sqrt (1 + (cmod m2)?)
proof—
obtain 22 y2 22 where MM: (0, 0, 1) = Rep-riemann-sphere M1 (22, y2, 22)
= Rep-riemann-sphere M2
using (stereographic M1 = oop)
using stereographic-North[of M1]
by (cases Rep-riemann-sphere M2, auto simp add: Abs-riemann-sphere-inverse)
have x: M1 = inv-stereographic oo, M2 = inv-stereographic (of-complex m2)
using inv-stereographic-is-inv assms
by (metis inv-stereographic-stereographic)+
have (1 + (cmod m2)?) # 0
by (metis power-one realpow-two-sum-zero-iff zero-neq-one)+
have (1 + (cmod m2)?) > 0
by (smt realpow-square-minus-le)+
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hence sqrt (1 + ¢mod m2 x cmod m2) > 0
using real-sqrt-gt-0-iff
by (simp add: power2-eq-square)

hence xx: 2 / sqrt (1 + ¢mod m2 x cmod m2) > 0
by simp

have (dist-riemann-sphere’ M1 M2)? % (1 + (cmod m2)?) = 4
apply (subst %)+
proof transfer
fix m2
have (1 + (cmod m2)?) # 0
by (metis power-one realpow-two-sum-zero-iff zero-neq-one)
thus (dist-riemann-sphere’ (inv-stereographic-coords inf-homo-rep) (inv-stereographic-coords
(of-complex-coords m2)))* * (1 + (cmod m2)?) = /
by (simp add: dist-riemann-sphere’-inner inv-stereographic-coords-Rep complez-mult-cnj-cmod)
(subst left-diff-distrib[of 2], simp)
qed
hence (dist-riemann-sphere’ M1 M2)? = / / (1 + (cmod m2)?)
using (1 + (emod m2)?) # 0
by (simp add: field-simps)
thus dist-riemann-sphere’ M1 M2 = 2 / sqrt (1 + (cmod m2)?)
using power2-eq-iff [of dist-riemann-sphere’ M1 M2 2 / sqrt (1 + (cmod m2)?)]
using (1 + (emod m2)?) > 0
apply (auto simp add: power2-eq-square real-sqrt-mult[symmetric])
using dist-riemann-sphere’-ge-0[of M1 M2] #x
by simp
qged

lemma dist-riemann-sphere’-sym: dist-riemann-sphere’ M1 M2 = dist-riemann-sphere’
M2 M1
proof—
obtain z! yI z1 22 y2 22 where MM: (z1, yI, z1) = Rep-riemann-sphere M1
(22, y2, 22) = Rep-riemann-sphere M2
by (cases Rep-riemann-sphere M1, cases Rep-riemann-sphere M2, auto, blast)
show ?thesis
unfolding dist-riemann-sphere’-def
using norm-minus-cancel[of (z1 — z2, yl — y2, z1 — 22)] MM [symmetric]
by simp
qed

lemma dist-homo-stereographic: dist-riemann-sphere’ M1 M2 = dist-homo (stereographic
M1) (stereographic M2)
proof (cases M1 = North)
case True
hence stereographic M1 = ooy,
by (simp add: stereographic-North)
show ?thesis
proof (cases M2 = North)
case True
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show ?thesis
using (M1 = North> (M2 = North)
by (auto simp add: Abs-riemann-sphere-inverse dist-riemann-sphere’-def
norm-prod-def)
next
case Fulse
hence stereographic M2 # ooy,
using stereographic-North[of M2]
by simp
then obtain m2 where stereographic M2 = of-complex m2
using inf-homo-or-complez-homolof stereographic M2]
by auto
show ?thesis
using (stereographic M2 = of-complex m2) (stereographic M1 = oop)
using dist-homo-infinitel dist-homo-stereographic-infinite
by simp
qed
next
case Fulse
hence stereographic M1 # oop
by (simp add: stereographic-North)
then obtain m! where stereographic M1 = of-complex m1
using inf-homo-or-complex-homolof stereographic M1|
by auto
show ?thesis
proof (cases M2 = North)
case True
hence stereographic M2 = ooy,
by (simp add: stereographic-North)
show ?thesis
using (stereographic M1 = of-complex m1) (stereographic M2 = oop)
using dist-homo-infinite2 dist-homo-stereographic-infinite
by (subst dist-riemann-sphere’-sym, simp)
next
case Fulse
hence stereographic M2 # ooy
by (simp add: stereographic-North)
then obtain m2 where stereographic M2 = of-complex m2
using inf-homo-or-complex-homolof stereographic M2)
by auto
show ?thesis
using (stereographic M1 = of-complex m1> (stereographic M2 = of-complex
m2)
using dist-homo-finite dist-homo-stereographic-finite
by simp
qed
qed

lemma dist-homo-stereographic’:
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dist-homo A B = dist-riemann-sphere’ (inv-stereographic A) (inv-stereographic
B)
by (subst dist-homo-stereographic) (metis stereographic-inv-stereographic)

instantiation riemann-sphere :: metric-space
begin
definition dist-riemann-sphere = dist-riemann-sphere’
definition open-riemann-sphere S = (Vz€S. Je>0. Vy. dist-riemann-sphere’ y x
<e—yed)
instance
proof
fix z y :: riemann-sphere
show (distzy = 0) = (z = y)
proof—
obtain z1 yI zI 22 y2 22 where MM: (x1, y1, z1) = Rep-riemann-sphere x
(22, y2, 22) = Rep-riemann-sphere y
by (cases Rep-riemann-sphere x, cases Rep-riemann-sphere y, auto, blast)
show ?thesis
unfolding dist-riemann-sphere-def
using norm-eg-zerolof (x1 — y2, yl — y2, z1 — 2z2)] MM|[symmetric]
Rep-riemann-sphere-inject|of z y|
by (simp add: dist-riemann-sphere’-def) (smt prod.inject zero-prod-def)
qed
next
fix S :: riemann-sphere set
show open S = (Vz€S. Fe>0.Vy. distyz < e — y € 9)
unfolding open-riemann-sphere-def dist-riemann-sphere-def
by simp
next
fix z y z :: riemann-sphere
show dist x y < dist x z + dist y 2z
proof—
obtain x1 y1 z1 22 y2 22 13 y3 23 where MM: (z1, y1, z1) = Rep-riemann-sphere
z (22, y2, 22) = Rep-riemann-sphere y (3, y3, 28) = Rep-riemann-sphere z
by (cases Rep-riemann-sphere z, cases Rep-riemann-sphere y, cases Rep-riemann-sphere
z, auto, blast)
show ?thesis
unfolding dist-riemann-sphere-def
using MM [symmetric] norm-minus-cancel[of (z3 — 22, y8 — y2, 28 — 22)]
norm-triangle-ineq[of (x1 — 8, y1 — y3, 21 — 23) (x3 — 22, y8 — y2, 28 — 22)]
by (simp add: dist-riemann-sphere’-def field-simps)
qed
qged

end
lemma ez-cos-gt'":

assumes a > 0a < 1 —pi/2 <a A a<pi/2
shows 3 a’. —pi/2 < a’'Aa’' <pi/2 Na'# a A cos (o« —a') =a
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proof—
have arccos a > 0 arccos a < pi/2
using @ > 0) <a < D)
using arccos-lt-bounded arccos-le-pi2
by auto

show ?thesis
proof (cases o — arccos a > — pi/2)
case True
thus %thesis
using assms (arccos a > 0) <arccos a < pi/2»
by (rule-tac © = o — arccos a in exl) auto
next
case Fulse
thus %thesis
using assms (arccos a > 0) (arccos a < pi/2
by (rule-tac © = « + arccos a in exl) auto
qed
qed

lemma ex-cos-gt:
assumes ¢ < 1 —pi/2 < a A a < pi/2
shows 3 a’. —pi/2 < o' Ao’ <pi/2 Na'# a A cos (a —a') > a
proof—
have 3 a’. a’">0ANa’'>aNa <1
using <a < D
using divide-strict-right-mono[of 2%a + (1 — a) 2 2]
by (rule-tac z=if a < 0 then 0 else a + (1—a)/2 in exl) (auto simp add:
field-simps)
then obtain a’ where a’ > 0 a’ > aa’ < 1
by auto
thus ?thesis
using ex-cos-gt'[of a’ a] assms
by auto
qed

instantiation riemann-sphere :: perfect-space
begin
instance proof
fix M :: riemann-sphere
obtain z y z where MM: Rep-riemann-sphere M = (x, y, z)
by (cases Rep-riemann-sphere M) auto
then obtain o S where x: x = cos a * cos 8y = cos a * sin B z = sin @ —pi
/2<ana<pi/2
using Rep-riemann-sphere[of M|
using ez-sphere-params|of z y 2|
by auto
show — open {M}
unfolding open-riemann-sphere-def
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proof auto
fix e :: real
assume ¢ > (
then obtain o’ where I — (exe/2) < cos (@ — a') a #a' —pi/2 < a’'a’ <
pi/2
using ex-cos-gtlof 1 — (exe/2) o] «—pi /2 <aANa<pi/ D
by (auto simp add: mult-pos-pos)
hence sin a # sin o’
using (—pi / 2 < a A a < pi [/ 2 sin-injlof a o]
by auto

have 2 — 2 % cos (o — a') < exe
using mult-strict-right-mono[OF <1 — (exe/2) < cos (o — a’)y, of 2]
by (simp add: field-simps)
have 2 — 2 x cos (o« — a’) > 0
using cos-le-one[of a — o]
by (simp add: sign-simps)
let ?M' = Abs-riemann-sphere (cos o’ * cos 8, cos a’ * sin 3, sin o)
have dist-riemann-sphere’ M ?M' = sqrt ((cos a — cos a')? + (sin a — sin
a’)?)
using MM x sphere-params-on-sphere[of - o’ ff]
using sin-cos-squared-add[of f]
apply (simp add: dist-riemann-sphere’-def Abs-riemann-sphere-inverse norm-prod-def )
apply (subst left-diff-distrib[symmetric])+
apply (subst power-mult-distrib)+
apply (subst distrib-left[symmetric])

apply simp

done
also have ... = sqrt (2 — 2xcos (o — )

by (simp add: power2-eq-square field-simps cos-diff )
finally

have (dist-riemann-sphere’ M ?M")? = 2 — 2xcos (o — )
using (2 — 2 % cos (a — a’) > O
by simp
hence (dist-riemann-sphere’ M ?M")? < e?
using (2 — 2 x cos (o — ') < exe
by (simp add: power2-eq-square)
hence dist-riemann-sphere’ M ?M' < e
apply (rule power2-less-imp-less)
using ¢ > 0
by simp
moreover
have M # ?M’
apply (subst Rep-riemann-sphere-inverse[symmetric|)
using Abs-riemann-sphere-inject|of Rep-riemann-sphere M (cos o' * cos B,
cos o’ x sin B, sin a') ]
using MM MM [symmetric] * sphere-params-on-sphere[of - o’ B] Rep-riemann-sphere[of
M] sin a # sin
by (simp add: Abs-riemann-sphere-inverse)
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ultimately
show y. dist-riemann-sphere’ y M < e Ny # M
by (rule-tac z=?M"in exl) (simp add: dist-riemann-sphere’-sym)
qed
qed
end

instantiation complex-homo :: perfect-space
begin
instance proof
fix z::complex-homo
show — open {z}
unfolding open-complez-homo-def|of {z}]
proof (auto)
fix e::real
assume e > (
thus 3 y. dist-homoyz < e ANy #x
using not-open-singleton|of inv-stereographic x|
unfolding open-riemann-sphere-def|of {inv-stereographic z})
apply (subst dist-homo-stereographic’, auto)
apply (erule-tac z=e in allE, auto)
apply (rule-tac x=stereographic y in exl, auto simp add: inv-stereographic-stereographic)
done
qed
qed

end

lemma continuous-on UNIV stereographic

unfolding continuous-on-iff

unfolding dist-complex-homo-def dist-riemann-sphere-def

by (subst dist-homo-stereographic’, auto simp add: inv-stereographic-stereographic)

lemma continuous-on UNIV inv-stereographic
unfolding continuous-on-iff
unfolding dist-complex-homo-def dist-riemann-sphere-def

by (subst dist-homo-stereographic) (auto simp add: stereographic-inv-stereographic)

end

10 Moebius transformations
theory Moebius
imports HomogeneousCoordinates

begin

typedef moebius-mat = {M::complex-mat. mat-det M # 0}
by (rule-tac z=eye in exl, simp)
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definition moebius-mat-eq where
[simp]: moebius-mat-eq A B +— (3 k::complex. k # 0 N\ Rep-moebius-mat B =
k xsm (Rep-moebius-mat A))

lemma [simp]: moebius-mat-eq = x
by (simp, rule-tac z=1 in exl, simp)

quotient-type moebius = moebius-mat | moebius-mat-eq
proof (rule equivpl)
show reflp moebius-mat-eq
by (auto simp add: reflp-def, rule-tac x=1 in exl, simp)
next
show symp moebius-mat-eq
by (auto simp add: symp-def, rule-tac t=1/k in exl, simp)
next
show transp moebius-mat-eq
by (auto simp add: transp-def, rule-tac t=kaxk in exl, simp)
qed

definition mk-moebius-rep where
mk-moebius-rep a b ¢ d = Abs-moebius-mat (a, b, ¢, d)

lift-definition mk-moebius :: compler = compler = complex = compler = moe-
bius is mk-moebius-rep
by (simp del: moebius-mat-eq-def)

lemma mk-moebius-rep-Rep:

assumes mat-det (a, b, ¢, d) # 0

shows Rep-moebius-mat (mk-moebius-rep a b ¢ d) = (a, b, ¢, d)
using assms
by (simp add: mk-moebius-rep-def Abs-moebius-mat-inverse)

lemma ex-mk-moebius:
shows 3 a b ¢ d. M = mk-moebius a b ¢ d A mat-det (a, b, ¢, d) # 0
proof transfer
fix M
obtain a b ¢ d where Rep-moebius-mat M = (a, b, ¢, d)
by (cases Rep-moebius-mat M) auto
hence moebius-mat-eq M (mk-moebius-rep a b ¢ d) A mat-det (a, b, ¢, d) # 0
using Rep-moebius-mat[of M)
by (simp add: mk-moebius-rep-Rep, rule-tac t=1 in exl, simp)
thus Ja b ¢ d. moebius-mat-eq M (mk-moebius-rep a b ¢ d) A mat-det (a, b, c,
d) # 0
by blast
qed
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10.1 Action on points

definition moebius-pt-rep :: moebius-mat = homo-coords = homo-coords where

moebius-pt-rep M z =
(let z = Rep-homo-coords z;
M = Rep-moebius-mat M
in Abs-homo-coords (M s, 2))

lemma [simp]: Rep-homo-coords (Abs-homo-coords (Rep-moebius-mat M *,,,, Rep-homo-coords
x)) = Rep-moebius-mat M x,,, Rep-homo-coords x
using Rep-moebius-mat[of M| Rep-homo-coords|of x] mult-muv-nonzero|of Rep-homo-coords
x Rep-moebius-mat M]
by (simp add: Abs-homo-coords-inverse)

lemma [simp]: Rep-homo-coords (moebius-pt-rep M z) = Rep-moebius-mat M # .,
Rep-homo-coords z
by (simp add: moebius-pt-rep-def)

lift-definition moebius-pt :: moebius = complex-homo = complex-homo is moebius-pt-rep
proof—

fix M M' z x’

assume moebius-mat-eq M M’ z ~ z’

thus moebius-pt-rep M z =~ moebius-pt-rep M’ x

by (cases Rep-moebius-mat M, cases Rep-homo-coords z, auto simp add:

field-simps) (rule-tac x=Fkxka in exl, simp)
qged

/

lemma bij-moebius-pt:
shows bij (moebius-pt M)
unfolding bij-def inj-on-def surj-def
proof (simp, transfer, safe)
fix Mzy
assume moebius-pt-rep M x =~ moebius-pt-rep M y
thus z = y
using Rep-moebius-mat[of M)
apply auto
apply (subst (asm) mult-sv-mv)
using mult-mv-cancel-1
by blast
next
fix My
let ?M = Rep-moebius-mat M
let 9iM = mat-inv ¢M
let ?y = Rep-homo-coords y
show 3 z. y =~ moebius-pt-rep M x
using Rep-moebius-mat[of M| mat-det-inv]of M| Rep-homo-coords|of y] mult-mv-nonzero|of
2y 2iM]
using mat-inv-rof M| eye-mu-l[of ?y]
by (auto, rule-tac z=Abs-homo-coords ((mat-inv (Rep-moebius-mat M)) %,
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Rep-homo-coords y) in exl, rule-tac x=1 in exl)
(auto simp add: Abs-homo-coords-inverse)
qed

definition is-moebius where
is-moebius f «— (3 M. f = moebius-pt M)

Bilinear and linear expressions

lemma moebius-bilinear:
assumes mat-det (a, b, ¢, d) # 0
shows moebius-pt (mk-moebius a b ¢ d) z =
(if z # oo, then
((of-complex a) *p, z +p, (of-complex b)) :p,
((of-complex ¢) *p, z +p, (of-complezx d))
else
(of-complez a) :p
(of-complex ¢))
unfolding divide-homo-def
using assms
proof (transfer)
fix a b cd:: compler and z
obtain z1 22 where zz: Rep-homo-coords z = (z1, 22)
by (rule obtain-homo-coords)
assume *: mat-det (a, b, ¢, d) # 0
let 2oc = of-complex-coords
show moebius-pt-rep (mk-moebius-rep a b ¢ d) z ~
(if = z = inf-homo-rep
then 20c a *pe 2 +pe f0c b *p,
reciprocal-homo-coords (?oc ¢ *pe 2 +pe ?0c d)
else 2oc a *p,
reciprocal-homo-coords (of-complezx-coords c))
proof (cases z = inf-homo-rep)
case True
thus ?thesis
using zz *
using mult-homo-coords-Rep[of ?oc a a 1 reciprocal-homo-coords (%oc c) 1 ]
using reciprocal-homo-coords-Rep|of ?oc c]
by (force simp add: mk-moebius-rep-Rep field-simps)
next
case Fulse
hence 22 # 0
using zz Rep-homo-coords|of z]
by auto (metis mult.commute complex-divide-def mult-zero-right right-inverse-eq)
thus ?Zthesis
using zz * Fulse
using reqular-homogenous-system[of a d b ¢ z1 22)
apply simp
apply (subst mult-homo-coords-Rep|of ?oc a *pe z +ne 20c b axzl+bxz2 22
reciprocal-homo-coords (?oc ¢ #pe 2 +pe f0c d) 22 cxzl+dx22])
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using add-homo-coords-Rep[of ?oc a *pe 2z axzl 22 Zoc b b 1]
using mult-homo-coords-Replof %oc a a 1 z z1 22]
using reciprocal-homo-coords-Rep|of ?oc ¢ xpc z +pe ?oc d|
using add-homo-coords-Rep|of ?oc ¢ *p. z cxzl 22 %0oc d d 1]
using mult-homo-coords-Rep[of ?oc ¢ ¢ 1 z z1 22]
by (auto simp add: mk-moebius-rep-Rep)
qed
qed

10.2 Moebius group

definition moebius-inv-rep where
moebius-inv-rep M =
(let M = Rep-moebius-mat M
in Abs-moebius-mat (mat-inv M))

lemma [simp]: Rep-moebius-mat (Abs-moebius-mat (mat-inv (Rep-moebius-mat
M))) = mat-inv (Rep-moebius-mat M)

using Rep-moebius-mat[of M| mat-det-inv]of Rep-moebius-mat M]

by (auto simp add: Abs-moebius-mat-inverse)

lemma [simp|: Rep-moebius-mat (moebius-inv-rep M) = mat-inv (Rep-moebius-mat
M)
by (simp add: moebius-inv-rep-def)

lift-definition moebius-inv :: moebius = moebius is moebius-inv-rep
proof—
fix zy
assume moebius-mat-eq T y
thus moebius-mat-eq (moebius-inv-rep ) (moebius-inv-rep y)
by (auto simp add: mat-inv-mult-sm) (rule-tac x=1/k in exl, simp)
qed

lemma moebius-inv: moebius-pt (moebius-inv M) = inv (moebius-pt M)
proof (rule inv-equality[symmetric])
fix z
show moebius-pt (moebius-inv M) (moebius-pt M z) = z
proof (transfer)
fix Mz
show moebius-pt-rep (moebius-inv-rep M) (moebius-pt-rep M ) ~ x
using Rep-moebius-mat[of M| Rep-homo-coords|of z] eye-muv-I
by (simp add: mat-inv-1) (rule-tac x=1 in exl, simp)
qged
next
fix y
show moebius-pt M (moebius-pt (moebius-inv M) y) = y
proof (transfer)
fix My
show moebius-pt-rep M (moebius-pt-rep (moebius-inv-rep M) y) =~ y
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using Rep-moebius-mat|of M| eye-muv-I
by (simp add: mat-inv-r) (rule-tac z=1 in exl, simp)
qed
qed

lemma is-moebius-inv:
assumes is-moebius m
shows is-moebius (inv m)
using assms
unfolding is-moebius-def
using moebius-inv|[symmetric]
by auto

definition moebius-comp-rep where
moebius-comp-rep M1 M2 =
(let M1 = Rep-moebius-mat M1;
M2 = Rep-moebius-mat M2 in
Abs-moebius-mat (M1 s, M2))

lemma [simp]: Rep-moebius-mat (Abs-moebius-mat ((Rep-moebius-mat M1) *pym
(Rep-moebius-mat M2))) = (Rep-moebius-mat M1) *,,,, (Rep-moebius-mat M2)
using Rep-moebius-mat[of M1] Rep-moebius-mat[of M2]

by (simp add: Abs-moebius-mat-inverse)

lemma [simp]: Rep-moebius-mat (moebius-comp-rep M1 M2) = (Rep-moebius-mat
M1) *pmm (Rep-moebius-mat M2)
by (simp add: moebius-comp-rep-def)

lift-definition moebius-comp :: moebius = moebius = moebius is moebius-comp-rep
by auto (rule-tac x=Fkaxk in exl, simp)

lemma moebius-comp: moebius-pt M1 o moebius-pt M2 = moebius-pt (moebius-comp
M1 M2)

unfolding comp-def

by (rule ext, transfer) (simp, rule-tac x=1 in exl, simp)

lemma is-moebius-comp:
assumes is-moebius m1 is-moebius m2
shows is-moebius (m1 o m2)
using assms
unfolding is-moebius-def
using moebius-comp
by auto

definition [simp]: id-moebius-rep = Abs-moebius-mat eye
lift-definition id-moebius :: moebius is id-moebius-rep

done
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lemma [simp]: Rep-moebius-mat (Abs-moebius-mat (1, 0, 0, 1)) = eye
by (simp add: Abs-moebius-mat-inverse)

lemma [simp]: Rep-moebius-mat (id-moebius-rep) = eye
by simp

lemma moebius-pt id-moebius = id
unfolding id-def

apply (rule ext, transfer)

using eye-mo-I

by simp (rule-tac z=1 in exl, simp)

instantiation moebius :: group-add

begin

definition plus-moebius :: moebius = moebius = moebius where
[simp]: plus-moebius = moebius-comp

definition uminus-moebius :: moebius = moebius where
[simp]: uminus-moebius = moebius-inv

definition zero-moebius :: moebius where
[simp]: zero-moebius = id-moebius

definition minus-moebius :: moebius = moebius = moebius where
[simp]: minus-moebius A B = A + (—B)

instance proof
fix a b c :: moebius
show a +b+c=a+ (b+ ¢)
unfolding plus-moebius-def
proof (transfer)
fixabc
show moebius-mat-eq (moebius-comp-rep (moebius-comp-rep a b) ¢) (moebius-comp-rep
a (moebius-comp-rep b ¢))
using Rep-moebius-mat[of a] Rep-moebius-mat[of b] Rep-moebius-mat|of c]
by simp (rule-tac z=1 in exl, simp add: mult-mm-assoc)
qed
next
fix a :: moebius
show a + 0 = a
unfolding plus-moebius-def zero-moebius-def
proof (transfer)
fix A
show moebius-mat-eq (moebius-comp-rep A id-moebius-rep) A
using mat-eye-r
by simp (rule-tac z=1 in exl, simp)
qged
next
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fix a :: moebius
show 0 + a = a
unfolding plus-moebius-def zero-moebius-def
proof (transfer)
fix A
show moebius-mat-eq (moebius-comp-rep id-moebius-rep A) A
using mat-eye-1
by simp (rule-tac z=1 in exl, simp)
qed
next
fix a :: moebius
show —a +a =0
unfolding plus-moebius-def uminus-moebius-def zero-moebius-def
proof (transfer)
fix a
show moebius-mat-eq (moebius-comp-rep (moebius-inv-rep a) a) id-moebius-rep
using Rep-moebius-mat|of a]
by (simp add: mat-inv-1)
qed
next
fix a b :: moebius
showa —b=a+ — b
unfolding minus-moebius-def
by simp
qed
end

lemma [simp]: moebius-comp (moebius-inv M) M = id-moebius
by (metis left-minus plus-moebius-def uminus-moebius-def zero-moebius-def)

lemma [simp]: moebius-comp M (moebius-inv M) = id-moebius
by (metis right-minus plus-moebius-def uminus-moebius-def zero-moebius-def)

lemma moebius-pt-moebius-id [simp]: moebius-pt (id-moebius) = id
by (rule ext) (transfer, case-tac Rep-homo-coords xz, auto, rule-tac x=1 in exl,
simp)

lemma [simp]: moebius-pt (moebius-inv M) (moebius-pt M z) = z
proof—
have moebius-pt (moebius-inv M) (moebius-pt M z) = (moebius-pt (moebius-inv
M) o moebius-pt M) z
by simp
thus ?thesis
using moebius-comp|of moebius-inv M M]
by simp
qed

lemma moebius-pt-invert:
assumes w = moebius-pt M z
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shows z = moebius-pt (moebius-inv M) w
using assms
by auto

10.3 Special kinds of Moebius transformations

Reciprocal (1/z) as a moebius transformation

definition reciprocal-moebius :: moebius where
reciprocal-moebius = mk-moebius 0 1 1 0

lemma [simp]: Rep-moebius-mat (Abs-moebius-mat (0, 1, 1, 0)) = (0, 1, 1, 0)
by (simp add: Abs-moebius-mat-inverse)

lemma [simp]: Rep-moebius-mat (mk-moebius-rep 01 1 0) = (0, 1, 1, 0)
by (simp add: mk-moebius-rep-def)

lemma [simp]: Rep-homo-coords (reciprocal-homo-coords z) = (let (x, y) = Rep-homo-coords
2 in (y, )

unfolding reciprocal-homo-coords-def Let-def

apply (cases Rep-homo-coords z)

using Rep-homo-coords|of 2]

by (auto simp add: Abs-homo-coords-inverse)

lemma reciprocal-moebius:

reciprocal-homo = moebius-pt reciprocal-moebius

unfolding reciprocal-moebius-def
by (rule ext, transfer) (auto simp add: split-def Let-def , case-tac Rep-homo-coords
x, rule-tac x=1 in exl, auto)

lemma reciprocal-moebius-inv [simp]:

moebius-inv reciprocal-moebius = reciprocal-moebius
unfolding reciprocal-moebius-def
by transfer simp

lemma reciprocal-homo-only-0-to-inf:
assumes reciprocal-homo z = ooy,
shows z = 0,
using assms
unfolding reciprocal-moebius
using moebius-pt-invert[of ocop reciprocal-moebius z]
by (simp add: reciprocal-moebius[symmetric])

lemma reciprocal-homo-only-inf-to-0:
assumes reciprocal-homo z = 0p,
shows z = ooy,
using assms
unfolding reciprocal-moebius
using moebius-pt-invert[of 0y, reciprocal-moebius z]
by (simp add: reciprocal-moebius[symmetric])
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Euclidean similarity as a Moebius transform

definition similarity-moebius :: complex = complex = moebius where
similarity-moebius a b = mk-moebius a b 0 1

lemma moebius-similarity-linear:
assumes a # 0
shows moebius-pt (similarity-moebius a b) z = (of-complex a) *p, z +p, (of-complex
b)
unfolding similarity-moebius-def
using assms
using mult-homo-inf-right|of of-complex a)
by (subst moebius-bilinear, auto)

lemma moebius-similarity”:
assumes a # 0
shows moebius-pt (similarity-moebius a b) = (A z. (of-complex a) *, z +p
(of-complez b))
using moebius-similarity-linear[ OF assms, symmetric]
by simp

lemma is-moebius-similarity "
assumes a # 0y a # oo b # ooy
shows (A z. a %, z 4+, b) = moebius-pt (similarity-moebius (to-complex a)
(to-complex b))
proof—
obtain ka kb where x: a = of-complex ka ka # 0 b = of-complex kb
using assms
using inf-homo-or-complez-homolof a] inf-homo-or-complexz-homo[of b]
by auto
thus ?thesis
unfolding is-moebius-def
using moebius-similarity[of ka kb)
by simp
qed

lemma is-moebius-similarity:
assumes a # 0 a # oo b # ooy
shows is-moebius (A z. a *p, z +p, b)

using is-moebius-similarity’ | OF assms]

unfolding is-moebius-def

by auto

lemma similarity-moebius-comp:
assumes a # 0 ¢ # 0
shows similarity-moebius a b + similarity-moebius ¢ d = similarity-moebius
(axc) (axd+Dd)
using assms
unfolding similarity-moebius-def plus-moebius-def
by transfer (simp add: mk-moebius-rep-def Abs-moebius-mat-inverse)
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lemma similarity-moebius-inv:
assumes a # 0
shows — similarity-moebius a b = similarity-moebius (1/a) (—b/a)
using assms
unfolding similarity-moebius-def uminus-moebius-def
by transfer (simp add: mk-moebius-rep-def Abs-moebius-mat-inverse)

lemma similarity-moebius-id: id-moebius = similarity-moebius 1 0
unfolding similarity-moebius-def
by transfer (simp add: mk-moebius-rep-def’)

lemma similarity-inf-fized:
assumes a # 0
shows moebius-pt (similarity-moebius a b) oop = oop,
using assms
unfolding similarity-moebius-def
by transfer (simp add: mk-moebius-rep-def Abs-moebius-mat-inverse)

lemma similarity-only-inf-to-inf:
assumes a # 0 moebius-pt (similarity-moebius a b) z = ooy,
shows z = ooy,
using assms moebius-pt-invert|of ooy, similarity-moebius a b z] similarity-inf-fized|of
1/a —b/a]
using similarity-moebius-inv[of a b)
by simp

lemma inf-fized-similarity:
assumes moebius-pt M oop = ooy,
shows 3 a b. a # 0 N M = similarity-moebius a b
using assms
unfolding similarity-moebius-def
proof transfer
fix M
obtain a b ¢ d where MM: Rep-moebius-mat M = (a, b, ¢, d)
by (cases M) (auto simp add: Abs-moebius-mat-inverse)
assume moebius-pt-rep M inf-homo-rep =~ inf-homo-rep
hence ¢ = 0
using MM
by auto
hence x: a = 0 N d # 0
using Rep-moebius-mat[of M| MM
by auto
show Ja b. a # 0 N moebius-mat-eq M (mk-moebius-rep a b 0 1)
proof (rule-tac x=a/d in exl, rule-tac t=>b/d in exl)
show a/d # 0 N moebius-mat-eq M (mk-moebius-rep (a / d) (b / d) 0 1)
using MM «c= 0> @@ # 0 Nd # O
by simp (rule-tac x=1/d in exl, simp add: mk-moebius-rep-def Abs-moebius-mat-inverse)
qed
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qed

Translation

definition translation-moebius where
translation-moebius v = similarity-moebius 1 v

lemma translation-moebius-comp:
(translation-moebius v1) + (translation-moebius v2) = translation-moebius (v1
+ v2)
unfolding translation-moebius-def similarity-moebius-def plus-moebius-def
by (transfer) (auto simp add: mk-moebius-rep-Rep)

lemma translation-moebius-zero:

translation-moebius 0 = id-moebius
unfolding translation-moebius-def similarity-moebius-def
by (transfer) (auto simp add: mk-moebius-rep-Rep)

lemma moebius-translation-inv:
— (translation-moebius v1) = translation-moebius (—vl)
using translation-moebius-complof vl —v1] translation-moebius-zero uminus-moebius-def
using equals-zero-1|of translation-moebius vl translation-moebius (—vl)]
by simp

lemma moebius-pt-translation [simp|: moebius-pt (translation-moebius v) (of-complex
z) = of-complex (v + 2)

unfolding translation-moebius-def similarity-moebius-def

by transfer (simp add: mk-moebius-rep-Rep)

Rotation

definition rotation-moebius where
rotation-moebius ¢ = similarity-moebius (cis p) 0

lemma rotation-moebius-comp:
(rotation-moebius p1) + (rotation-moebius p2) = rotation-moebius (p1 + p2)
unfolding rotation-moebius-def similarity-moebius-def plus-moebius-def
by transfer (simp add: mk-moebius-rep-Rep cis-mult)

lemma rotation-moebius-zero:
rotation-moebius 0 = id-moebius
unfolding rotation-moebius-def similarity-moebius-def
by transfer (simp add: mk-moebius-rep-Rep)

lemma rotation-moebius-inverse:

— (rotation-moebius @) = rotation-moebius (— ©)
using rotation-moebius-comp|of ¢ —| rotation-moebius-zero
using equals-zero-I[of rotation-moebius ¢ rotation-moebius (—y)]
by simp

lemma moebius-pt-rotation [simpl: moebius-pt (rotation-moebius ¢) (of-complex
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z) = of-complex (cis ¢ * z)
unfolding rotation-moebius-def similarity-moebius-def
by transfer (simp add: mk-moebius-rep-Rep)

Dilatation

definition dilatation-moebius where
dilatation-moebius a = similarity-moebius (cor a) 0

lemma dilatation-moebius-comp:
assumes al > 0 a2 > 0
shows (dilatation-moebius al) + (dilatation-moebius a2) = dilatation-moebius
(al % a2)
using assms
unfolding dilatation-moebius-def similarity-moebius-def plus-moebius-def
by transfer (simp add: mk-moebius-rep-def Abs-moebius-mat-inverse)

lemma dilatation-moebius-zero:
dilatation-moebius 1 = id-moebius
unfolding dilatation-moebius-def similarity-moebius-def
by transfer (simp add: mk-moebius-rep-Rep)

lemma dilatation-moebius-inverse:

assumes a > (

shows — (dilatation-moebius a) = dilatation-moebius (1/a)
using assms
using dilatation-moebius-comp|of a 1/a] dilatation-moebius-zero
using equals-zero-1[of dilatation-moebius a dilatation-moebius (1/a)]
by simp

lemma moebius-pt-dilatation [simp]: a # 0 = moebius-pt (dilatation-moebius a)
(of-complex z) = of-complex (cor a * 2)

unfolding dilatation-moebius-def similarity-moebius-def

by transfer (simp add: mk-moebius-rep-Rep)

rotation-dilation-moebius

definition rotation-dilatation-moebius where
rotation-dilatation-moebius a = similarity-moebius a 0

lemma rot-dil:

assumes a # 0

shows rotation-dilatation-moebius a = rotation-moebius (arg a) + dilatation-moebius
(e¢cmod a)
using assms
unfolding rotation-dilatation-moebius-def rotation-moebius-def dilatation-moebius-def
similarity-moebius-def plus-moebius-def
by transfer (simp add: mk-moebius-rep-Rep)
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10.4 Decomposition

lemma similarity-decomposition:
assumes a # 0
shows similarity-moebius a b = (translation-moebius b) + (rotation-moebius (arg
a)) + (dilatation-moebius (cmod a))
proof—
have similarity-moebius a b = (translation-moebius b) + rotation-dilatation-moebius
a
unfolding rotation-dilatation-moebius-def translation-moebius-def similarity-moebius-def
plus-moebius-def
using assms
by transfer (simp add: mk-moebius-rep-Rep)
thus ?thesis
using rot-dil[OF assms]
by (auto simp add: add-assoc simp del: plus-moebius-def)
qed

lemma moebius-decomposition:
assumes ¢ # 0 axd — bxc # 0
shows mk-moebius a b ¢ d =
translation-moebius (a/c) +
rotation-dilatation-moebius ((bxc — axd)/(cxc)) +
reciprocal-moebius +
translation-moebius (d/c)
using assms
unfolding rotation-dilatation-moebius-def translation-moebius-def similarity-moebius-def
plus-moebius-def reciprocal-moebius-def
by transfer (simp add: mk-moebius-rep-Rep, rule-tac x=1/c in exl, simp add:
field-simps)

lemma wlog-moebius-decomposition:
assumes
trans: \ v. P (translation-moebius v) and rot: \ «. P (rotation-moebius o)) and
dil: \ k. P (dilatation-moebius k) and recip: P (reciprocal-moebius) and
comp: \ M1 M2. [P M1; P M2] = P (M1 + M2)
shows P M
proof—
obtain a b ¢ d where M = mk-moebius a b ¢ d mat-det (a, b, ¢, d) # 0
using ez-mk-moebius|[of M]
by auto
show ?thesis
proof (cases ¢ = 0)
case Fulse
show ?thesis
using moebius-decomposition|[of ¢ a d b] (mat-det (a, b, ¢, d) # 0) <¢c £ O
(M = mk-moebius a b c d)
using rot-dil[of (bxc — axd) / (cxc)]
using trans|of a/c| rot[of arg ((bxc — axd) / (cxc))] dil[of cmod ((bxc —
axd) | (exe))] recip

162



using comp
by simp (metis trans)
next
case True
hence M = similarity-moebius (a/d) (b/d)
using (M = mk-moebius a b ¢ d) ¢mat-det (a, b, ¢, d) # O
unfolding similarity-moebius-def
by transfer (auto simp add: mk-moebius-rep-Rep, rule-tac z=k/d in exl,
case-tac Rep-moebius-mat M, simp)
thus ?thesis
using (¢ = ) «mat-det (a, b, ¢, d) # O
using similarity-decomposition|of a/d b/d]
using trans[of b/d] rotlof arg (a/d)] dil[of cmod (a/d)] comp
by simp
qed
qed

10.5 Cross ratio and moebius existence

lemma is-moebius-cross-ratio:
assumes z1 # 22 22 # 23 z1 # 23
shows is-moebius (A z. cross-ratio z z1 22 23)
proof—
have 3 M.V z. cross-ratio z z1 z2 28 = moebius-pt M z
using assms
proof (transfer)
fix 21 22 23
obtain 21’ 21" where zz1: Rep-homo-coords z1 = (z1', z1")
by (rule obtain-homo-coords)
obtain 22’ 22" where 222: Rep-homo-coords z2 = (22, 22"
by (rule obtain-homo-coords)
obtain 23’ 28" where 228: Rep-homo-coords z3 = (28, 23")
by (rule obtain-homo-coords)

let ?m23 = 22'%28""—28"%22"
let ?m21 = 22'z1""—z1"%22"
let ?m13 = 21'%28""—28"x21"
let ?M = (21"'%?m23, —z1'%?m23, 23"« ?m21, —z3"*?m21)
assume -zl & 22 222 & 283 2l = 28
hence x: 2m23 £ 0 ?m21 # 0 ?mi13 # 0
using 2z1 222 223
using homo-coords-eq-miz[of z1 z1' 21" 22 22" 22" homo-coords-eq-miz|of z1
21" 21" 23 28" 23" homo-coords-eq-mix|of 22 22" 22" 23 28" 23"
by auto
have mat-det M = ?m21*?m23%?m13
by (simp add: field-simps)
hence mat-det M # 0
using x
by simp
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show I M.V z. cross-ratio-rep z z1 z2 23 ~ moebius-pt-rep M z
proof (rule-tac x=Abs-moebius-mat ?M in exl, rule)
fix z
obtain z’ 2’ where zz: Rep-homo-coords z = (2, z")
by (rule obtain-homo-coords)

let ?m01 = 2'xz1""—21"z"
let ?m03 = 2'%23""—23"z"

have ?m01 # 0 vV ?m03 # 0
using * Rep-homo-coords|of z| zz
apply (cases 2"’ = 0V z1" =0V 28" = 0)
apply (auto simp add: field-simps)
apply (subgoal-tac z1'/z1"" = 28'/23")
by (simp add: field-simps) (metis eq-divide-imp mult-divide-mult-cancel-left
times-divide-eq-right times-divide-times-eq)
note x = * this

show cross-ratio-rep z z1 z2 28 ~ moebius-pt-rep (Abs-moebius-mat ?M) z
using zz1 zz2 223 zz * Rep-homo-coords|of z] mult-muv-nonzero|of Rep-homo-coords
z ¢M] <mat-det ¢M # 0
by (simp add: cross-ratio-rep-def moebius-pt-rep-def split-def Let-def Abs-moebius-mat-inverse
Abs-homo-coords-inverse)
(rule-tac x=1 in exl, simp add: field-simps)
qged
qed
thus ?thesis
by (auto simp add: is-moebius-def)
qed

lemma ex-moebius-01inf:
assumes z1 # 22 z1 # 23 22 # 23
shows 3 M. ((moebius-pt M z1 = 0p) A (moebius-pt M 22 = 15) A (moebius-pt
M 23 = oop,))
using assms
using is-moebius-cross-ratio|OF «z1 # z2) (22 # 28) z1 # 23)]
using cross-ratio-0[OF (z1 # 22) z1 # z3)] cross-ratio-1[OF «z1 # 22) 22 #
23] cross-ratio-inf[OF «z1 # 23) (22 # 23]
by (auto simp add: is-moebius-def) metis

lemma ex-moebius:

assumes z1 # 22 z1 # 28 22 # 28 wl # w2 wl # wd w2 # ws

shows 3 M. ((moebius-pt M z1 = w1) A (moebius-pt M 22 = w2) A (moebius-pt
M 23 = w3))
proof—

obtain M1 where *x: moebius-pt M1 z1 = 0, N moebius-pt M1 22 = 1, A
moebius-pt M1 28 = oop,

using ez-moebius-01inf[OF assms(1—3)]
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by auto
obtain M2 where *x: moebius-pt M2 wil = 0p A moebius-pt M2 w2 = 1, A
moebius-pt M2 w3 = ooy,
using ez-moebius-01inf[OF assms(4—6)]
by auto
let M = moebius-comp (moebius-inv M2) M1
show ?thesis
using * ** bij-moebius-pt[of M2]
by (rule-tac z=2?M in exl, (subst moebius-comp[symmetric])+, (subst moebius-inv)+)
(simp add: bij-def inv-f-eq)
qged

lemma ex-moebius-1:
shows 3 M. moebius-pt M z1 = wi
proof—
obtain 22 28 where 21 # 22 21 # 28 22 # 23
using ex-3-different-points|of 21|
by auto
moreover
obtain w2 w3 where wl # w2 wl # w3 w2 # w3
using ez-3-different-points|of w1]
by auto
ultimately
show ?thesis
using ez-moebius|of z1 22 23 w1l w2 w3]
by auto
qged

lemma wlog-moebius-01inf:
fixes M ::moebius
assumes P 0, 1, cop 21 # 22 22 # 28 z1 # 28
ANMabec Pabc= P (moebius-pt M a) (moebius-pt M b) (moebius-pt M c)
shows P z1 22 23
proof—
from assms obtain M where *:
moebius-pt M z1 = 03, moebius-pt M 22 = 1, moebius-pt M 23 = oop,
using ez-moebius-01inf[of z1 22 23]
by auto
have xx: moebius-pt (moebius-inv M) 0y, = z1 moebius-pt (moebius-inv M) 1y,
= 22 moebius-pt (moebius-inv M) oop, = 23
by (subst x[symmetric], simp)+
thus ?thesis
using assms
by auto
qed

10.6 Fixed points and moebius uniqueness

lemma three-fixed-points-01inf:
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assumes moebius-pt M 0, = 05, moebius-pt M 1, = 1} moebius-pt M oo =
oo,

shows M = id-moebius
using assms
by transfer (case-tac Rep-moebius-mat M, auto)

lemma three-fixed-points:
assumes z1 # 22 z1 # 23 22 # 23
assumes moebius-pt M z1 = z1 moebius-pt M 22 = z2 moebius-pt M 28 = 23
shows M = id-moebius
proof—
from assms obtain M’ where *: moebius-pt M’ z1 = 0; moebius-pt M’ 22 =
1, moebius-pt M’ 28 = ooy,
using ez-moebius-01inf[of z1 22 23]
by auto
have #*: moebius-pt (moebius-inv M") 0y, = z1 moebius-pt (moebius-inv M) 1},
= 22 moebius-pt (moebius-inv M') cop, = 23
by (subst x[symmetric], simp)+

have M'+ M + (-M" =0
unfolding zero-moebius-def
apply (rule three-fixed-points-01inf)
using * x* assms
by (simp add: moebius-comp|symmetric])+
thus ?thesis
by (metis eq-neg-iff-add-eq-0 minus-add-cancel zero-moebius-def)
qged

lemma unique-moebius-three-points:
assumes z1 # 22 z1 # 23 22 # 23
assumes moebius-pt M1 z1 = wil moebius-pt M1 z2 = w2 moebius-pt M1 28 =
w3
moebius-pt M2 z1 = w1l moebius-pt M2 22 = w2 moebius-pt M2 23 = w3
shows M1 = M2
proof—
let ?M = moebius-comp (moebius-inv M2) M1
have moebius-pt ?M z1 = z1
using (moebius-pt M1 z1 = wi) (moebius-pt M2 z1 = wl)
using bij-moebius-pt[of M2]
by (subst moebius-comp[symmetric], subst moebius-inv, simp add: bij-def inv-f-eq)
moreover
have moebius-pt ?M 22 = 22
using (moebius-pt M1 22 = w2 (moebius-pt M2 z2 = w2)
using bij-moebius-pt|of M2]
by (subst moebius-comp[symmetric], subst moebius-inv, simp add: bij-def inv-f-eq)
moreover
have moebius-pt ?M 28 = 23
using (moebius-pt M1 23 = w8 (moebius-pt M2 z8 = wd
using bij-moebius-pt[of M2]
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by (subst moebius-comp[symmetric], subst moebius-inv, simp add: bij-def inv-f-eq)
ultimately
have ?M = id-moebius
using assms three-fized-points
by auto
thus ?thesis
by (metis add-minus-cancel left-minus plus-moebius-def uminus-moebius-def
zero-moebius-def)
qed

lemma ex-unique-moebius-three-points:
assumes z1 # 22 21 # 23 22 # 28 wl # w2 wl # ws w2 # ws
shows 3! M. ((moebius-pt M z1 = w1) A (moebius-pt M z2 = w2) A (moebius-pt
M 23 = w3))
proof—
obtain M where x: moebius-pt M z1 = w1l N moebius-pt M z2 = w2 N moebius-pt
M 23 = w3
using ezx-moebius[OF assms]
by auto
show ?thesis
unfolding FxI-def
proof (rule-tac x=M in ez, rule)
show V y. moebius-pt y z1 = wl A moebius-pt y z2 = w2 N moebius-pt y 23 =
w3 —y=M

using x
using unique-moebius-three-points|OF assms(1—3)]
by simp
qed (simp add: *)
qed

lemma ex-unique-moebius-three-points-fun:
assumes z1 # 22 z1 # 28 22 # 23 wl # w2 wl # w3 w2 # w3
shows 3! f. is-moebius f N (fz1 = wl) A (f22 = w2) A (f 28 = w3)
proof—
obtain M where moebius-pt M z1 = wl moebius-pt M 22 = w2 moebius-pt M
28 = ws
using ez-unique-moebius-three-points| OF assms]
by auto
thus ?thesis
using ez-unique-moebius-three-points| OF assms]
unfolding Ezi-def
by (rule-tac z=moebius-pt M in exl) (auto simp add: is-moebius-def)
qged

lemma is-cross-ratio-01inf:
assumes z1 # 22 z1 # 23 22 # 23 is-moebius f
assumes fz1 = 0y f22 = 1), f28 = oop,
shows f = () 2. cross-ratio z 21 22 23)
using assms
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using cross-ratio-0[OF (z1 # 22) z1 # 23] cross-ratio-1[OF (z1 # 22) (22 #+
23] cross-ratio-inf[OF z1 # z3) (22 # 23]

using is-moebius-cross-ratio|OF z1 # 22) 22 # 23) z1 # 28]

using ez-unique-moebius-three-points-fun[OF <z1 # z2) «z1 # 28) (22 # 28, of
Oh Jh OOh]

by auto

lemma moebius-preserve-cross-ratio:
assumes z1 # 22 z1 # 23 22 # 28
shows cross-ratio z z1 22 23 = cross-ratio (moebius-pt M z) (moebius-pt M 21)
(moebius-pt M z2) (moebius-pt M 23)
proof—
let 9f = X z. cross-ratio z z1 22 23
let ?M = moebius-pt M
let 2%iM = inv ?M
have (9f o %iM) (?M 21) = 0y,
using bij-moebius-pt[of M| cross-ratio-0[OF (z1 # 22) z1 # z3]
by (simp add: bij-def)
moreover
have (?f o %iM) (?M 22) = 1y,
using bij-moebius-pt[of M| cross-ratio-1[OF (z1 # 22) 22 # 28)]
by (simp add: bij-def)
moreover
have (?f o %iM) (?M 23) = ooy,
using bij-moebius-pt[of M| cross-ratio-inf[OF z1 # 23) (22 # 23)]
by (simp add: bij-def)
moreover
have is-moebius (?f o 2iM)
by (rule is-moebius-comp, rule is-moebius-cross-ratio|OF (z1 # 22) (22 # 28
(z1 # 28], rule is-moebius-inv, auto simp add: is-moebius-def)
moreover
have M z1 # ?M 22 ?M z1 # ?M 28 ?M 22 # ?M 23
using assms
using bij-moebius-pt[of M]
unfolding bij-def inj-on-def
by blast+
ultimately
have ?f o %iM = (X z. cross-ratio z (?M z1) (?M 22) (M 23))
using assms
using is-cross-ratio-01inf[of M z1 ?M 22 ?M 238 ?f o ?2iM]
by simp
moreover
have (2f o %iM) (?M z) = cross-ratio z z1 22 23
using bij-moebius-pt[of M]
by (simp add: bij-def)
moreover
have (X z. cross-ratio z (?M z1) (?M 22) (?M 23)) (?M z) = cross-ratio (YM z)
(2M z1) (M 22) (?M 23)
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by simp
ultimately
show ?thesis
by simp
qed

lemma fized-points-0Oinf "
assumes moebius-pt M 0, = 0 moebius-pt M oo = oop,
shows 3 k::complex-homo. (k # 0p A k # oop) A (Y z. moebius-pt M z = k *y,
z)
using assms
proof (transfer)
fix M
obtain a b ¢ d where MM: Rep-moebius-mat M = (a, b, ¢, d)
by (cases M) (auto simp add: Abs-moebius-mat-inverse)
assume moebius-pt-rep M zero-homo-rep = zero-homo-rep moebius-pt-rep M
inf-homo-rep = inf-homo-rep
hence b =0c =10
using MM
by auto
hence x: a # 0 N d # 0
using Rep-moebius-mat[of M| MM
by auto
show Jk. (= k = zero-homo-rep A — k = inf-homo-rep) A (¥ z. moebius-pt-rep
Mz =k *pe 2)
proof (rule-tac x=Abs-homo-coords (a, d) in exI, rule conjl)
show — Abs-homo-coords (a, d) = zero-homo-rep N — Abs-homo-coords (a, d)
=~ inf-homo-rep
using x
by (auto simp add: Abs-homo-coords-inverse)
next
show V z. moebius-pt-rep M z = Abs-homo-coords (a, d) *pc 2
proof
fix z
obtain z! 22 where zz: Rep-homo-coords z = (21, 22)
by (rule obtain-homo-coords)
thus moebius-pt-rep M z ~ Abs-homo-coords (a, d) *pc 2
using MM * b = 0) <¢c = 0> mult-homo-coords-Rep|of Abs-homo-coords (a,
d) a d z z1 z2] Rep-homo-coords|of z]
by (simp add: Abs-homo-coords-inverse) (rule-tac x=1 in exl, simp)
qed
qed
qged

lemma fized-points-Oinf:

assumes moebius-pt M 0, = 0 moebius-pt M oo = oop,

shows 3 k::complez-homo. (k # 0n N k # oop) A moebius-pt M = (X z. k *p, 2)
using fized-points-Oinf '[OF assms]
by auto
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10.7 Pole

definition is-pole where
is-pole M z <— moebius-pt M z = oop,

lemma ex1-pole:
3! z. is-pole M z
using bij-moebius-pt[of M|
unfolding is-pole-def bij-def inj-on-def surj-def
unfolding Fz1-def
by (metis UNIV-I)

definition pole where pole M = (THE z. is-pole M z)

lemma pole-mk-moebius:
assumes is-pole (mk-moebius a b ¢ d) z ¢ # 0 axd — bxc # 0
shows z = of-complex (—d/c¢)
proof—
let 7t1 = translation-moebius (a / c)
let ?rd = rotation-dilatation-moebius (b * ¢ — a x d) / (¢ * ¢))
let ?r = reciprocal-moebius
let 9t2 = translation-moebius (d / c)
have moebius-pt (?rd + %r + ?t2) z = oop,
using assms
unfolding is-pole-def
apply (subst (asm) moebius-decomposition)
apply (auto simp add: moebius-comp|[symmetric] translation-moebius-def )
apply (subst similarity-only-inf-to-inf[of 1 a/c|, auto)
done
hence moebius-pt (9r + 7t2) z = oop
using <axd — bxc # O «¢ # O
unfolding rotation-dilatation-moebius-def
apply (simp add: moebius-comp[symmetric])
apply (subst similarity-only-inf-to-infof (bxc—axd)/(cxc) 0], auto)
done
hence moebius-pt 7t2 z = 0y,
apply (simp add: moebius-comp[symmetric])
apply (subst (asm) reciprocal-moebius[symmetric])
apply (subst reciprocal-homo-only-0-to-inf, auto)
done
thus ?thesis
using moebius-pt-invert[of 0y ?t2 z] moebius-translation-inv|of d/c]
by simp (subst zero-of-complex[symmetric], simp del: zero-of-compler)
qed

lemma pole-similarity:
assumes is-pole (similarity-moebius a b) z a # 0
shows z = ooy,

using assms

unfolding is-pole-def
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using similarity-only-inf-to-inf[of a b 2]
by simp

10.8 Antihomographies

definition is-antihomography where
is-antihomography f «— (3 f'. is-moebius f' A f = f' o enj-homo)

lemma is-antihomography inversion-homo

using reciprocal-moebius

unfolding inversion-homo-sym is-antihomography-def
by (auto simp add: is-moebius-def )

10.9 Classification

lemma similarity-scale-1:
assumes k # 0
shows similarity (k *sm 1) M = similarity I M
using assms
unfolding similarity-def
using mat-inv-mult-smlof k I|
by simp

lemma similarity-scale-2:

shows similarity I (k *spm M) = k %y, (similarity T M)
unfolding similarity-def
by auto

lemma [simp|: mat-trace (k *sm M) = k * mat-trace M
by (cases M) (simp add: field-simps)

definition moebius-mb-rep where
moebius-mb-rep I M = Abs-moebius-mat (similarity (Rep-moebius-mat I) (Rep-moebius-mat
M)

lemma moebius-mb-rep-Rep [simp]:
Rep-moebius-mat (moebius-mb-rep I M) = similarity (Rep-moebius-mat I) (Rep-moebius-mat
)
using Rep-moebius-mat[of I| Rep-moebius-mat|of M]
unfolding moebius-mb-rep-def
by (simp add: mat-det-similarity Abs-moebius-mat-inverse)

lift-definition moebius-mb :: moebius = moebius = moebius is moebius-mb-rep
proof—
fix M M'ITT’
assume moebius-mat-eq M M’ moebius-mat-eq I I’
thus moebius-mat-eq (moebius-mb-rep I M) (moebius-mb-rep I' M)
by (auto simp add: similarity-scale-1 similarity-scale-2)
qed
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definition similarity-invar-rep where
similarity-invar-rep M =
(let M = Rep-moebius-mat M
in (mat-trace M)? | mat-det M — 4)

lift-definition similarity-invar :: moebius = complex is similarity-invar-rep
by (auto simp add: similarity-invar-rep-def Let-def power2-eq-square)

lemma

similarity-invar (moebius-mb I M) = similarity-invar M
proof transfer

fix I M

show similarity-invar-rep (moebius-mb-rep I M) = similarity-invar-rep M

using Rep-moebius-mat[of I| Rep-moebius-mat[of M]

by (simp add: similarity-invar-rep-def Let-def mat-trace-similarity mat-det-similarity)

qed

definition similar where
similar M1 M2 <— (3 I. moebius-mb I M1 = M2)

lemma [simp]: similarity eye M = M
unfolding similarity-def
by simp (metis eye-def mat-eye-l mat-eye-r)

lemma [simp]: similarity (1, 0, 0, 1) M = M
unfolding eye-def [symmetric]
by (simp del: eye-def)

lemma similarity-comp:
assumes mat-det 11 # 0 mat-det I2 # 0
shows similarity I1 (similarity 12 M) = similarity (I2%mmI1) M
using assms
unfolding similarity-def
by (simp add: mult-mm-assoc mat-inv-mult-mm)

lemma similarity-inv:
assumes similarity I M1 = M2 mat-det I # 0
shows similarity (mat-inv I) M2 = M1
using assms
unfolding similarity-def
by simp (metis mat-eye-l mult-mm-assoc mult-mm-inv-r)

lemma similar-refl [simp): similar M M
unfolding similar-def
by (rule-tac z=id-moebius in exl) (transfer, simp, rule-tac x=1 in exl, auto)

lemma similar-sym:

assumes similar M1 M2
shows similar M2 M1
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proof—
from assms obtain I where M2 = moebius-mb I M1
unfolding similar-def
by auto
hence M1 = moebius-mb (moebius-inv I) M2
proof transfer
fix M2 1 M1
assume moebius-mat-eq M2 (moebius-mb-rep I M1)
then obtain k£ where k # 0 similarity (Rep-moebius-mat I) (Rep-moebius-mat
M1) = k g Rep-moebius-mat M2
by auto
thus moebius-mat-eq M1 (moebius-mb-rep (moebius-inv-rep I) M2)
using Rep-moebius-mat|of I] similarity-inv]of Rep-moebius-mat I Rep-moebius-mat
M1 k *g,, Rep-moebius-mat M2]
by (auto simp add: similarity-scale-2) (rule-tac x=1/k in exl, simp, metis
mult-sm-inv-1)
qed
thus ?thesis
unfolding similar-def
by auto
qed

lemma similar-trans:
assumes similar M1 M2 similar M2 M3
shows similar M1 M3
proof—
obtain I7 I2 where moebius-mb 11 M1 = M2 moebius-mb I2 M2 = M3
using assms
by (auto simp add: similar-def)
thus ?thesis
unfolding similar-def
proof (rule-tac x=moebius-comp I1 12 in exl, transfer)
fix 11 12 M1 M2 M3
assume moebius-mat-eq (moebius-mb-rep 11 M1) M2
moebius-mat-eq (moebius-mb-rep 12 M2) M3
thus moebius-mat-eq (moebius-mb-rep (moebius-comp-rep 11 12) M1) M3
using Rep-moebius-mat[of I1] Rep-moebius-mat|of 12]
by (auto simp add: similarity-scale-2 similarity-comp) (rule-tac x=kaxk in
exl, simp)
qed
qed

end

11 Circline

theory Circline
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imports Moebius HermiteanMatrices ElementaryComplexGeometry RiemannSphere
Angles
begin

11.1 Circline definition

typedef circline-mat = {H. hermitean H N H # mat-zero}
by (rule-tac x=eye in exI) (auto simp add: hermitean-def mat-adj-def mat-cng-def)

lemma circline-mat-mult-sm-Rep [simp]:
assumes k # 0
shows Rep-circline-mat (Abs-circline-mat ((cor k) *5m (Rep-circline-mat H)))
= (cor k) *sm (Rep-circline-mat H)
using assms Rep-circline-mat[of H]
using hermitean-mult-real[of Rep-circline-mat H k] nonzero-mult-real[of Rep-circline-mat
H cor k]
by (simp add: Abs-circline-mat-inverse)

definition circline-mat-eq where
[simp]: circline-mat-eq A B <— (3 kureal. k # 0 A Rep-circline-mat B =
complez-of-real k *s, (Rep-circline-mat A))

lemma [simp]: circline-mat-eq H H
by (simp, rule-tac z=1 in exl, simp)

quotient-type circline = circline-mat / circline-mat-eq
proof (rule equivpl)
show refip circline-mat-eq
unfolding refip-def
by (auto, rule-tac x=1 in exl, simp)
next
show symp circline-mat-eq
unfolding symp-def
by (auto, rule-tac t=1/k in exl, simp)
next
show transp circline-mat-eq
unfolding transp-def
by (auto, rule-tac x=kaxk in exl, simp)
qed

Circline with specified matrix

definition mk-circline-rep where
mk-circline-rep A B C D = Abs-circline-mat (A, B, C, D)

lift-definition mk-circline :: complex = compler = complex = complex = cir-
cline is mk-circline-rep

by (simp del: circline-mat-eq-def)

lemma ex-mk-circline:
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shows 3 A B C D. H = mk-circline A B C D A hermitean (A, B, C, D) A (4,
B, C, D) # mat-zero
proof transfer
fix H
obtain A B C' D where Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H, auto)
hence circline-mat-eq H (mk-circline-rep A B C D) A hermitean (A, B, C, D)
A (A, B, C, D) # mat-zero
using Rep-circline-mat|of H]
by (auto simp add: mk-circline-rep-def Abs-circline-mat-inverse) (rule-tac t=1
in exl, simp)+
thus 3 A B C D. circline-mat-eq H (mk-circline-rep A B C D) A hermitean (A,
B, C, D) A (A, B, C, D) # mat-zero
by blast
qed

circline type

definition circline-type-rep where
circline-type-rep H = sgn (Re (mat-det (Rep-circline-mat H)))

lift-definition circline-type :: circline = real is circline-type-rep
proof—

fix HH'

assume circline-mat-eq H H'

thus circline-type-rep H = circline-type-rep H'

by (auto simp add: circline-type-rep-def sgn-mult) (metis not-real-square-gt-zero

real-sgn-pos sgn-mult)
qed

lemma circline-type: circline-type H = —1 V circline-type H = 0 V circline-type
H=1
proof transfer
fix H
show circline-type-rep H = —1 V circline-type-rep H = 0 V circline-type-rep H
=1
unfolding circline-type-rep-def
using Rep-circline-mat[of H]
by (metis linorder-cases real-sgn-neg real-sgn-pos sgn-zero-iff)
qged

on-circline, circline-set

definition on-circline-rep where
on-circline-rep H z +—
(let z = Rep-homo-coords z;
H = Rep-circline-mat H
n quad-form z H = 0)

lift-definition on-circline :: circline = complez-homo = bool is on-circline-rep
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by (auto simp add: on-circline-rep-def quad-form-scale-m quad-form-scale-v Let-def
stmp del: vec-cnj-sv quad-form-def)

definition circline-set :: circline = complex-homo set where
circline-set H = {z. on-circline H z}

Circlines trough 0 and inf

definition circline-A0-rep where
circline-AO-rep H +—
(let (A, B, C, D) = Rep-circline-mat H in A = 0)

lift-definition circline-A0 :: circline = bool is circline-A0-rep
by (auto simp add: circline-A0-rep-def)

definition circline-D0-rep where
circline-D0-rep H +—
(let (A, B, C, D) = Rep-circline-mat H in D = 0)

abbreviation is-line where
1s-line H = circline-A0 H

abbreviation is-circle where
is-circle H = — circline-A0 H

lift-definition circline-D0 :: circline = bool is circline-D0-rep
by (auto simp add: circline-DO0-rep-def)

lemma inf-on-circline-rep: on-circline-rep H inf-homo-rep <— circline-A0-rep H
by (simp add: on-circline-rep-def Let-def circline-A0-rep-def split-def ) (cases Rep-circline-mat
H, simp add: vec-cnj-def)

lemma
inf-in-circline-set: ooy, € circline-set H +— is-line H
unfolding circline-set-def
apply simp
apply (transfer)
using inf-on-circline-rep
by simp

lemma zero-on-circline-rep: on-circline-rep H zero-homo-rep <— circline-D0-rep

H

using Rep-circline-mat|of H|

by (simp add: circline-D0-rep-def on-circline-rep-def split-def Let-def Abs-homo-coords-inverse
Abs-circline-mat-inverse vec-cnj-def) (cases Rep-circline-mat H, simp)

lemma zero-in-circline-set: 0y, € circline-set H <— circline-D0 H
unfolding circline-set-def

apply simp

apply (transfer)
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using zero-on-circline-rep
by simp

Connection with circlines in classic complex plane

lemma classic-circline:
assumes H = mk-circline A B C D hermitean (A, B, C, D) A (4, B, C, D) #
mat-zero
shows circline-set H — {oop} = of-complex ¢ circline (Re A) B (Re D)
using assms
unfolding circline-set-def
proof (safe)
fix z
assume hermitean (A, B, C, D) (A, B, C, D) # mat-zero z € circline (Re A)
B (Re D)
thus on-circline (mk-circline A B C D) (of-complex z)
using hermitean-elems[of A B C D]
by (transfer) (simp del: mat-zero-def add: on-circline-rep-def Let-def mk-circline-rep-def
Abs-circline-mat-inverse circline-def vec-cnj-def field-simps complex-of-real-Re)
next
fix z
assume of-complex z = ooy
thus Fulse
by simp
next
fix z
assume hermitean (A, B, C, D) (A, B, C, D) # mat-zero on-circline (mk-circline
A B CD) zz ¢ of-complex * circline (Re A) B (Re D)
moreover
have z # oo, — z € of-complex ‘ circline (Re A) B (Re D)
proof
assume z # ooy,
show z € of-complez * circline (Re A) B (Re D)
proof
show z = of-complex (to-complex z)
using (z # oop)
by simp
next
show to-complex z € circline (Re A) B (Re D)
using (on-circline (mk-circline A B C D) z) (z # oop) hermitean (A, B,
C, Dy «(A, B, C, D) # mat-zero
proof (transfer)
fix ABCDz
obtain z1 z2 where zz: Rep-homo-coords z = (z1, 22)
by (rule obtain-homo-coords)
assume *: 1 z & inf-homo-rep on-circline-rep (mk-circline-rep A B C D) z
hermitean (A, B, C, D) (A, B, C, D) # mat-zero
have 22 # 0
using — z & inf-homo-rep) Rep-homo-coords|of z] zz
by auto (erule-tac x=1/z1 in ollE, simp)
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thus to-complez-homo-coords z € circline (Re A) B (Re D)
using * zz
using hermitean-elems[of A B C D]
by (simp add: mk-circline-rep-def on-circline-rep-def to-complex-homo-coords-def
Let-def Abs-circline-mat-inverse vec-cnj-def complex-cnyj circline-def complex-of-real-Re
field-simps del: mat-zero-def)
qed
qed
qed
ultimately
show z = ooy,
by simp
qed

definition mk-circle-rep where

mk-circle-rep a v = Abs-circline-mat (1, —a, —cnj a, axenj a — cor rxcor 1)
lift-definition mk-circle :: compler = real = circline is mk-circle-rep
by (simp del: circline-mat-eq-def)

lemma mk-circle-rep-Rep

[simp]: Rep-circline-mat (mk-circle-rep a r) = (1, —a, —cnj a, axenj a — cor
r®Cor T)
by (simp add: mk-circle-rep-def Abs-circline-mat-inverse hermitean-def mat-adj-def
mat-cng-def complex-cnj)

lemma is-circle-mk-circle: is-circle (mk-circle a r)
by transfer (simp add: circline-AQ-rep-def)

lemma
assumes r > ()
shows circline-set (mk-circle a r) = of-complex * {z. cmod (z — a) = r}
proof—
let A =1 and ?B = —a and ?C = —cnj a and ?D = axcnj a — cor r*cor r
have x: (?4, ?B, ?C, ¢D) € {H. hermitean H N H # mat-zero}
by (simp add: hermitean-def mat-adj-def mat-cnj-def complex-cnyj)
have mk-circle a r = mk-circline A ¢B ?C ?D
using *
by transfer (simp add: mk-circline-rep-def Abs-circline-mat-inverse, rule-tac
xz=1 in exl, simp)
hence circline-set (mk-circle a ) — {oop} = of-complex ¢ circline ?A ?B (Re
?D)
using classic-circline[of mk-circle a r ?A ?B ?C ?D]
by simp
moreover
have circline A ?B (Re ?D) = circle a r
by (rule circline-circle[of A Re ?D ?B circline ?A ?B (Re ?D) a r«rr], simp-all
add: cmod-square r > )
moreover
have ooy, ¢ circline-set (mk-circle a )

178



using inf-in-circline-set|of mk-circle a r| is-circle-mk-circle[of a 7]
by auto
ultimately
show %thesis
unfolding circle-def
by simp
qed

definition mk-line-rep where mk-line-rep z1 22 =

(let B = @ix(22—21) in Abs-circline-mat (0, B, cnj B, —cnj-miz B z1))
lift-definition mk-line :: complexr = complex = circline is mk-line-rep
by (simp del: circline-mat-eq-def)

lemma mk-line-rep-Rep [simp]:
assumes z1 # 22
shows Rep-circline-mat (mk-line-rep z1 22) =
(let B = 4ix(22—21) in (0, B, c¢nj B, —cng-miz B z1))
using assms
by (simp add: mk-line-rep-def Let-def Abs-circline-mat-inverse hermitean-def mat-adj-def
mat-cnj-def complex-cng)

lemma circline-line”:
assumes z1 # z2
shows circline 0 (i * (22 — 21)) (Re (— cng-miz (i * (22 — 21)) 21)) = line 21
22
proof—
let 9B = i x (22 — 21)
let ?D = Re (— cnj-miz ?B z1)
have circline 0 B ¢D = {z. c¢nj ?Bxz + ?Bxcnj z + complex-of-real YD = 0}
using assms
by (simp add: circline-def)
moreover
have is-real (— cnj-miz (1 * (22 — 21)) 21)
using cnj-miz-real[of ¢B z1]
by auto
hence {z. c¢nj ?B*xz + ?Bxcnj z + complex-of-real ?D = 0} =
{z. enj ?Bxz + ?Bxcnj z — (cnj ?Bxz1 + ?Bxcnj z1) = 0}
by (subst complex-of-real-Re, simp, simp add: complez-diff-def)
moreover
have line z1 22 = {z. ecnj-miz (1 x (22 — 21)) z — enj-miz (1 % (22 — 21)) 21 =
0}
using line-equation|of z1 z2 ?B] assms
unfolding rot90-ii
by simp
ultimately
show ?thesis
by simp
qed
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lemma
assumes zI1 # z2
shows circline-set (mk-line z1 22) — {oop} = of-complex * line z1 22
proof—
let A = 0 and B = iix(22 — z1)
let ?C = cnj ?B and 7D = —cnj-miz ?B z1
have x: (?4, ?B, ?C, ¢D) € {H. hermitean H N H # mat-zero}
using assms
by (simp add: hermitean-def mat-adj-def mat-cnj-def complez-cnyj)
have mk-line z1 22 = mk-circline A B ?C ?D
using * assms
by transfer (simp add: mk-circline-rep-def Abs-circline-mat-inverse Let-def,
rule-tac =1 in exl, simp)
hence circline-set (mk-line z1 22) — {oop} = of-complex * circline ?A ?B (Re
?D)
using classic-circline[of mk-line z1 22 ?A ¢B ?C ?D]
by simp
moreover
have circline ?A ?B (Re ?D) = line z1 22
using <zl # z2)
using circline-line’
by simp
ultimately
show ?thesis
by simp
qged

definition euclidean-circle-rep where
euclidean-circle-rep H = (let (A, B, C, D) = Rep-circline-mat H in (—B/A,
sgrt(Re ((BxC — AxD)/(AxA)))))

lift-definition cuclidean-circle :: circline = complex X real is euclidean-circle-rep
proof—
fix H1 H2
obtain A1 B1 C1 DI where HHI1: Rep-circline-mat Hl = (A1, B1, C1, D1)
by (cases Rep-circline-mat H1) auto
obtain A2 B2 C2 D2 where HH2: Rep-circline-mat H2 = (A2, B2, C2, D2)
by (cases Rep-circline-mat H2) auto
assume circline-mat-eq H1 H2
then obtain & where k # 0 and *: A2 = cor k x Al B2 = cork « Bl C2 =
cork « C1 D2 = cor k x D1
using HH1 HH2
by auto
have (cor k *+ B1 * (cor k x C1) — cor k * Al % (cor k * D1)) = (cor k)? *
(B1xC1 — A1xD1)
(cor k x A1 * (cor k x A1)) = (cor k)% * (A1xA1)
by (auto simp add: field-simps power2-eq-square)
hence (cor k x B1 * (cor k x C1) — cor k x Al % (cor k x D1)) /
(cor k * A1 % (cork x A1)) = (B1xC1 — A1xD1) / (A1xA1)
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using <k # O)
by (simp add: power2-eq-square)
thus euclidean-circle-rep H1 = euclidean-circle-rep H2
using HH1 HH2 x Rep-circline-mat[of H2]
by (auto simp add: euclidean-circle-rep-def)
qed

lemma classic-circle:
assumes is-circle H (a, r) = euclidean-circle H circline-type H < 0
shows circline-set H = of-complex * circle a r
proof—
obtain A B C' D where x: H = mk-circline A B C D hermitean (A, B, C, D)
(4, B, C, D) # mat-zero
using ez-mk-circline[of H]
by auto
have is-real A is-real D C = cnj B
using * hermitean-elems
by auto

have Re (AxD — Bx(C) < 0
using (circline-type H < 0) *
by simp (transfer, simp add: circline-type-rep-def mk-circline-rep-def Abs-circline-mat-inverse,
smt real-sgn-pos)

hence *x: Re A x Re D < (cmod B)?
using <is-real A) (is-real D) (C = cnj B)
by (simp add: cmod-square)

have A # 0

using «s-circle H) * (is-real A

by simp (transfer, simp add: circline-AOQ-rep-def mk-circline-rep-def Abs-circline-mat-inverse)
hence Re A # 0

using «s-real A

by (cases A, simp)

have #xx: ooy, ¢ circline-set H
using * inf-in-circline-set[of H] <is-circle H)
by simp

let a = —B/A
let ?r2 = ((cmod B)?> — Re A * Re D) / (Re A)?
let ¢r = sqrt ?r2

have 2a = a N 9r =1
using «(a, r) = euclidean-circle H)
using * <is-real A s-real D) «(C = cnj By (A # O)
apply simp
apply transfer
apply (simp add: euclidean-circle-rep-def mk-circline-rep-def Abs-circline-mat-inverse)
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apply (subst Re-divide-real)
apply (simp-all add: cmod-square, simp add: power2-eg-square)
done

show ?thesis
using * #* s*xx (Re A # O ds-real o> «C = cenj By (Pa =a N r =1
using classic-circlinelof H A B C D] assms circline-circle[of Re A Re D B
circline (Re A) B (Re D) %a r2 ?r]
by (simp add: complex-of-real-Re circle-def)
qged

definition
euclidean-line-rep H =
(let (A, B, C, D) = Rep-circline-mat H;
z1 = —(D*B)/(2+«BxC);
22 = z1 + iixsgn (if arg B > 0 then —B else B)
in (21, 22))

lift-definition euclidean-line :: circline = complex x complex is euclidean-line-rep
proof—
fix H1 H2
obtain A1 B1 C1 DI where HHI: Rep-circline-mat Hl = (A1, B1, C1, D1)
by (cases Rep-circline-mat H1) auto
obtain A2 B2 C2 D2 where HH2: Rep-circline-mat H2 = (A2, B2, C2, D2)
by (cases Rep-circline-mat H2) auto
assume circline-mat-eq H1 H2
then obtain £ where k # 0 and *: A2 = cor k x A1 B2 = cork x Bl C2 =
cork x C1 D2 = cor k x DI
using HH1 HH?
by auto
have 1: Bl # 0 AN 0 < arg Bl — = 0 < arg (— B1)
using MoreComplez.canon-ang-plus-pil [of arg B1] arg-bounded[of B1]
by (auto simp add: arg-uminus)
have 2: B # 0 A = 0 < arg Bl — 0 < arg (— BI)
using MoreComplez.canon-ang-plus-pi2|of arg B1] arg-bounded|of B1]
by (auto simp add: arg-uminus)

show euclidean-line-rep H1 = euclidean-line-rep H2
using HH1 HH?2 * &k # )
by (cases k > 0) (auto simp add: euclidean-line-rep-def Let-def, simp-all add:
sgn-eq arg-mult-real-positive arg-mult-real-negative 1 2)
qged

lemma classic-line:

assumes is-line H (z1, 22) = euclidean-line H circline-type H < 0

shows circline-set H — {ocop} = of-complex * line z1 22
proof—

obtain A B C' D where x: H = mk-circline A B C D hermitean (A, B, C, D)
(4, B, C, D) # mat-zero
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using ex-mk-circline[of H|
by auto
have is-real A is-real D C = c¢nj B
using *x hermitean-elems
by auto
have Re A = 0
using «s-line H)x (s-real A) s-real D) <C = cnj B)
by transfer (auto simp add: circline-A0-rep-def mk-circline-rep-def Abs-circline-mat-inverse)
have B # 0
using (Re A = 0 <(is-real A) <is-real D) «(C' = cnj B) * (circline-type H < O
by transfer (auto simp add: circline-type-rep-def mk-circline-rep-def Abs-circline-mat-inverse,
(case-tac Rep-circline-mat H, simp)+)

let ?z1 = — cor (Re D) x B / (2 * B % cnj B)
let 222 = %21 + i* sgn (if 0 < arg B then — B else B)
have z1 = 721 N 22 = 722
using (21, 22) = euclidean-line H) x ¢is-real A is-real Dy (C' = cnj B»
by simp (transfer, simp add: euclidean-line-rep-def mk-circline-rep-def Abs-circline-mat-inverse
Let-def complex-of-real-Re)
thus ?thesis
using *
using classic-circlinelof H A B C D] circline-line[of Re A B circline (Re A) B
(Re D) Re D 221 222] (Re A = 0) (B # O»
by simp
qed

11.2 Connections with circles on the Riemann sphere

definition inv-stereographic-circline-rep where
inv-stereographic-circline-rep H =
(let (A, B, C, D) = Rep-circline-mat H in
Abs-plane-vec (Re (B+C), Re(iix(C—B)), Re(A—D), Re(D+A)))

lemma inv-stereographic-circline-rep-Rep [simp]:
Rep-plane-vec (inv-stereographic-circline-rep H) =
(let (A, B, C, D) = Rep-circline-mat H in (Re (B+C), Re(iix(C—B)),
Re(A—D), Re(D+A)))
proof—
obtain A B C D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
have x: is-real A is-real D C = c¢nj B
using HH Rep-circline-mat|of H| hermitean-elems[of A B C D]
by auto
have Re B+ Re C=0AImB —ImC=0NReA—ReD=0ANReA+
Re D = 0 — (A, B, C, D) = mat-zero
using *
by auto (metis complex-of-real-Re of-real-0)+
hence xx: Re B+ Re C 20V Im B —Im C # 0V ReA— ReD # 0V Re
D+ ReA#0
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using Rep-circline-mat|of H) HH
by auto
thus ?thesis
using HH
by (simp add: Abs-plane-vec-inverse inv-stereographic-circline-rep-def)
qed

lift-definition inv-stereographic-circline :: circline = plane is inv-stereographic-circline-rep
proof—
fix H1 H2
obtain A1 B1 C1 DI where HHI: Rep-circline-mat Hl = (A1, B1, C1, D1)
by (cases Rep-circline-mat H1) auto
obtain A2 B2 C2 D2 where HH2: Rep-circline-mat H2 = (A2, B2, C2, D2)
by (cases Rep-circline-mat H2) auto
have x: is-real A1 is-real A2 is-real D1 is-real D2 C1 = cnj Bl C2 = cnj B2
using HH1 HH?2 Rep-circline-mat|of H1] Rep-circline-mat[of H2] hermitean-elems|of
Al B1 C1 D1] hermitean-elems|[of A2 B2 C2 D2]
by auto

assume circline-mat-eq H1 H2
thus plane-vec-eq (inv-stereographic-circline-rep H1) (inv-stereographic-circline-rep
H2)
using HH1 HH? x
by (simp add: plane-vec-eq-def) (erule exE, rule-tac x=Fk in exl, simp add:
field-simps)
qged

definition stereographic-circline-rep where
stereographic-circline-rep o =
(let (a, b, ¢, d) = Rep-plane-vec o in
Abs-circline-mat (cor ((c+d)/2) , ((cor a+iix cor b)/2), ((cor a—iixcor
b)/2), cor ((d—¢)/2)))

lemma stereographic-circline-rep-Rep:
Rep-circline-mat (stereographic-circline-rep o) =
(let (a, b, ¢, d) = Rep-plane-vec « in
(cor ((c+d)/2) , ((cor a+iix cor b)/2), ((cor a—iixcor b)/2), cor
((d—c)/2)))
proof—
obtain a b ¢ d where AA: (a, b, ¢, d) = Rep-plane-vec «
by (cases Rep-plane-vec a) auto
let ?M = (cor ((¢+d)/2) , ((cor a+iix cor b)/2), ((cor a—iixcor b)/2), cor
((d—c)/2))
have ?M € {M. hermitean M N M # mat-zero}
using Rep-plane-vec[of o] AA
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def complex-cnj complez-of-real-def')
thus ?thesis
using AA[symmetric]
by (simp add: Abs-circline-mat-inverse stereographic-circline-rep-def’)
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qed

lift-definition stereographic-circline :: plane = circline is stereographic-circline-rep
proof—
fix a1 a2
assume plane-vec-eq a1l a2
thus circline-mat-eq (stereographic-circline-rep a1) (stereographic-circline-rep
a2)
apply (cases Rep-plane-vec a2, cases Rep-plane-vec «l)
apply (auto simp add: plane-vec-eq-def stereographic-circline-rep-Rep)
apply (rule-tac z=Fk in exl, simp add: field-simps)
by (metis (hide-lams, mono-tags) comm-semiring-1-class.normalizing-semiring-rules(19)
complez-of-real-mult-Complex mult-zero-right)
qed

lemma stereographic-circline-inv-stereographic-circline:
stereographic-circline o inv-stereographic-circline = id
proof (rule ext, simp)
fix H
show stereographic-circline (inv-stereographic-circline H) = H
proof transfer
fix H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
have is-real A is-real D C = c¢nj B
using HH Rep-circline-mat[of H| hermitean-elems[of A B C D]
by auto
thus circline-mat-eq (stereographic-circline-rep (inv-stereographic-circline-rep
H)) H
using HH
apply (simp add: stereographic-circline-rep-Rep)
apply (rule-tac z=1 in exl)
apply (auto simp add: complez-of-real-Re of-real-numeral)
apply (cases B, simp)
apply (cases B, simp add: complez-of-real-def, metis Im.simps Re.simps
comm-semiring-1-class.normalizing-semiring-rules(4) complex-diff-def complex-minus-def
complex-of-real-add-Complex complex-of-real-def minus-zero monoid-add-class.add.right-neutral
one-add-one)
done
qed
qed

lemma [simp|: Im (z / 2) =Imz [ 2
by (subst Im-divide-real, auto)

lemma [simp]: (Complex a b) / 2 = Complex (a/2) (b/2)
by (subst complez-eq-iff ) auto

lemma [simp]: Complex 2 0 = 2
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by simp

lemma inv-stereographic-circline-stereographic-circline:
inv-stereographic-circline o stereographic-circline = id
proof (rule ext, simp)
fix a
show inv-stereographic-circline (stereographic-circline o) = «
proof transfer
fix o
obtain a b ¢ d where AA: Rep-plane-vec o = (a, b, ¢, d)
by (cases Rep-plane-vec ) auto
thus plane-vec-eq (inv-stereographic-circline-rep (stereographic-circline-rep o))

using AA
by (simp add: plane-vec-eq-def stereographic-circline-rep-Rep) (rule-tac =1
in exl, auto simp add: field-simps complex-of-real-def)
qed
qed

lemma stereographic-sphere-circle-set’”:
on-sphere-circle (inv-stereographic-circline H) z «— on-circline H (stereographic
z)
proof
assume on-sphere-circle (inv-stereographic-circline H) z
thus on-circline H (stereographic z)
proof transfer
fix M H
obtain A B C D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
have x: is-real A is-real D C = cnj B
using Rep-circline-mat|[of H) HH hermitean-elems[of A B C D]
by auto
obtain z y 2 where MM: Rep-riemann-sphere M = (z, y, z)
by (cases Rep-riemann-sphere M) auto
assume xx: on-sphere-circle-rep (inv-stereographic-circline-rep H) M
show on-circline-rep H (stereographic-coords M)
proof (cases z=1)
case True
hence x =0y =0
using MM Rep-riemann-sphere|[of M]
by auto
thus ?thesis
using *x xx HH MM <=1
by (cases A, simp add: on-circline-rep-def stereographic-coords-rep on-sphere-circle-rep-def
vec-cnj-def Let-def)
next
case Fulse
hence Re Ax(1+z) + 2xRe Bxx + 2xIm Bxy + Re Dx(1—z) = 0
using * xx HH MM
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by (simp add: on-sphere-circle-rep-def Let-def field-simps)
hence (Re Ax(1+42z) + 2%Re Bxx + 2xIm Bxy + Re Dx(1—2))x(1—2) = 0
by simp
hence Re Ax(1+z)%(1—z) + 2xRe Bxxx(1—z) + 2xIm Bxyx(1—z) + Re
Dx(1—2)%(1—2) =0
by (simp add: field-simps)
moreover
have zxx+yxy = (14+2)*(1—2)
using MM Rep-riemann-sphere[of M]
by (simp add: field-simps)
ultimately
have Re Ax(zxz+yxy) + 2«Re Bxxx(1—z) + 2xIm Bxyx(1—2) + Re
Dx(1—2)%(1—-2) =0
by simp
hence (z * Re A+ (I —z)« ReB)*x — (— (y*x Re A) + — ((1 — 2) =
ImB))xy+ (z+x«ReB+yxImB+ (1 —2)*«xReD)x (1 —2)=20
by (simp add: field-simps)
thus ?thesis
using z # 1) HH MM x (Re Ax(1+42z) + 2«Re Bxx + 2xIm Bxy + Re
Dx(1—z) = O
apply (simp add: on-circline-rep-def stereographic-coords-rep Let-def vec-cnj-def
complez-cnyj)
apply (subst complez-eq-iff)
apply (simp add: field-simps)
done
qed
qed
next
assume on-circline H (stereographic z)
thus on-sphere-circle (inv-stereographic-circline H) z
proof transfer
fix HM
fix M H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
have x: is-real A is-real D C = cnj B
using Rep-circline-mat|of H] HH hermitean-elems[of A B C D]
by auto
obtain z y z where MM: Rep-riemann-sphere M = (z, y, z)
by (cases Rep-riemann-sphere M) auto
assume xx: on-circline-rep H (stereographic-coords M)
show on-sphere-circle-rep (inv-stereographic-circline-rep H) M
proof (cases z=1)
case True
hence z =0y =0
using MM Rep-riemann-sphere|[of M]
by auto
thus ?thesis
using HH MM xx <z = 1)
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by (simp add: on-sphere-circle-rep-def on-circline-rep-def Let-def vec-cnj-def
stereographic-coords-rep)
next
case Fulse
hence (z * Re A+ (1 —2)* Re B) xx — (— (y * Re A) + — ((1 — 2) *
ImB))*y+ (r*xReB+y+xImB+ (1 —z)*ReD)x(1—2)=20
using HH MM x xx
by (simp add: on-circline-rep-def Let-def vec-cnj-def stereographic-coords-rep
complez-eq-iff)
hence Re Ax(zxz+y*y) + 2x«Re Bxzx(1—2) + 2xIm Bxy*x(1—2z) + Re
Dx(1—2)%(1—2) =0
by (simp add: field-simps)
moreover
have zxz 4+ yxy = (1+2)x(1—2)
using MM Rep-riemann-sphere[of M]
by (simp add: field-simps)
ultimately
have Re Ax(1+2)%(1—z2) + 2x«Re Bxxx(1—z) + 2+«Im Bxyx(1—z) + Re
Dx(1—2)%(1-2) =0
by simp
hence (Re Ax(1+42z) + 2xRe Bxx + 2xIm Bxy + Re Dx(1—2))x(1—2) = 0
by (simp add: field-simps)
hence Re Ax(1+z) + 2xRe Bxx + 2xIm Bxy + Re Dx(1—z) = 0
using (z # D
by simp
thus ?thesis
using MM HH
by (simp add: on-sphere-circle-rep-def field-simps)
qed
qed
qed

lemma stereographic-sphere-circle-set’:
stereographic ¢ sphere-circle-set (inv-stereographic-circline H) = circline-set H
unfolding sphere-circle-set-def circline-set-def
apply safe
proof—
fix z
assume on-sphere-circle (inv-stereographic-circline H) x
thus on-circline H (stereographic x)
using stereographic-sphere-circle-set'’
by simp
next
fix z
assume on-circline H x
show z € stereographic ‘ {z. on-sphere-circle (inv-stereographic-circline H) z}
proof
show x = stereographic (inv-stereographic x)
by (simp add: stereographic-inv-stereographic)
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next
show inv-stereographic x € {z. on-sphere-circle (inv-stereographic-circline H)

z}

x)

using stereographic-sphere-circle-set''lof H inv-stereographic x] <on-circline H

by (simp add: stereographic-inv-stereographic)
qed
qed

lemma stereographic-sphere-circle-set:
shows stereographic < sphere-circle-set H = circline-set (stereographic-circline H)
using stereographic-sphere-circle-set'[of stereographic-circline H|
using inv-stereographic-circline-stereographic-circline
unfolding comp-def
by (metis id-apply)

lemma bij stereographic-circline

using stereographic-circline-inv-stereographic-circline inv-stereographic-circline-stereographic-circline
by (metis bij-def image-compose inj-iff inj-imp-surj-inv inj-on-imagel2 inv-id surj-id

surj-iff )

lemma bij inv-stereographic-circline

using stereographic-circline-inv-stereographic-circline inv-stereographic-circline-stereographic-circline
by (metis bij-def image-compose inj-iff inj-imp-surj-inv inj-on-imagel2 inv-id surj-id

surg-iff)

11.3 Some special circlines

Unit circle
definition wunit-circle-rep where

[simp]: unit-circle-rep = Abs-circline-mat (1, 0, 0, —1)

lemma [simp|: Rep-circline-mat (Abs-circline-mat (1, 0, 0, —1)) = (1,0, 0, —1)
by (auto simp add: Abs-circline-mat-inverse hermitean-def mat-adj-def mat-cnj-def)

lemma [simp]: Rep-circline-mat unit-circle-rep = (1, 0, 0, —1)
by simp

lift-definition unit-circle :: circline is unit-circle-rep
done

lemma one-on-unit-circle: 1, € circline-set unit-circle
unfolding circline-set-def
by (simp, transfer, simp add: on-circline-rep-def Let-def vec-cnj-def)

T-axis

definition z-azis-rep where z-azxis-rep = Abs-circline-mat (0, @, —ii, 0)
lift-definition z-axis :: circline is z-axis-rep
done

189



lemma [simp: Rep-circline-mat (Abs-circline-mat (0, i, —it, 0)) = (0, ¥, —it,
0)

using Abs-circline-mat-inverse[of (0, i, —ii, 0)]

by (simp add: hermitean-def mat-adj-def mat-cnj-def complex-cnyj)

lemma [simp]: Rep-circline-mat z-axis-rep = (0, @, —ii, 0)
unfolding z-axis-rep-def
by simp

lemma [simp]: 0}, € circline-set z-axis 1}, € circline-set x-azis oop, € circline-set
T-axis

unfolding circline-set-def

by auto (transfer, simp add: on-circline-rep-def Let-def vec-cnj-def )+
Point 0}, as a circline
definition circline-point-Oh-rep where circline-point-Oh-rep = Abs-circline-mat
(1,0, 0,0)

lift-definition circline-point-Oh :: circline is circline-point-Oh-rep
done

lemma [simp]: Rep-circline-mat (Abs-circline-mat (1, 0, 0, 0)) = (1, 0, 0, 0)
using Abs-circline-mat-inverse
by (simp add: hermitean-def mat-adj-def mat-cnj-def)

lemma [simp]: Rep-circline-mat circline-point-Oh-rep = (1, 0, 0, 0)
unfolding circline-point-0h-rep-def
by simp

imaginary unit circle

definition imag-unit-circle-rep where
[simp]: imag-unit-circle-rep = Abs-circline-mat (1, 0, 0, 1)

lemma [simp|: Rep-circline-mat (Abs-circline-mat (1, 0, 0, 1)) = (1, 0, 0, 1)
by (auto simp add: Abs-circline-mat-inverse hermitean-def mat-adj-def mat-cnj-def )

lemma [simp]: Rep-circline-mat imag-unit-circle-rep = (1, 0, 0, 1)
by simp

lift-definition imag-unit-circle :: circline is imag-unit-circle-rep
done

11.4 Moebius action on circlines

definition moebius-circline-rep :: moebius-mat = circline-mat = circline-mat where

moebius-circline-rep M H =
(let M = Rep-moebius-mat M;
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H = Rep-circline-mat H
in Abs-circline-mat (congruence (mat-inv M) H))

lemma [simp]: Rep-circline-mat (Abs-circline-mat (congruence (mat-inv (Rep-moebius-mat
M)) (Rep-circline-mat H))) = congruence (mat-inv (Rep-moebius-mat M)) (Rep-circline-mat
)
proof (rule Abs-circline-mat-inverse, safe)
show hermitean (congruence (mat-inv (Rep-moebius-mat M)) (Rep-circline-mat
H))
using Rep-circline-mat[of H]
using hermitean-congruence
by simp
next
assume congruence (mat-inv (Rep-moebius-mat M)) (Rep-circline-mat H) =
mat-zero
thus False
using Rep-circline-mat|of H| Rep-moebius-mat[of M| mat-det-inv
using congruence-nonzero
by auto
qed

lemma moebius-circline-rep-Rep [simp]: Rep-circline-mat (moebius-circline-rep M
H) = congruence (mat-inv (Rep-moebius-mat M)) (Rep-circline-mat H)
by (simp add: moebius-circline-rep-def Let-def)

lift-definition moebius-circline :: moebius = circline = circline is moebius-circline-rep
proof—

fix M M' HH'

assume moebius-mat-eq M M’ circline-mat-eq H H'

thus circline-mat-eq (moebius-circline-rep M H) (moebius-circline-rep M’ H')

by (auto simp add: mat-inv-mult-sm complex-cnj) (rule-tac x=ka / Re (k * cnj

k) in exl, auto simp add: complex-mult-cnj-cmod power2-eq-square)
qed

lemma moebius-preserve-circline-type:
shows circline-type (moebius-circline M H) = circline-type H
proof (transfer)
fix M H
show circline-type-rep (moebius-circline-rep M H) = circline-type-rep H
unfolding circline-type-rep-def Let-def
apply simp
using Re-det-sgn-congruence|of Rep-circline-mat H mat-inv (Rep-moebius-mat
M)]
using Rep-circline-mat[of H] Rep-moebius-mat[of M| mat-det-inv]of Rep-moebius-mat
M)
by simp
qed

lemma moebius-circline-rep:
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shows moebius-pt-rep M * {z. on-circline-rep H 2} = {z. on-circline-rep (moebius-circline-rep
proof (safe)
fix z
let ?M = Rep-moebius-mat M
let ?H = Rep-circline-mat H
let 2 = Rep-homo-coords z
let ?H' = Rep-circline-mat H'
let 2z’ = Rep-moebius-mat M *,,, Rep-homo-coords z
let ?H" = mat-adj (mat-inv ?M) *ppm 7H %y (mat-inv M)
assume on-circline-rep H z
hence quad-form 2z ¢H = 0
by (simp add: on-circline-rep-def Let-def)
hence quad-form ?z' ?¢H" = 0
using quad-form-congruence|of ?M ?z ?H| Rep-moebius-mat|[of M]
by simp
thus on-circline-rep (moebius-circline-rep M H) (moebius-pt-rep M z)
by (auto simp add: moebius-circline-rep-def on-circline-rep-def moebius-pt-rep-def
Let-def)
next
fix z
let 7z = Rep-homo-coords z
let M = Rep-moebius-mat M
let YH = Rep-circline-mat H
let 9iM = mat-inv M
let 22/ = mat-inv ?M *,,, 2

assume on-circline-rep (moebius-circline-rep M H) z
hence quad-form ?z (congruence (mat-inv ?M) ?H) = 0
unfolding on-circline-rep-def Let-def
by simp

have 2z’ £ (0, 0)
using Rep-homo-coords|of z] mult-mv-nonzero[of ¢z ?iM] Rep-moebius-mat|of
M| mat-det-inv]of ?M]
by simp
hence x: Rep-homo-coords (Abs-homo-coords ?z") = %z’
by (simp add: Abs-homo-coords-inverse)

show 2z € moebius-pt-rep M ‘ {z. on-circline-rep H z}
proof
show z = moebius-pt-rep M (Abs-homo-coords 2z")
using * Rep-moebius-mat[of M| eye-muv-l[of ?z]
unfolding moebius-pt-rep-def Let-def
by (simp add: mat-inv-r Rep-homo-coords-inverse)
next
have Rep-moebius-mat M ., mat-inv (Rep-moebius-mat M) #,,,, Rep-homo-coords
z =7z
using Rep-moebius-mat[of M|
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by (subst mat-inv-r) (auto simp add: simp del: eye-def)
thus Abs-homo-coords ?z' € {z. on-circline-rep H z}
using x
using (quad-form 9z (congruence (mat-inv ?M) 7H) = 0> Rep-moebius-mat[of
M
by (auto simp add: on-circline-rep-def Let-def simp del: quad-form-def) (subst
quad-form-congruencelof ¢M 2iM x,,, 9z ?H, symmetric], auto)
qed
qed

lemma moebius-circline-set:
shows moebius-pt M ¢ circline-set H = circline-set (moebius-circline M H) (is
?lhs = ?rhs)
proof
show ?lhs C ?2rhs
proof (safe)
fix z::complex-homo
assume z € circline-set H
thus moebius-pt M z € circline-set (moebius-circline M H)
unfolding circline-set-def
using moebius-circline-rep
by simp (transfer, auto)
qed
next
show ?rhs C ?2lhs
proof
fix z
assume z € circline-set (moebius-circline M H)
thus 2z € moebius-pt M  circline-set H
using assms
unfolding circline-set-def
apply (simp add: image-def)
proof (transfer)
fix M H z
assume on-circline-rep (moebius-circline-rep M H) z
then obtain z’ where on-circline-rep H z' z = moebius-pt-rep M z
using moebius-circline-rep[of M H]
by auto
thus 32'. on-circline-rep H z' N\ z =~ moebius-pt-rep M z’
by (rule-tac z=z'1in exl, simp, rule-tac x=1 in exl, simp)
qed
qed
qed

/

lemma

inj-moebius-circline: inj (moebius-circline M)
unfolding inj-on-def
proof (safe)

fix HH'
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assume moebius-circline M H = moebius-circline M H'
thus H = H'
proof (transfer)
fix M HH'
let ?M = Rep-moebius-mat M
let %M = mat-inv ?M
let ?H = Rep-circline-mat H and ?H’ = Rep-circline-mat H'
assume circline-mat-eq (moebius-circline-rep M H) (moebius-circline-rep M
H')
then obtain k& where congruence ?iM ?H' = congruence ?iM (cor k *gpm 7H)
kE#0
by auto
thus circline-mat-eq H H'
using Rep-moebius-mat[of M| inj-congruence[of ?iM ?H' cor k *spm, ?H|
mat-det-inv[of ?M]
by auto
qed
qed

lemma [simp]:
moebius-circline id-moebius H = H
proof transfer
fix H
show circline-mat-eq (moebius-circline-rep id-moebius-rep H) H
by (cases Rep-circline-mat H, simp) (rule-tac x=1 in ez, simp add: mat-adj-def
mat-cnj-def)
qged

lemma moebius-circline-comp:

moebius-circline M1 (moebius-circline M2 H) = moebius-circline (moebius-comp
M1 M2) H
proof (transfer)

fix M1 M2 H

show circline-mat-eq (moebius-circline-rep M1 (moebius-circline-rep M2 H))
(moebius-circline-rep (moebius-comp-rep M1 M2) H)

using congruence-congruence Rep-moebius-mat[of M1] Rep-moebius-mat|of M2]

by (simp add: mat-inv-mult-mm, rule-tac =1 in exl, simp)

qged

lemma moebius-circline-comp-inv [simp]:
moebius-circline (moebius-inv M) (moebius-circline M H) = H
by (subst moebius-circline-comp) simp

lemma moebius-circline-comp-inv’ [simp):
moebius-circline M (moebius-circline (moebius-inv M) H) = H

by (subst moebius-circline-comp) simp

lemma
moebius-circline-set-mem:
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moebius-pt M z € circline-set (moebius-circline M H) «— z € circline-set H
using moebius-circline-set[of M H, symmetric] bij-moebius-pt[of M]
by (auto simp add: bij-def inj-on-def)

11.5 Conjugation, recpiprocation and inversion of circlines

Conjugation of circlines

definition circline-cnj-rep where
circline-cnj-rep H = Abs-circline-mat (mat-cnj (Rep-circline-mat H))

lemma [simp]: Rep-circline-mat (Abs-circline-mat (mat-cnj (Rep-circline-mat H)))
= mat-cng (Rep-circline-mat H)

using Rep-circline-mat|of H] hermitean-mat-cnj nonzero-mat-cnj

by (auto simp add: Abs-circline-mat-inverse)

lemma [simp]: Rep-circline-mat (circline-cnj-rep H) = mat-cnj (Rep-circline-mat
H)
by (simp add: circline-cnj-rep-def)

lift-definition circline-cnj :: circline = circline is circline-cnj-rep
proof—
fix HH'
assume circline-mat-eq H H'
thus circline-mat-eq (circline-cnj-rep H) (circline-cnj-rep H')
using Rep-circline-mat|of H] Rep-circline-mat[of H'|
by auto
qed

lemma cnj-homo-circline-set:
shows cnj-homo * circline-set H C circline-set (circline-cnj H)
proof (safe)
fix 2
assume z € circline-set H
thus cnj-homo z € circline-set (circline-cnj H)
unfolding circline-set-def
apply simp
proof (transfer)
fix z H
assume on-circline-rep H z
obtain 2! z2 where zz: Rep-homo-coords z = (21, 22)
by (rule obtain-homo-coords)

have (c¢nj 21, cnj 22) *ypm Rep-circline-mat H *,, (21, 22) = 0
using (on-circline-rep H z) zz
unfolding on-circline-rep-def Let-def
by (simp add: vec-cnj-def)
hence cnj ((cnj z1, cnj 22) *ym Rep-circline-mat H x,, (21, 22)) = 0
by simp
hence (z1, 22) %y mat-cnj (Rep-circline-mat H) %y, (cng 21, cnj 22) = 0
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by (subst (asm) cng-mult-vv) (cases Rep-circline-mat H, simp add: vec-cnj-def
mat-cng-def complex-cnj)
thus on-circline-rep (circline-cnj-rep H) (cng-homo-coords z)
unfolding on-circline-rep-def Let-def
using 2z
by (simp add: vec-cnj-def)
qed
qed

lemma [simp]: circline-cnj (circline-cnj H) = H
by (transfer) (auto simp add: circline-cnj-rep-def Rep-circline-mat-inverse, rule-tac
z=1 in exl, simp)

lemma cnj-homo-circline-set:
shows cnj-homo ¢ circline-set H = circline-set (circline-cnj H) (is ?lhs = ?rhs)
proof (safe)
fix z
assume z € circline-set (circline-cnj H)
show 2z € cnj-homo ‘ circline-set H
proof
show z = cnj-homo (cnj-homo z)
by simp
next
show cnj-homo z € circline-set H
using (z € circline-set (circline-cnj H)
using cnj-homo-circline-set’[of circline-cnj H)
by auto
qed
next
fix z
assume z € circline-set H
thus cnj-homo z € circline-set (circline-cnj H)
using cnj-homo-circline-set’[of H|
by auto
qed

Reciprocal and inversion of circlines

definition circline-swap-AD-rep where
circline-swap-AD-rep H =
(let (A, B, C, D) = Rep-circline-mat H
in Abs-circline-mat (D, B, C, A))

lemma
shows [simp]: Rep-circline-mat (circline-swap-AD-rep H) = (let (A, B, C, D)
= Rep-circline-mat H in (D, B, C, A))
proof—
obtain A B C' D where hh: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
have hermitean (D, B, C, A) A (D, B, C, A) # mat-zero
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using Rep-circline-mat|of H| hh
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)
thus ?thesis
using hh
unfolding circline-swap-AD-rep-def Let-def
by (cases Rep-circline-mat H) (simp add: Abs-circline-mat-inverse)
qed

lift-definition circline-swap-AD :: circline = circline is circline-swap-AD-rep
proof—
fix H H' :: circline-mat
assume circline-mat-eq H H'
thus circline-mat-eq (circline-swap-AD-rep H) (circline-swap-AD-rep H')
by (cases Rep-circline-mat H, cases Rep-circline-mat H') auto
qed

lemma reciprocal-circline-set:
shows reciprocal-homo * circline-set H = circline-set ((circline-cnj o circline-swap-AD)
H)
proof (subst reciprocal-moebius, subst moebius-circline-set)
have moebius-circline reciprocal-moebius H = (circline-cnj o circline-swap-AD)
H
unfolding reciprocal-moebius-def
proof (transfer)
fix H :: circline-mat
obtain A B C D where H: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) blast
thus circline-mat-eq (moebius-circline-rep (mk-moebius-rep 01 1 0) H) ((circline-cnj-rep
o circline-swap-AD-rep) H)
using Rep-circline-mat[of H]
by (simp add: mat-adj-def mat-cnj-def hermitean-def) (rule-tac z=1 in exl,
simp)
qed
thus circline-set (moebius-circline reciprocal-moebius H) = circline-set ((circline-cnj
o circline-swap-AD) H)
by simp
qed

lemma inversion-circline-set:

shows inversion-homo ¢ circline-set H = circline-set (circline-swap-AD H)
unfolding inversion-homo-def image-comp
by (subst reciprocal-circline-set, subst cnj-homo-circline-set, rule arg-cong[where
f=circline-set]) simp

11.6 Circline uniqueness

11.6.1 Zero type circline uniqueness

lemma unique-circline-type-zero-0h’:
shows (circline-type circline-point-0h = 0 A 0, € circline-set circline-point-0h)
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N
(VY H. circline-type H = 0 A 0y, € circline-set H — H = circline-point-0h)
unfolding circline-set-def
proof (safe)
show circline-type circline-point-Oh = 0
by (transfer) (simp add: circline-type-rep-def circline-point-Oh-rep-def)
next
show on-circline circline-point-0h 0p,
by (transfer) (simp add: on-circline-rep-def Let-def vec-cnj-def)
next
fix H
assume circline-type H = 0 on-circline H 0p,
thus H = circline-point-0h
proof (transfer)
fix H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
hence *: C' = cnj B is-real A
using Rep-circline-mat|of H| hermitean-elems[of A B C D]
by auto
assume circline-type-rep H = 0 on-circline-rep H zero-homo-rep
thus circline-mat-eq H circline-point-0h-rep
using * Rep-circline-mat|of H| HH
by (simp add: on-circline-rep-def Let-def Abs-circline-mat-inverse vec-cnj-def
circline-type-rep-def sgn-minus sgn-mult sgn-zero-iff)
(rule-tac x=1/Re A in exl, cases A, cases B, simp add: complez-of-real-Re
sgn-zero-iff’)
qed
qed

lemma unique-circline-type-zero-0h:

shows 3! H. circline-type H = 0 N 0}, € circline-set H
using unique-circline-type-zero-0h’'
by auto

lemma unique-circline-type-zero:
shows 3! H. circline-type H = 0 A z € circline-set H
proof—
obtain M where ++: moebius-pt M z = 0y,
using ez-moebius-1[of 2]
by auto
have +++: 2 = moebius-pt (moebius-inv M) 0p
by (subst ++[symmetric]) simp
then obtain H0O where x: circline-type HO = 0 N 0y, € circline-set H0 and
xx: YV H'. circline-type H' = 0 A 0y, € circline-set H' — H' = HO0
using unique-circline-type-zero-0h
by auto
let ?H’' = moebius-circline (moebius-inv M) HO
show ?thesis
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unfolding FEzI-def
using * +++
proof (rule-tac z=?H"in exl, simp add: moebius-preserve-circline-type moebius-circline-set|symmetric],
safe)
fix H'
assume circline-type H' = 0 moebius-pt (moebius-inv M) 0, € circline-set H'
hence 0}, € circline-set (moebius-circline M H')
by (metis ++ +++ imagel moebius-circline-set)
hence moebius-circline M H' = HO
using xx[rule-format, of moebius-circline M H')
using moebius-preserve-circline-type[of M H'] «circline-type H' = 0
by simp
thus H' = moebius-circline (moebius-inv M) HO
by auto
qed
qed

11.6.2 Negative type circline uniqueness

lemma unique-circline-01inf":
0y € circline-set z-axis N 1y, € circline-set x-axis N\ ooy € circline-set x-axis N
(V H. 0y, € circline-set H A\ 1, € circline-set H N\ ooy, € circline-set H — H
= z-axis)
proof safe
fix H
assume 0, € circline-set H 1, € circline-set H ooy, € circline-set H
thus H = z-axis
unfolding circline-set-def
apply simp
proof (transfer)
fix H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
have x: C =cnjBA=0AND=0— B #0
using hermitean-elems[of A B C D] Rep-circline-mat|of H) HH
by auto
obtain Bx By where B = Complex Bx By
by (cases B) auto
assume on-circline-rep H zero-homo-rep on-circline-rep H one-homo-rep on-circline-rep
H inf-homo-rep
thus circline-mat-eq H x-axis-rep
using * HH «(C = c¢nj By (B = Complex Bx By
by (simp add: on-circline-rep-def Let-def mk-circline-rep-def Abs-circline-mat-inverse
vec-cnj-def complex-of-real-def i-def , rule-tac x=1/By in exl, auto )
qed
qed simp-all

lemma unique-circline-set:
assumes A # BA# CB # C
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shows 3! H. A € circline-set H A B € circline-set H N C € circline-set H
proof—
let P =XABC.A#BANA#CANB#C — (3! H. A € circline-set H
A B € circline-set H N C' € circline-set H)
have ?P A B C
proof (rule wlog-moebius-01inf|of ?P])
fix Mabec
let ?M = moebius-pt M
assume ?Pabc
show 2P (?M a) (?M b) (?M c¢)
proof
assume M a # ?Mb A Ma# ?McN?Mb+# ?Mc
hence a #bb# ca # ¢
using bij-moebius-pt[of M|
by (auto simp add: bij-def inj-on-def)
hence 3!H. a € circline-set H N b € circline-set H A ¢ € circline-set H
using (P a b o
by simp
then obtain H where
*: a € circline-set H N\ b € circline-set H N\ ¢ € circline-set H and
xx: VH'. a € circline-set H' A\ b € circline-set H' A ¢ € circline-set H' —
H =H
unfolding Ezi1-def
by auto
let ?H’ = moebius-circline M H
show 3! H. ?M a € circline-set H AN moebius-pt M b € circline-set H N
moebius-pt M ¢ € circline-set H
unfolding Ezi1-def
proof (rule-tac z=?H" in ezl rule)
show ?M a € circline-set ?H' N\ ?M b € circline-set 2H' A ?M ¢ € circline-set
2o’
using * moebius-circline-set-mem[of M - H]
by blast
next
show VH'. ?M a € circline-set H' N ?M b € circline-set H' N ?M ¢ €
circline-set H' — H' = ?H'
proof (safe)
fix H'
let 2iH’ = moebius-circline (moebius-inv M) H'
assume ?M a € circline-set H' ?M b € circline-set H' ?M ¢ € circline-set
H/
hence a € circline-set 2iH' A b € circline-set 22H' N\ ¢ € circline-set ?1H'
using moebius-circline-set-mem|[of M - 2iH’, simplified]
by simp
hence H = %H'
using *x
by simp
thus H' = moebius-circline M H
by simp
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qged
qed
qed
next
show 2P 0} 1, ooy
using unique-circline-01inf’
unfolding EzI-def
by (safe, rule-tac x=z-azis in exl) auto
qed fact+
thus ?thesis
using assms
by simp
qed

11.7 Circline set cardinality
11.7.1 Diagonal circlines

definition circline-diag-rep where

circline-diag-rep H <— mat-diagonal (Rep-circline-mat H)
lemma [simp|: mat-diagonal H +— (let (A, B, C, D) =HinB=0A C = 0)
by (cases H) simp

lift-definition circline-diag :: circline = bool is circline-diag-rep
by (auto simp add: circline-diag-rep-def)

lemma det-zero-trace-zero:
assumes mat-det A = 0 mat-trace A = (0::complex) hermitean A
shows A = mat-zero
using assms
proof—
{
fix a dc
assume a x d =cnjcxca+d=0cnja=a
from (¢ + d = 0) have d = —a
by (metis add-eq-0-iff )
hence — (cor (Re a))?> = (cor (cmod c))?
using «cnj a = @) eg-cng-iff-real|of a)
using (axd = cnj ¢ x ¢
using complez-mult-cnj-cmod|of cnj c]
by (simp add: complez-of-real-Re power2-eq-square)
hence — (Re a)? > 0
using zero-le-power2|of cmod c]
by (metis Re-complex-of-real cor-squared of-real-minus)
hence a = 0
using zero-le-power2|of Re a]
using «cnj a = @) egq-cnj-iff-real]of a]
by (cases a) simp
} note x = this
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obtain a b ¢ d where A = (a, b, ¢, d)
by (cases A) auto
thus ?thesis
using *[of a d ¢] *[of d a (]
using assms (A = (a, b, ¢, d)
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)
qed

lemma circline-diagonalize:
shows 3 M H'. moebius-circline M H = H' A circline-diag H'
using assms
proof transfer
fix H
obtain A B C D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
hence HH-elems: is-real A is-real D C = cnj B
using hermitean-elems[of A B C D] Rep-circline-mat[of H]
by auto
obtain M k1 k2 where x: mat-det M # 0 unitary M congruence M ( Rep-circline-mat
H) = (k1, 0, 0, k2) is-real k1 is-real k2
using hermitean-diagonizable[of Rep-circline-mat H| Rep-circline-mat|[of H]
by auto
have k1 # 0 V k2 # 0
using <congruence M (Rep-circline-mat H) = (k1, 0, 0, k2)) Rep-circline-mat[of
H] congruence-nonzero[of Rep-circline-mat H M| (mat-det M # 0
by auto

have *x: Rep-circline-mat (Abs-circline-mat (k1, 0, 0, k2)) = (k1, 0, 0, k2)
apply (rule Abs-circline-mat-inverse)
using «s-real k1) is-real k2) k1 #£ 0 V k2 # O

by (auto simp add: hermitean-def mat-adj-def mat-cnj-def eq-cng-iff-real[symmetric))

thus 3 M H'. circline-mat-eq (moebius-circline-rep M H) H' A circline-diag-rep

H/
using * mat-det-inv]of M]

by (rule-tac x=Abs-moebius-mat (mat-inv M) in exl, rule-tac x=Abs-circline-mat

(k1, 0, 0, k2) in exl)
(simp add: Abs-moebius-mat-inverse circline-diag-rep-def, rule-tac =1 in

exl, simp)
qed

lemma wlog-circline-diag:
assumes A H. circline-diag H = P H
AN MH. PH = P (moebius-circline M H)
shows P H
proof—
obtain M H' where moebius-circline M H = H' circline-diag H'
using circline-diagonalize|of H]
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by auto

hence P (moebius-circline M H)
using assms(1)
by simp

thus ?thesis
using assms(2)[of moebius-circline M H moebius-inv M]
by simp

qed

11.7.2 Zero type circline set cardinality

lemma circline-type-zero-card-eq1-0h:
assumes circline-type H = 0 0}, € circline-set H
shows circline-set H = {0y}
using assms
unfolding circline-set-def
proof (safe)
fix z
assume on-circline H z circline-type H = 0 on-circline H 0y,
hence H = circline-point-0h
using unique-circline-type-zero-0h'
unfolding circline-set-def
by simp
thus z = 0,
using (on-circline H 2
proof transfer
fix H z
assume circline-mat-eq H circline-point-Oh-rep on-circline-rep H z
thus z ~ zero-homo-rep
using Rep-homo-coords|of z]
by (cases Rep-homo-coords z, cases Rep-circline-mat H) (simp add: circline-point-Oh-rep-def
on-circline-rep-def Let-def vec-cnj-def, rule-tac x=1/b in exl, auto)
qed
qed

lemma bij-image-singleton:
[f“A={b} fa="b;bijf] = A= {a}

by (metis (mono-tags) bij-betw-imp-inj-on image-empty image-insert inj-vimage-image-eq)

lemma circline-type-zero-card-eql:
assumes circline-type H = 0
shows 3 z. circline-set H = {z}
proof—
have 3 z. on-circline H z
using assms
proof transfer
fix H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
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hence C = cnj B is-real A is-real D
using Rep-circline-mat|of H] hermitean-elems[of A B C D]
by auto
assume circline-type-rep H = 0
hence mat-det (Rep-circline-mat H) = 0
using Rep-circline-mat[of H] mat-det-hermitean-real|of Rep-circline-mat H]
by (auto simp add: circline-type-rep-def sgn-zero-iff) (metis complex-surj
complez-zero-def)
hence AxD = BxC
using HH
by simp
show Ez (on-circline-rep H)
proof (cases A # 0 V B # 0)
case True
thus ?thesis
using HH (AxD = Bx(C)
by (rule-tac x=Abs-homo-coords (—B, A) in exI) (auto simp add: on-circline-rep-def
Let-def Abs-homo-coords-inverse vec-cnj-def complex-cnj field-simps)
next
case Fulse
thus ?thesis
using HH «C = cnj B)
by (rule-tac z=Abs-homo-coords (1, 0) in exl) (simp add: Abs-homo-coords-inverse
on-circline-rep-def Let-def vec-cnj-def)
qed
qged
then obtain z where on-circline H z
by auto
obtain M where moebius-pt M z = 0y
using ez-moebius-1[of z]
by auto
hence 0}, € circline-set (moebius-circline M H)
using (on-circline H 2
by (subst moebius-circline-set|of M H, symmetric]) (force simp add: circline-set-def)
hence circline-set (moebius-circline M H) = {04}
using circline-type-zero-card-eq1-0h[of moebius-circline M H| <circline-type H
=0
by (auto simp add: moebius-preserve-circline-type)
hence circline-set H = {2z}
using (moebius-pt M z = Op)
using bij-moebius-pt[of M| bij-image-singleton|of moebius-pt M circline-set H -
z]
by (subst (asm) moebius-circline-set[symmetric]) simp
thus ?thesis
by auto
qed
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11.7.3 Negative type circline set cardinality

lemma quad-form-diagonal-iff:
assumes kI # 0 is-real k1 is-real k2 Re k1 « Re k2 < 0
shows quad-form (z1, 1) (k1, 0, 0, k2) = 0 «— (3 . 21 = rcis (sqrt (Re
(—k2 /k1))) #)
proof—
have Re (—k2/k1) > 0
using (Re kI * Re k2 < 0 ds-real k1) (is-real k2) k1 # O)
by (auto simp add: Re-divide-real) (metis less-asym mult-neg-neg mult-pos-pos
not-less zero-less-divide-iff )

have quad-form (21, 1) (k1, 0, 0, k2) = 0 < (cor (ecmod 21))? = —k2 / ki
using assms add-eq-0-iff [of k2 k1x(cor (cmod 21))?]
using eq-divide-imp[of k1 (cor (emod 21))? —k2]
by (auto simp add: vec-cnj-def field-simps complex-mult-cnj-cmod)
also have ... «— (cmod 21)?> = Re (—k2 /kI)
using assms
apply (subst complez-eq-if-Re-eq)
using Re-complez-of-real[of (cmod 21)?]
by auto (metis is-real-complez-of-real of-real-power, metis div-reals)
also have ... «— cmod z1 = sqrt (Re (—k2 /k1))
by (metis norm-ge-zero real-sqrt-ge-0-iff real-sqrt-pow2 real-sqrt-power)
also have ... «— (3 . 21 = rcis (sqrt (Re (—k2 [k1))) )
using rcis-cmod-arg|of z1, symmetric] assms abs-of-nonneg|of sqrt (Re (—k2/k1))]
using (Re (—k2/k1) > O»
by auto
finally show ?thesis

qed

lemma circline-type-neg-card-gt3-diag:
assumes circline-type H < 0 circline-diag H
shows3 ABC. A#BANA#CAB+#CA{A, B, C} C circline-set H
using assms
unfolding circline-set-def
apply (simp del: HOL.ex-simps)
proof (transfer)
fix H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
hence HH-elems: is-real A is-real D C = cnj B
using hermitean-elems[of A B C D] Rep-circline-mat[of H]
by auto
assume circline-diag-rep H circline-type-rep H < 0
hence B=0C=0ReA*x ReD < 0A#0
using HH cis-real A) s-real D)
unfolding circline-diag-rep-def circline-type-rep-def
by auto
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let %z = sqrt (Re (— D / A))
let ?A = (rcis %z 0, 1)
let ?B = (rcis ?x (pi/2), 1)
let ?C' = (rcis %z pi, 1)
from quad-form-diagonal-iff[OF (A # 0) ¢is-real A <is-real D) (Re A * Re D <
0]
have quad-form 2?4 (A, 0, 0, D) = 0 quad-form ?B (A, 0, 0, D) = 0 quad-form
?C (A, 0,0,D)=20
by (auto simp del: rcis-zero-arg)
moreover
have Re (D / A) < 0
using <(Re A x Re D < 0) (A # 0 ds-real A (is-real D)
by (subst Re-divide-real) (auto, metis divide-less-0-iff mult-eq-0-iff mult-neg-neg
mult-pos-pos not-less-iff-gr-or-eq)
hence — Abs-homo-coords ?A =~ Abs-homo-coords ?B N — Abs-homo-coords ?A
~ Abs-homo-coords ?C N\ = Abs-homo-coords ?B =~ Abs-homo-coords ?C
unfolding rcis-def
by (auto simp add: Abs-homo-coords-inverse cis-def)
ultimately
show 3A BC. - A~ BAN—- A~ CA - B= C A (on-circline-rep H A N
on-circline-rep H B A on-circline-rep H C')
using HH (B = 0h «C = O
by (rule-tac x=Abs-homo-coords ?A in exl, rule-tac t=Abs-homo-coords ?B in
exl, rule-tac x=Abs-homo-coords ?C in exl)
(simp add: on-circline-rep-def Abs-homo-coords-inverse Let-def)
qged

lemma circline-type-neg-card-gt3:
assumes circline-type H < 0
shows 3 ABC. A#BANA#CANB#CAN{A, B, C} C circline-set H
proof—
obtain M H' where moebius-circline M H = H' circline-diag H'
using circline-diagonalize[of H] assms
by auto
moreover
hence circline-type H' < 0
using assms moebius-preserve-circline-type
by auto
ultimately
obtain A B C where A # B A # CB # C {A, B, C} C circline-set H’
using circline-type-neg-card-gt3-diaglof H']
by auto
let 2iM = moebius-inv M
have moebius-circline 2iM H' = H
using <moebius-circline M H = H"’[symmetric]
by simp
let ?A = moebius-pt ?iM A and ¢B= moebius-pt ?iM B and ?C = moebius-pt
%iM C
have ?A € circline-set H ?B € circline-set H ?C € circline-set H
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using (moebius-circline %M H' = H)[symmetric] {4, B, C} C circline-set H"
by (simp-all add: moebius-circline-set[symmetric))

moreover

have ?A # ?B ?A # ?C ?B #+ 2C
using bij-moebius-pt[of moebius-inv M| (A # By (A # C) (B # )
unfolding bij-def inj-on-def
by blast+

ultimately

show ?thesis
by auto

qged

11.7.4 Positive type circline set cardinality

lemma circline-type-pos-card-eq0-diag:
assumes circline-diag H circline-type H > 0
shows circline-set H = {}
using assms
unfolding circline-set-def
apply simp
proof transfer
fix H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
hence HH-elems: is-real A is-real D C = cnj B
using hermitean-elems[of A B C D] Rep-circline-mat[of H]
by auto
assume circline-diag-rep H 0 < circline-type-rep H
hence B=0C=0ReA*ReD >0A+#0
using (circline-diag-rep Hy HH (is-real A (is-real D>
unfolding circline-diag-rep-def circline-type-rep-def
by auto
show Vx. = on-circline-rep H z
proof
fix z
obtain z! 22 where zz:Rep-homo-coords x = (z1, x2)
by (rule obtain-homo-coords)
have (Re A > 0 AN ReD > 0)V (ReA< 0N ReD <0)
using (Re A x Re D > )
by (metis linorder-neqE-linordered-idom mult-eq-0-iff zero-less-mult-pos zero-less-mult-pos2)
moreover
have (Re (z1 * cnjxl) > 0 A Re (22 * cnj x2) > 0) V (Re (z1 * enj 1) >
0 A Re (22 * cnj x2) > 0)
using Rep-homo-coords|of x] zx
by auto (metis complez-surj complex-zero-def sum-squares-gt-zero-iff )+
ultimately
have Re A x Re (x1 % cnjx1) + Re D x Re (22 * cnj z2) # 0
apply auto
apply (metis add-less-cancel-left add-pos-pos mult-eq-0-iff mult-pos-pos sum-squares-eq-zero-iff
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sum-squares-gt-zero-iff )
apply (metis (lifting, no-types) add-pos-pos comm-semiring-1-class.normalizing-semiring-rules(6)
mult-eq-0-iff mult-pos-pos sum-squares-gt-zero-iff)
apply (metis add-less-cancel-left add-neg-neg mult-eq-0-iff mult-pos-neg2
sum-squares-eq-zero-iff sum-squares-gt-zero-iff )
apply (metis (lifting, no-types) add-neg-neg comm-semiring-1-class.normalizing-semiring-rules(6)
mult-eq-0-iff mult-pos-neg2 sum-squares-gt-zero-iff)
done
hence A x (z1 * cnjzl) + D * (22 * enj z2) # 0
using «s-real A <is-real D)
by (metis Re-mult-real complez-Re-add complez-Re-zero)
thus — on-circline-rep H x
using HH «B = 0) «C = 0) zx
unfolding on-circline-rep-def Let-def
by (simp add: vec-cnj-def field-simps)
qed
qed

lemma circline-type-pos-card-eq0:
assumes circline-type H > 0
shows circline-set H = {}
proof—
obtain M H' where moebius-circline M H = H' circline-diag H'
using circline-diagonalize[of H| assms
by auto
moreover
hence circline-type H' > 0
using assms moebius-preserve-circline-type
by auto
ultimately
have circline-set H' = {}
using circline-type-pos-card-eq0-diag[of H']
by auto
let ?iM = moebius-inv M
have moebius-circline %M H' = H
using <moebius-circline M H = H’[symmetric]
by simp
thus ?thesis
using (circline-set H' = {}
by (auto simp add: moebius-circline-set[symmetric])
qed

11.7.5 Cardinality determines type

lemma card-eq1-circline-type-zero:
assumes 3 z. circline-set H = {z}
shows circline-type H = 0

proof (cases circline-type H < 0)
case True
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thus ?thesis
using circline-type-neg-card-gt3of H] assms
by auto
next
case Fulse
show ?thesis
proof (cases circline-type H > 0)
case True
thus ?thesis
using circline-type-pos-card-eq0[of H| assms
by auto
next
case Fulse
thus ?thesis
using «— (circline-type H) < 0
by simp
qed
qed

11.7.6 Circline set is injective

lemma inj-circline-set:
assumes circline-set H = circline-set H' circline-set H # {}
shows H = H'
proof (cases circline-type H < 0)
case True
then obtain A B C where A # B A # CB # C {A, B, C} C circline-set H
using circline-type-neg-card-gt3[of H|
by auto
hence 3'H. A € circline-set H A B € circline-set H N C € circline-set H
using unique-circline-set[of A B C]
by simp
thus ?thesis
using <circline-set H = circline-set H"Y ({A, B, C} C circline-set H)
by auto
next
case Fulse
show ?thesis
proof (cases circline-type H = 0)
case True
moreover
then obtain A where {A} = circline-set H
using circline-type-zero-card-eql [of H|
by auto
moreover
hence circline-type H' = 0
using <circline-set H = circline-set H" card-eql-circline-type-zero[of H')
by auto
ultimately
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show ?thesis
using unique-circline-type-zero[of A] (circline-set H = circline-set H"
by auto
next
case Fulse
hence circline-type H > 0
using (— (circline-type H < 0)
by auto
thus ?thesis
using <circline-set H # {} circline-type-pos-card-eq0[of H|
by auto
qed
qed

11.8 Symmetric points wrt. circline

definition circline-symmetric-rep where
circline-symmetric-rep z1 22 H +—
(let z1 = Rep-homo-coords z1;
22 = Rep-homo-coords 22;
H = Rep-circline-mat H in
bilinear-form z1 z2 H = 0)

lift-definition circline-symmetric :: complex-homo = complex-homo = circline

= bool is circline-symmetric-rep

by (auto simp add: circline-symmetric-rep-def bilinear-form-scale-m bilinear-form-scale-v1
bilinear-form-scale-v2 simp del: vec-cnj-sv quad-form-def bilinear-form-def)

lemma symmetry-principle:
assumes circline-symmetric z1 z2 H
shows circline-symmetric (moebius-pt M z1) (moebius-pt M z2) (moebius-circline
M H)
using assms
proof (transfer)
fix z1 22 HM
assume circline-symmetric-rep z1 z2 H
thus circline-symmetric-rep (moebius-pt-rep M z1) (moebius-pt-rep M 22) (moebius-circline-rep
M H)
apply (auto simp add: circline-symmetric-rep-def simp del: bilinear-form-def)
using Rep-moebius-mat[of M|
by (subst bilinear-form-congruence[symmetric]) simp-all
qed

Symmetry wrt. unit-circle

lemma circline-symmetric-Oinf-disc: circline-symmetric 0y, ooy unit-circle
by (transfer) (simp add: circline-symmetric-rep-def vec-cnj-def)

lemma circline-symmetric-inv-homo-disc: circline-symmetric a (inversion-homo
a) unit-circle
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unfolding inversion-homo-def
by (transfer) (case-tac Rep-homo-coords a, auto simp add: circline-symmetric-rep-def
vec-cng-def split-def Let-def)

lemma circline-symmetric-inv-homo-disc’:
assumes circline-symmetric a a’ unit-circle
shows a’ = inversion-homo a
unfolding inversion-homo-def
using assms
proof (transfer)
fix a a’
obtain a! a2 where aa: Rep-homo-coords a = (al, a2)
by (rule obtain-homo-coords)
obtain al’ a2’ where aa’: Rep-homo-coords a’ = (al’, a2’)
by (rule obtain-homo-coords)
assume *: circline-symmetric-rep a a’ unit-circle-rep
show a’ &~ (cnj-homo-coords o reciprocal-homo-coords) a
proof (cases al’ = 0)
case True
thus ?thesis
using aa aa’ * Rep-homo-coords|of a’] Rep-homo-coords|of a]
by (auto simp add: circline-symmetric-rep-def vec-cnj-def field-simps)
next
case Fulse
show ?thesis
proof (cases a2 = 0)
case True
thus ?thesis
using <al’ # O)
using aa aa’ * Rep-homo-coords|of a]
by (simp add: circline-symmetric-rep-def vec-cnj-def field-simps)
next
case Fulse
thus ?thesis
using (a1’ # 0y aa aa’
by (simp add: circline-symmetric-rep-def vec-cnj-def field-simps) (rule-tac
z=cnj a2 / al’in exl, simp add: field-simps)
qed
qed
qed

11.9 Oriented circlines; discs

definition ocircline-mat-eq where
[simp]: ocircline-mat-eq A B +— (3 kureal. k > 0 A Rep-circline-mat B =
complez-of-real k *sm (Rep-circline-mat A))

lemma [simp]: ocircline-mat-eq H H
by (simp, rule-tac z=1 in exl, simp)
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quotient-type ocircline = circline-mat / ocircline-mat-eq
proof (rule equivpl)
show refip ocircline-mat-eq
unfolding refip-def
by (auto, rule-tac x=1 in exl, simp)
next
show symp ocircline-mat-eq
unfolding symp-def
by (auto, rule-tac t=1/k in exl, simp)
next
show transp ocircline-mat-eq
unfolding transp-def
by (auto, rule-tac x=kaxk in exl, simp add: mult-pos-pos)
qed

lift-definition on-ocircline :: ocircline = complex-homo = bool is on-circline-rep
by (auto simp add: on-circline-rep-def quad-form-scale-m quad-form-scale-v Let-def
stmp del: vec-cnj-sv quad-form-def)

definition ocircline-set :: ocircline = complex-homo set where
ocircline-set H = {z. on-ocircline H z}

disc and disc complement

definition in-ocircline-rep where
in-ocircline-rep H z <—
(let z = Rep-homo-coords z;
H = Rep-circline-mat H
in Re (quad-form z H) < 0)

lift-definition in-ocircline :: ocircline = complex-homo = bool is in-ocircline-rep
proof—
fix HH' z 2’
assume ocircline-mat-eq H H' z =~ 2
then obtain k k&’ where
x: 0 < k Rep-circline-mat H' = cor k *¢, Rep-circline-mat Hk'# 0 Rep-homo-coords
2" = k' %4, Rep-homo-coords z
by auto
hence quad-form (Rep-homo-coords z') (Rep-circline-mat H') = cor k x cor
((cmod k")?) % quad-form (Rep-homo-coords z) (Rep-circline-mat H)
by (simp add: quad-form-scale-v quad-form-scale-m del: vec-cnj-sv quad-form-def’)
hence Re (quad-form (Rep-homo-coords z') (Rep-circline-mat H')) =
k % (cmod k') * Re (quad-form (Rep-homo-coords z) (Rep-circline-mat H))
using Rep-circline-mat|of H| quad-form-hermitean-real[of Rep-circline-mat H|
by (simp add: complex-of-real-Re power2-eq-square)
thus in-ocircline-rep H z = in-ocircline-rep H' 2z’
unfolding in-ocircline-rep-def Let-def
using <k > O k' #£ O
apply auto

!
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apply (metis mult-pos-neg mult-pos-pos norm-eq-zero zero-less-power2)
apply (metis comm-semiring-1-class.normalizing-semiring-rules(10) mult-less-cancel-left-pos
zero-less-norm-iff zero-less-power)
done
qed

definition disc where
disc H = {z. in-ocircline H z}

definition out-ocircline-rep where
out-ocircline-rep H z +—
(let z = Rep-homo-coords z;
H = Rep-circline-mat H
in Re (quad-form z H) > 0)

lift-definition out-ocircline :: ocircline = complex-homo = bool is out-ocircline-rep
proof—
fix HH' z 2’
assume ocircline-mat-eq H H' 2 =~ 2
then obtain k k’ where
x: 0 < k Rep-circline-mat H' = cor k *,, Rep-circline-mat Hk'# 0 Rep-homo-coords
2" = k' x4, Rep-homo-coords z
by auto
hence quad-form (Rep-homo-coords z') (Rep-circline-mat H') = cor k = cor
((cmod k')?) x quad-form (Rep-homo-coords z) (Rep-circline-mat H)
by (simp add: quad-form-scale-v quad-form-scale-m del: vec-cnj-sv quad-form-def)
hence Re (quad-form (Rep-homo-coords z') (Rep-circline-mat H')) =
k x (cmod k')? * Re (quad-form (Rep-homo-coords z) (Rep-circline-mat H))
using Rep-circline-mat[of H] quad-form-hermitean-real[of Rep-circline-mat H|
by (simp add: complex-of-real-Re power2-eq-square)
thus out-ocircline-rep H z = out-ocircline-rep H' 2’
unfolding out-ocircline-rep-def Let-def
using & > 0 k' # O
apply auto
apply (metis mult-pos-pos norm-eq-zero zero-less-power2)
apply (metis comm-semiring-1-class.normalizing-semiring-rules(10) mult-less-cancel-left-pos
zero-less-norm-iff zero-less-power)
done
qed

!

definition disc-compl where
disc-compl H = {z. out-ocircline H z}

lemma in-on-out: in-ocircline H z \V on-ocircline H z \V out-ocircline H z
proof transfer
fix 2 H
show in-ocircline-rep H z V on-circline-rep H z V out-ocircline-rep H z
using Rep-circline-mat[of H] quad-form-hermitean-real[of Rep-circline-mat H
Rep-homo-coords z]
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by (simp add: in-ocircline-rep-def on-circline-rep-def out-ocircline-rep-def Let-def)
(metis complex-Im-zero complez-Re-zero complex-equality linorder-cases)
qed

lemma disc H U disc-compl H U ocircline-set H = UNIV
unfolding disc-def disc-compl-def ocircline-set-def

using in-on-out[of H|

by auto

lemma
disc-inter-disc-compl: disc H N disc-compl H = {}
unfolding disc-def disc-compl-def
by auto (transfer, auto simp add: in-ocircline-rep-def out-ocircline-rep-def Let-def)

lemma
disc-inter-ocircline-set: disc H N ocircline-set H = {}
unfolding disc-def ocircline-set-def
by auto (transfer, simp add: in-ocircline-rep-def on-circline-rep-def Let-def)

lemma

disc-compl-inter-ocircline-set: disc-compl H N ocircline-set H = {}
unfolding disc-compl-def ocircline-set-def
by auto (transfer, simp add: out-ocircline-rep-def on-circline-rep-def Let-def)

Opposite orientation

definition opposite-ocircline-rep where
opposite-ocircline-rep H =
(let H = Rep-circline-mat H in
Abs-circline-mat (—1 x4 H))

lemma circline-mat-mult-m1 [simp]: Rep-circline-mat (Abs-circline-mat (—1 *gpm,
Rep-circline-mat H)) = (—1 *4,, Rep-circline-mat H)
proof—
have —1 = cor (—1)
by (simp add: complex-of-real-def)
thus ?thesis
using circline-mat-mult-sm-Rep[of —1 H]
by auto
qged

lemma [simp]: Rep-circline-mat (opposite-ocircline-rep H) = (—1 *4,, Rep-circline-mat
H)
unfolding opposite-ocircline-rep-def

by auto

lift-definition opposite-ocircline :: ocircline = ocircline is opposite-ocircline-rep
by auto

lemma opposite-ocircline-rep-opposite-ocircline-rep
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[simp]: opposite-ocircline-rep (opposite-ocircline-rep H) = H
by (simp add: opposite-ocircline-rep-def Rep-circline-mat-inverse)

lemma opposite-ocircline-opposite-ocircline
[simp]: opposite-ocircline (opposite-ocircline H) = H
by (transfer) (auto, rule-tac x=1 in exl, simp)

lemma ocircline-set-opposite-ocircline
[simp]: ocircline-set (opposite-ocircline H) = ocircline-set H
unfolding ocircline-set-def
by auto (transfer, auto simp add: on-circline-rep-def quad-form-scale-m simp del:
quad-form-def )+

lemma disc-compl-opposite: disc-compl (opposite-ocircline H) = disc H
unfolding disc-def disc-compl-def

apply auto

apply (transfer)

apply (auto simp add: in-ocircline-rep-def out-ocircline-rep-def quad-form-scale-m

simp del: quad-form-def)

apply (transfer)

apply (auto simp add: in-ocircline-rep-def out-ocircline-rep-def quad-form-scale-m

simp del: quad-form-def)

done

lemma disc-opposite:

disc (opposite-ocircline H) = disc-compl H
using disc-compl-opposite|of opposite-ocircline H|
by simp

of-ocircline, pos-oriented, of-circline

lift-definition of-ocircline :: ocircline = circline is id::circline-mat = circline-mat
by auto (rule-tac z=Fk in exl, simp)

lemma of-ocircline-opposite-ocircline [simp]:
of-ocircline (opposite-ocircline H) = of-ocircline H
by (transfer) (auto, rule-tac x=—1 in exl, simp)

lemma circline-set-ocircline-set [simp]:
circline-set (of-ocircline H) = ocircline-set H
unfolding ocircline-set-def circline-set-def
by (safe) (transfer, simp)+

lemma inj-of-ocircline:
assumes of-ocircline H = of-ocircline H'
shows H = H'V H = opposite-ocircline H'
using assms
by (transfer) (auto, metis linorder-neqE-linordered-idom neg-0-less-iff-less of-real-minus)
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lemma
inj-ocircline-set:
assumes ocircline-set H = ocircline-set H' ocircline-set H # {}
shows H = H'V H = opposite-ocircline H'
proof—
from assms have circline-set (of-ocircline H) = circline-set (of-ocircline H')
circline-set (of-ocircline H') # {}
using circline-set-ocircline-set[symmetric, of H] circline-set-ocircline-set[symmetric,
of H']
by blast+
hence of-ocircline H = of-ocircline H'
by (simp add: ing-circline-set)
thus ?thesis
by (rule inj-of-ocircline)
qed

definition pos-oriented-rep where
pos-oriented-rep H <—

(let (A, B, C, D) = Rep-circline-mat H

in(ReA>0V (ReA=0AN({(B#0ANargB >0)V (B=0ANReD >
0)))))

lemma pos-oriented-rep: pos-oriented-rep H V pos-oriented-rep (opposite-ocircline-rep
)
proof—
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
moreover
hence Re A=0ANReD=0— B#20
using Rep-circline-mat|of H| hermitean-elems[of A B C D]
by (cases A, cases D) auto
moreover
have B# 0 AN -0 < arg B— 0 < arg (— B)
using MoreComplex.canon-ang-plus-pi2|of arg B] arg-bounded|of B]
by (auto simp add: arg-uminus)
ultimately
show ?thesis
by (auto simp add: pos-oriented-rep-def)
qed

lift-definition pos-oriented :: ocircline = bool is pos-oriented-rep
apply (auto simp add: pos-oriented-rep-def mult-pos-pos)

apply (metis arg-mult-real-positive)

apply (metis arg-mult-real-positive)

apply (metis zero-less-mult-pos)+

apply (metis arg-mult-real-positive)

apply (metis arg-mult-real-positive)
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apply (metis zero-less-mult-pos)—+
done

lemma pos-oriented: pos-oriented H \V pos-oriented (opposite-ocircline H )
by (transfer) (rule pos-oriented-rep)

lemma pos-oriented-opposite-ocircline:
pos-oriented (opposite-ocircline H) <— — pos-oriented H
proof transfer
fix H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
moreover
hence Re A=0ANReD=0—B#0
using Rep-circline-mat|of H] hermitean-elems[of A B C D]
by (cases A, cases D) auto
moreover
have B# 0 A= 0 < arg B— 0 < arg (— B)
using MoreComplex.canon-ang-plus-pi2|of arg B] arg-bounded|of B]
by (auto simp add: arg-uminus)
moreover
have B#£ 0 A0 < arg B— -0 < arg (— B)
using MoreComplex.canon-ang-plus-pil [of arg B] arg-bounded|[of B]
by (auto simp add: arg-uminus)
ultimately
show pos-oriented-rep (opposite-ocircline-rep H) = (= pos-oriented-rep H)
unfolding pos-oriented-rep-def
by simp (metis not-less-iff-gr-or-eq)
qed

lemma pos-oriented-circle-inf:
assumes oo, ¢ ocircline-set H
shows pos-oriented H <— ooy, ¢ disc H
using assms
unfolding ocircline-set-def disc-def
apply simp
proof transfer
fix H
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
hence is-real A
using Rep-circline-mat|of H| hermitean-elems
by auto
assume — on-circline-rep H inf-homo-rep
thus pos-oriented-rep H = (— in-ocircline-rep H inf-homo-rep)
using HH <is-real A)
by (cases A) (auto simp add: on-circline-rep-def in-ocircline-rep-def Let-def
pos-oriented-rep-def vec-cnj-def )
qed
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lemma
assumes is-circle (of-ocircline H) (a, r) = euclidean-circle (of-ocircline H)
circline-type (of-ocircline H) < 0
shows pos-oriented H <— of-complex a € disc H
using assms
unfolding disc-def
apply simp
proof transfer
fix Har
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
hence is-real A is-real D C = cnj B
using Rep-circline-mat|of H| hermitean-elems
by auto

assume x: - circline-A0-rep (id H) (a, r) = euclidean-circle-rep (id H) circline-type-rep
(id H) < 0
hence A # 0 Re A # 0
using HH <is-real A)
by (case-tac[!] A) (auto simp add: circline-A0-rep-def)

have Re (AxD — Bx(C) < 0
using (circline-type-rep (id H) < 0> HH
by (simp add: circline-type-rep-def)

have (A * (D x cnj A) — B % (C x cnj A)) |/ (A * ecnj A) = (AxD — BxC) / A
using <A # O)
by (simp add: field-simps)
hence 0 < Re A <— Re (A x (D x cnj A) — B * (C x cnj A)) / (A % cnj A))
<0
using <is-real A (A # 0) (Re (AxD — BxC) < O
by (auto simp add: Re-divide-real, metis divide-less-0-iff less-iff-diff-less-0, metis
divide-less-0-iff less-iff-diff-less-0 mult-neg-neg zero-less-mult-pos)
thus pos-oriented-rep H = in-ocircline-rep H (of-complex-coords a)
using HH (Re A # 0) x (is-real A)
by (simp add: circline-A0-rep-def euclidean-circle-rep-def pos-oriented-rep-def
in-ocircline-rep-def Let-def vec-cnj-def complex-cnyj field-simps)
qed

definition of-circline-rep :: circline-mat = circline-mat where
of-circline-rep H = (if pos-oriented-rep H then H else opposite-ocircline-rep H)

lift-definition of-circline :: circline = ocircline is of-circline-rep
proof—

fix HH'

assume circline-mat-eq H H'

then obtain k£ where x: k # 0 Rep-circline-mat H' = cor k *,, Rep-circline-mat
H
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by auto

obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto

obtain A’ B’ C' D' where HH': Rep-circline-mat H' = (A’, B’, C’, D)
by (cases Rep-circline-mat H') auto

show ocircline-mat-eq (of-circline-rep H) (of-circline-rep H')
proof (cases Re A > 0)
case True
show ?thesis
proof (cases k > 0)
case True
hence Re A’ > 0
using (Re A > 0» x HH HH'
by (auto simp add: mult-pos-pos)
thus ?thesis
using (Re A > O
using * <k > 0» HH HH'
by (auto simp add: pos-oriented-rep-def of-circline-rep-def Let-def split-def)
next
case Fulse
hence £ < 0
using &k # O
by auto
hence Re A’ < 0
using (Re A > 0> x HH HH'
by (auto simp add: mult-neg-pos)
thus ?thesis
using (Re A > O
using * k¢ < 0» HH HH'
using circline-mat-mult-sm-Rep[of —k H)|
by (auto simp add: pos-oriented-rep-def of-circline-rep-def Let-def split-def)
(rule-tac x=—Fk in exl, simp)
qed
next
case Fulse
show ?thesis
proof (cases Re A < 0)
case True
show ?thesis
proof (cases k > 0)
case True
hence Re A’ < 0
using (Re A < O»
using * HH HH'
by (auto simp add: mult-pos-neg)
moreover
have —1 = cor (—1)
by (simp add: complex-of-real-def)
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ultimately
show ?thesis
using (Re A < )
using x k& > 0» HH HH'
using circline-mat-mult-sm-Rep[of —k H|
using circline-mat-mult-sm-Replof —1 H|
by (auto simp add: pos-oriented-rep-def of-circline-rep-def Let-def split-def)
next
case Fulse
hence k£ < 0
using & # O)
by simp
hence Re A’ > 0
using (Re A < O»
using * HH HH'
by (auto simp add: mult-neg-neg)
moreover
have —1 = cor (—1)
by (simp add: complex-of-real-def)
ultimately
show ?thesis
using (Re A < O»
using * <k < 0> HH HH'
using circline-mat-mult-sm-Rep[of —k H|
using circline-mat-mult-sm-Rep[of —1 H]
by (auto simp add: pos-oriented-rep-def of-circline-rep-def Let-def split-def)
(rule-tac x=—Fk in exl, simp)
qed
next
case Fulse
hence Re A = 0
using (=« Re A > O
by auto
hence Re A’ = 0
using * HH HH'
by auto

show ?thesis
proof (cases B # 0)
case True
show ?thesis
proof (cases arg B > 0)
case True
show ?thesis
proof (cases arg B’ > 0)
case True
hence £ > 0
using <arg B > O
using « HH HH' arg-mult[of cor k B] (B # 0) <k # O)
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using arg-complex-of-real-negative|of k] arg-complez-of-real-positive[of

K]
using MoreComplez.canon-ang-plus-pil [of arg B] arg-bounded|of B]
by (cases k > 0) (auto simp add: arg-mult field-simps)

thus ?thesis
using <arg B > 0) <arg B’ > 0» (B # 0) (Re A = 0) <Re A’ = 0) HH
HH' %
by (auto simp add: pos-oriented-rep-def of-circline-rep-def)
next
case Fulse
hence £ < 0
using (arg B > O
using x HH HH' arg-mult[of cor k B] (B # 0) k # O»
using arg-complez-of-real-negative|of k| arg-complex-of-real-positive|of
k]
by (cases k > 0) (auto simp add: arg-mult field-simps canon-ang-arg)
thus ?thesis
using <arg B > 0) <= arg B’ > 0) <Re A = 0> (Re A’ = 0> (B # 0» HH
HH' *

using circline-mat-mult-sm-Rep[of —k H)|
by (auto simp add: pos-oriented-rep-def of-circline-rep-def) (rule-tac
r=—Fk in exl, simp)+
qed
next
case Fulse
show ?thesis
proof (cases arg B’ > 0)
case True
hence £ < 0
using (— arg B > O
using x« HH HH' arg-mult[of cor k B] (B # 0) k # O)
using arg-complez-of-real-negative|of k| arg-complex-of-real-positive[of

K
by (cases k > 0) (auto simp add: arg-mult field-simps canon-ang-arg)
thus ?thesis
using (— arg B > 0 <arg B’ > 0y (B # 0) (Re A = 0> (Re A’ = 0» HH
HH' %

by (auto simp add: pos-oriented-rep-def of-circline-rep-def) (rule-tac
x=—Fk in exl, simp)+
next
case Fulse
hence k£ > 0
using (— arg B > O
using « HH HH' arg-mult[of cor k B] (B # 0) <k # O
using arg-complex-of-real-negative|of k] arg-complez-of-real-positive[of

using MoreComplez.canon-ang-plus-pi2|[of arg B] arg-bounded|of B]

by (cases k > 0) (auto simp add: arg-mult field-simps canon-ang-arg)
thus ?thesis
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using (mwarg B > 0) <—warg B'> 0) <(Re A = 0) <(Re A’ = 0) (B # O
HH HH' *
using circline-mat-mult-sm-Rep|of —k H)|
by (auto simp add: pos-oriented-rep-def of-circline-rep-def)
qged
qged
next
case Fulse
hence B’ = 0
using * HH HH'
by simp
have Re D # 0
using (Re A = 0» (= B # O
using Rep-circline-mat[of H| HH hermitean-elems[of A B C D]
by (cases A, cases D) auto
show ?thesis
using - B # 0) (B'=0) (Re A= 0) (Re A’=0) (Re D # 0> HH HH'
apply (auto simp add: of-circline-rep-def pos-oriented-rep-def)
apply (metis zero-less-mult-pos2)
apply (rule-tac x=—Fk in exl, simp, metis linorder-cases mult-pos-pos)
apply (rule-tac x=—F in exl, simp, metis linorder-cases zero-less-mult-pos)
apply (rule-tac z=Fk in exl, simp, metis mult-neg-neg neqFE)
done
qed
qed
qged
qged

lemma pos-oriented-of-circline: pos-oriented (of-circline H)
proof (transfer)
fix H
show pos-oriented-rep (of-circline-rep H)
using pos-oriented-replof H]
unfolding of-circline-rep-def
by auto
qed

lemma of-ocircline-of-circline [simp]: of-ocircline (of-circline H) = H

apply (transfer)

apply (auto simp add: of-circline-rep-def)

by (rule-tac z=1 in exl, simp) (rule-tac x=—1 in exl, auto simp add: pos-oriented-rep-def
complex-of-real-def )

lemma of-circline-of-ocircline-pos-oriented [simp]:
assumes pos-oriented H
shows of-circline (of-ocircline H) = H
using assms
by (transfer) (simp add: of-circline-rep-def , rule-tac x=1 in exl, simp)
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lemma ocircline-set-circline-set[simp): ocircline-set (of-circline H) = circline-set
H
unfolding ocircline-set-def circline-set-def
proof (safe)
fix z
assume on-ocircline (of-circline H) z
thus on-circline H z
by (transfer) (auto simp add: on-circline-rep-def of-circline-rep-def Let-def
quad-form-scale-m simp del: quad-form-def split: split-if-asm)
next
fix z
assume on-circline H z
thus on-ocircline (of-circline H) z
by (transfer) (auto simp add: on-circline-rep-def of-circline-rep-def Let-def
quad-form-scale-m simp del: quad-form-def)
qed

lemma inj-of-circline:
assumes of-circline H = of-circline H'
shows H = H'
using assms
proof (transfer)
fix HH'
assume ocircline-mat-eq (of-circline-rep H) (of-circline-rep H')
then obtain k where k > 0 Rep-circline-mat (of-circline-rep H') = cor k g
Rep-circline-mat (of-circline-rep H)
by auto
thus circline-mat-eq H H'
using mult-sm-inv-l[of —1 Rep-circline-mat H' cor k *g,, Rep-circline-mat H|
using mult-sm-inv-1[of —1 Rep-circline-mat H' (— (cor k)) *sm Rep-circline-mat
H)
apply (auto simp add: of-circline-rep-def split: split-if-asm)
apply (rule-tac z=Fk in exl, simp)
apply (rule-tac z=—Fk in exl, simp)
apply (rule-tac z=—Fk in exl, simp)
apply (rule-tac z=Fk in exl, simp)
done
qed

lemma of-circline-of-ocircline:

shows of-circline (of-ocircline H') = H'V of-circline (of-ocircline H') = opposite-ocircline
H/
proof (cases pos-oriented H')

case True

thus ?thesis

by auto

next

case Fulse

hence pos-oriented (opposite-ocircline H')
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using pos-oriented
by auto
thus ?thesis
using of-ocircline-opposite-ocircline[of H')
using of-circline-of-ocircline-pos-oriented [of opposite-ocircline H'|
by auto
qed

11.10 Some special oriented circlines and discs

lift-definition mk-ocircline :: complex = complex = complex = complexr = ocir-
cline is mk-circline-rep
by (simp add: mk-circline-rep-def , rule-tac z=1 in exI, simp)

oriented unit circle and unit disc

lift-definition ounit-circle :: ocircline is unit-circle-rep
done

definition unit-disc = disc ounit-circle

lemma zero-in-unit-disc: 0} € unit-disc
unfolding unit-disc-def disc-def
by (simp, transfer) (simp add: in-ocircline-rep-def Let-def vec-cnj-def)

lemma inf-notin-unit-disc: oop, ¢ unit-disc
unfolding unit-disc-def disc-def
by (simp, transfer) (simp add: in-ocircline-rep-def Let-def vec-cnj-def)

lemma of-ocircline-ounit-circle [simp]: of-ocircline ounit-circle = unit-circle
by (transfer) (auto, rule-tac x=1 in exl, simp)

lemma of-circline-unit-circline [simp]: of-circline (unit-circle) = ounit-circle
by (transfer) (auto simp add: pos-oriented-rep-def of-circline-rep-def , rule-tac x=1
in exl, simp)

Oriented x axis and lower half plane
lift-definition o-z-axis :: ocircline is x-axis-rep

done

lemma o-z-azis-pos-oriented: pos-oriented o-zr-axis
by transfer (simp add: pos-oriented-rep-def)

lemma of-ocircline-o-z-axis [simp]: of-ocircline o-z-axis = x-azis
by transfer (simp del: circline-mat-eq-def)

lemma of-circline-z-axis [simp]: of-circline z-azxis = o-z-axis
using of-circline-of-ocircline-pos-oriented[of o-z-azis

using o-z-azis-pos-oriented

by simp
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lemma ocircline-set-circline-set-z-axis: ocircline-set o-z-axis = circline-set x-axis
by (subst of-circline-z-axis[symmetric], subst ocircline-set-circline-set, simp)

lemma [simp]: iip, ¢ disc o-z-axis
unfolding disc-def
by simp (transfer, simp add: in-ocircline-rep-def Let-def vec-cnj-def)

lemma [simp]: i), € disc (opposite-ocircline o-z-axis)
unfolding disc-def
by simp (transfer, simp add: in-ocircline-rep-def Let-def vec-cnj-def)

11.11 Moebius action on oriented circlines and discs

lift-definition moebius-ocircline :: moebius = ocircline = ocircline is moebius-circline-rep
proof—

fix M M'HH'

assume moebius-mat-eq M M’ ocircline-mat-eq H H'

thus ocircline-mat-eq (moebius-circline-rep M H) (moebius-circline-rep M' H')

by (auto simp add: mat-inv-mult-sm complez-cng) (rule-tac x=ka | Re (k

x cnj k) in exl, auto simp add: complez-mult-cnj-cmod power2-eq-square, metis
divide-pos-pos mult-eq-0-iff norm-mult zero-less-norm-iff’)
qed

lemma moebius-circline-ocircline:
moebius-circline M H = of-ocircline (moebius-ocircline M (of-circline H))
apply (transfer)
apply (auto simp add: of-circline-rep-def)
apply (rule-tac x=1 in exl, simp)
apply (rule-tac z=—1 in ezl, simp add: of-real-neg-numeral)
done

lemma moebius-ocircline-circline:
moebius-ocircline M H = of-circline (moebius-circline M (of-ocircline H)) V
moebius-ocircline M H = opposite-ocircline (of-circline (moebius-circline M
(of-ocircline H)))
apply (transfer)
apply (auto simp add: of-circline-rep-def)
apply (rule-tac x=1 in exl, simp)
apply (erule-tac z=1 in dllE, simp)
done

lemma

inj-moebius-ocircline: inj (moebius-ocircline M)
unfolding inj-on-def
proof (safe)

fix HH'
assume moebius-ocircline M H = moebius-ocircline M H'
thus H = H’
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proof (transfer)
fix M HH'
let ?M = Rep-moebius-mat M
let %iM = mat-inv M
let ?H = Rep-circline-mat H and ?H’ = Rep-circline-mat H'
assume ocircline-mat-eq (moebius-circline-rep M H) (moebius-circline-rep M
H')
then obtain k where congruence ?iM ?H' = congruence ?iM (cor k *gpm 7H)
k>0
by auto
thus ocircline-mat-eq H H'
using Rep-moebius-mat|of M| inj-congruence[of %M ?H’ cor k *gm, ¢H]
mat-det-inv[of M|
by auto
qed
qed

lemma moebius-ocircline-comp:
moebius-ocircline M1 (moebius-ocircline M2 H) = moebius-ocircline (moebius-comp
M1 M2) H
proof (transfer)
fix M1 M2 H
show ocircline-mat-eq (moebius-circline-rep M1 (moebius-circline-rep M2 H))
(moebius-circline-rep (moebius-comp-rep M1 M2) H)
using congruence-congruence Rep-moebius-mat[of M1] Rep-moebius-mat|of M2]
by (simp add: mat-inv-mult-mm, rule-tac =1 in exl, simp)
qged

lemma [simp]:
moebius-ocircline id-moebius H = H
proof transfer
fix H
show ocircline-mat-eq (moebius-circline-rep id-moebius-rep H) H
by (cases Rep-circline-mat H, simp) (rule-tac x=1 in ezl, simp add: mat-adj-def
mat-cng-def )
qed

lemma moebius-ocircline-comp-inv[simp]:
moebius-ocircline (moebius-inv M) (moebius-ocircline M H) = H
by (subst moebius-ocircline-comp) simp

lemma moebius-circline-opposite-ocircline [simp]:

moebius-ocircline M (opposite-ocircline H) = opposite-ocircline (moebius-ocircline
M H)
by transfer (auto, rule-tac x=1 in exl, simp)

lemma moebius-ocircline-set:
shows moebius-pt M ¢ ocircline-set H = ocircline-set (moebius-ocircline M H)
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(is ?lhs = ?2rhs)
proof—
have moebius-pt M ‘ ocircline-set H = circline-set (moebius-circline M (of-ocircline
1))
by (subst moebius-circline-set[symmetric]) simp
thus ?thesis
using moebius-ocircline-circline[of M H|
by auto
qed

lemma moebius-disc:
moebius-pt M ¢ (disc H) = disc (moebius-ocircline M H)
proof (safe)
fix z
assume z € disc H
thus moebius-pt M z € disc (moebius-ocircline M H)
unfolding disc-def
proof (safe)
assume in-ocircline H z
thus in-ocircline (moebius-ocircline M H) (moebius-pt M z)
proof (transfer)
fix Hz M
assume in-ocircline-rep H z
thus in-ocircline-rep (moebius-circline-rep M H) (moebius-pt-rep M z)
using Rep-moebius-mat[of M| quad-form-congruence|of Rep-moebius-mat M
Rep-homo-coords z|
by (simp add: in-ocircline-rep-def moebius-circline-rep-def Let-def)
qed
qged
next
fix 2z
assume z € disc (moebius-ocircline M H)
thus z € moebius-pt M ‘ disc H
unfolding disc-def
proof(safe)
assume in-ocircline (moebius-ocircline M H) z
show z € moebius-pt M ¢ Collect (in-ocircline H)
proof
show z = moebius-pt M (moebius-pt (moebius-inv M) z)
using moebius-inv[of M| bij-moebius-pt[of M|
by (simp add: bij-def) (metis surj-f-inv-f)
next
show moebius-pt (moebius-inv M) z € Collect (in-ocircline H)
using (in-ocircline (moebius-ocircline M H) 2)
proof (safe, transfer)
fix M H z
have congruence (mat-inv (mat-inv (Rep-moebius-mat M))) (congruence
(mat-inv (Rep-moebius-mat M)) (Rep-circline-mat H)) =
Rep-circline-mat H
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using Rep-moebius-mat[of M|
by (simp add: congruence-congruence-inv)
hence quad-form (Rep-homo-coords z) (congruence (mat-inv (Rep-moebius-mat
M)) (Rep-circline-mat H)) =
quad-form (mat-inv (Rep-moebius-mat M) %, Rep-homo-coords z)
(Rep-circline-mat H)
using quad-form-congruence|of mat-inv (Rep-moebius-mat M) Rep-homo-coords
z congruence (mat-inv (Rep-moebius-mat M)) (Rep-circline-mat H)]
using Rep-moebius-mat[of M| mat-det-inv]of Rep-moebius-mat M]
by simp
moreover
assume in-ocircline-rep (moebius-circline-rep M H) z
ultimately
show in-ocircline-rep H (moebius-pt-rep (moebius-inv-rep M) z)
by (auto simp add: in-ocircline-rep-def Let-def)
qed
qed
qed
qed

lemma moebius-disc-compl:
moebius-pt M ¢ (disc-compl H) = disc-compl (moebius-ocircline M H)
proof (safe)
fix z
assume z € disc-compl H
thus moebius-pt M z € disc-compl (moebius-ocircline M H)
unfolding disc-compl-def
proof (safe)
assume out-ocircline H z
thus out-ocircline (moebius-ocircline M H) (moebius-pt M z)
proof (transfer)
fix HzM
assume out-ocircline-rep H z
thus out-ocircline-rep (moebius-circline-rep M H) (moebius-pt-rep M z)
using Rep-moebius-mat[of M| quad-form-congruence|of Rep-moebius-mat M
Rep-homo-coords z|
by (simp add: out-ocircline-rep-def moebius-circline-rep-def Let-def)
qed
qed
next
fix z
assume z € disc-compl (moebius-ocircline M H)
thus z € moebius-pt M * disc-compl H
unfolding disc-compl-def
proof (safe)
assume out-ocircline (moebius-ocircline M H) z
show z € moebius-pt M ¢ Collect (out-ocircline H)
proof
show z = moebius-pt M (moebius-pt (moebius-inv M) z)
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using moebius-inv[of M| bij-moebius-pt[of M]
by (simp add: bij-def) (metis surj-f-inv-f)
next
show moebius-pt (moebius-inv M) z € Collect (out-ocircline H)
using (out-ocircline (moebius-ocircline M H) 2
proof (safe, transfer)
fix M H z
have congruence (mat-inv (mat-inv (Rep-moebius-mat M))) (congruence
(mat-inv (Rep-moebius-mat M)) (Rep-circline-mat H)) =
Rep-circline-mat H
using Rep-moebius-mat[of M|
by (simp add: congruence-congruence-inv)
hence quad-form (Rep-homo-coords z) (congruence (mat-inv (Rep-moebius-mat
M)) (Rep-circline-mat H)) =
quad-form (mat-inv (Rep-moebius-mat M) %, Rep-homo-coords z)
(Rep-circline-mat H)
using quad-form-congruence|of mat-inv (Rep-moebius-mat M) Rep-homo-coords
z congruence (mat-inv (Rep-moebius-mat M)) (Rep-circline-mat H)]
using Rep-moebius-mat[of M| mat-det-inv]of Rep-moebius-mat M]
by simp
moreover
assume out-ocircline-rep (moebius-circline-rep M H) z
ultimately
show out-ocircline-rep H (moebius-pt-rep (moebius-inv-rep M) z)
by (auto simp add: out-ocircline-rep-def Let-def)
qed
qed
qed
qed

lemma similarity-preserves-lines:
assumes a # 0
shows ooy, € ocircline-set H <— ooy, € ocircline-set (moebius-ocircline (similarity-moebius
a b) H) (is ?lhs = ?rhs)
proof
assume ?lhs
thus ?rhs
using similarity-inf-fized[OF <a # 0), of b]
by (subst moebius-ocircline-set[symmetric]) force
next
assume ?rhs
thus ?lhs
using similarity-only-inf-to-inf [OF a # O, of b]
by (subst (asm) moebius-ocircline-set[symmetric]) (auto, metis)
qed

lemma similarity-preserve-orientation’:
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assumes a # 0 M = similarity-moebius a b H' = moebius-ocircline M H ooy, ¢
ocircline-set H
shows pos-oriented H — pos-oriented H'
proof
have oo, ¢ ocircline-set H'
using assms similarity-preserves-lines
by auto
assume pos-oriented H
hence ooy, € disc-compl H
using ooy, ¢ ocircline-set H) pos-oriented-circle-inf[of H] in-on-out
unfolding disc-def disc-compl-def ocircline-set-def
by auto
hence ooy, € disc-compl H'
using (M = similarity-moebius a by (H' = moebius-ocircline M H)
using similarity-inf-fized|[OF <a # 0), of b
by (simp, subst moebius-disc-compl[symmetric], force)
thus pos-oriented H'
using pos-oriented-circle-inf[of H'] disc-inter-disc-compl|of H'] (cop, & ocircline-set
H
by auto
qed

lemma similarity-preserve-orientation:
assumes a # 0 M = similarity-moebius a b H' = moebius-ocircline M H oo, ¢
ocircline-set H
shows pos-oriented H +— pos-oriented H'
proof—
have oo, ¢ ocircline-set H'
using assms similarity-preserves-lines
by auto

have x: H = moebius-ocircline (— similarity-moebius a b) H'
using (H' = moebius-ocircline M H) (M = similarity-moebius a b
by simp
thus ?thesis
using <a # O
using similarity-preserve-orientation |OF (a # 0 <M = similarity-moebius a
by <H' = moebius-ocircline M H) ooy, ¢ ocircline-set H)]
using similarity-preserve-orientation |OF - similarity-moebius-inv|of a b, OF
@ # O] x ooy, & ocircline-set H")
by auto
qged

lemma 0j, € disc-compl (mk-ocircline —1 (2x%ii) (—2xii) 1)

unfolding disc-compl-def

by simp (transfer, simp add: out-ocircline-rep-def mk-circline-rep-def Abs-homo-coords-inverse
Let-def Abs-circline-mat-inverse hermitean-def mat-adj-def mat-cnj-def vec-cnj-def
complez-cnyj)

lemma — pos-oriented (mk-ocircline —1 (2xii) (—2xii) 1)
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by transfer (simp add: mk-circline-rep-def Abs-circline-mat-inverse hermitean-def
mat-adj-def mat-cnj-def complez-cnj pos-oriented-rep-def)

lemma circline-type (mk-circline —1 (2xii) (—2x%ii) 1) = —1

by transfer (simp add: mk-circline-rep-def Abs-circline-mat-inverse hermitean-def
mat-adj-def mat-cnj-def complex-cnj circline-type-rep-def)

lemma 0), € disc-compl (mk-ocircline 1 (2xii) (—2xii) 1)

unfolding disc-compl-def

by simp (transfer, simp add: out-ocircline-rep-def mk-circline-rep-def Abs-homo-coords-inverse
Let-def Abs-circline-mat-inverse hermitean-def mat-adj-def mat-cnj-def vec-cnj-def
complex-cnyj)

lemma pos-oriented (mk-ocircline 1 (2xii) (—2x%ii) 1)

by transfer (simp add: mk-circline-rep-def Abs-circline-mat-inverse hermitean-def
mat-adj-def mat-cnj-def complez-cnj pos-oriented-rep-def)

lemma circline-type (mk-circline 1 (2xii) (—2xii) 1) = —1

by transfer (simp add: mk-circline-rep-def Abs-circline-mat-inverse hermitean-def
mat-adj-def mat-cnj-def complex-cnj circline-type-rep-def)

lemma reciprocal-preserve-orientation:
assumes 0, € disc-compl H M = reciprocal-moebius H' = moebius-ocircline M
H
shows pos-oriented H'
proof—
have ooy, € disc-compl H'
using assms
by simp (subst moebius-disc-compl[symmetric], subst reciprocal-moebius[symmetric],
force)
thus pos-oriented H'
using pos-oriented-circle-inf [of H'] disc-inter-disc-compl|[of H'] disc-compl-inter-ocircline-set|of
H]
by auto
qed

lemma reciprocal-not-preserve-orientation:
assumes 0, € disc H M = reciprocal-moebius H' = moebius-ocircline M H
shows — pos-oriented H'
proof—
have oo, € disc H'
using assms
by simp (subst moebius-disc[symmetric], subst reciprocal-moebius|symmetric],
force)
thus — pos-oriented H'
using pos-oriented-circle-inf[of H'| disc-inter-ocircline-set[of H']
by auto
qed

lemma pole-in-disc:
assumes M = mk-moebius a b ¢ d ¢ # 0 axd — bxc # 0
assumes is-pole M z z € disc H H' = moebius-ocircline M H
shows — pos-oriented H'
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proof—
let %t1 = translation-moebius (a / c)
let ?rd = rotation-dilatation-moebius ((b * ¢ — a * d) / (¢ * ¢))
let ?r = reciprocal-moebius
let ?t2 = translation-moebius (d / c)

have 0;, = moebius-pt (translation-moebius (d/c)) z
using pole-mk-moebius[of a b ¢ d z] assms
by simp

have 2 ¢ ocircline-set H
using <z € disc H) disc-inter-ocircline-set|of H]
by auto
hence 0, ¢ ocircline-set (moebius-ocircline ?t2 H)
using (0, = moebius-pt ?t2 2
using inj-image-mem-iff [of moebius-pt ?t2 z ocircline-set H| bij-moebius-pt
by (subst moebius-ocircline-set[symmetric]) (simp add: bij-def)
hence *: 0oy, ¢ ocircline-set (moebius-ocircline (?r + ?t2) H)
using reciprocal-homo-only-0-to-inf
by (simp add: moebius-ocircline-comp|[symmetric]) (subst moebius-ocircline-set[symmetric],
subst reciprocal-moebius[symmetric], auto, metis)
hence xx: ooy, ¢ ocircline-set (moebius-ocircline (?rd + %r + ?t2) H)
using <axd — bxc £ O ¢ # O)
using similarity-preserves-lines
unfolding rotation-dilatation-moebius-def
by (simp add: moebius-ocircline-comp|symmetric])

have — pos-oriented (moebius-ocircline (¢r + ?t2) H)
using pole-mk-moebius[of a b ¢ d z] assms
apply (simp add: moebius-ocircline-comp|symmetric])
apply (subst reciprocal-not-preserve-orientation, simp-all)
apply (subst moebius-disc[symmetric])
apply force
done
hence — pos-oriented (moebius-ocircline (?rd + ?r + ?t2) H)
using x
using <axd — bxc # 0 «¢ # O
unfolding rotation-dilatation-moebius-def
by (simp add: moebius-ocircline-comp|symmetric]) (subst similarity-preserve-orientation|[symmetric],
sitmp-all)
hence — pos-oriented (moebius-ocircline (?t1 + ?rd + ?r + ?t2) H)
using *x
unfolding translation-moebius-def
by (simp add: moebius-ocircline-comp|symmetric]) (subst similarity-preserve-orientation|[symmetric],
sitmp-all)

thus ?thesis

using assms
by simp (subst moebius-decomposition, auto simp add: moebius-ocircline-comp[symmetric])
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qed

lemma pole-in-disc-compl:
assumes M = mk-moebius a b ¢ d ¢ # 0 axd — bxc # 0
assumes i1s-pole M z z € disc-compl H H' = moebius-ocircline M H
shows pos-oriented H'
proof—
let 7t1 = translation-moebius (a / c)
let ?rd = rotation-dilatation-moebius (b * ¢ — a x d) / (¢ * ¢))
let ?r = reciprocal-moebius
let 7t2 = translation-moebius (d / ¢)

have 0}, = moebius-pt (translation-moebius (d/c)) z
using pole-mk-moebius[of a b ¢ d z] assms
by simp

have z ¢ ocircline-set H
using (z € disc-compl H) disc-compl-inter-ocircline-set|of H|
by auto
hence 0y, ¢ ocircline-set (moebius-ocircline ?t2 H)
using <0 = moebius-pt 712 2
using inj-image-mem-iff [of moebius-pt ?t2 z ocircline-set H| bij-moebius-pt
by (subst moebius-ocircline-set[symmetric]) (simp add: bij-def)
hence *: 0oy, ¢ ocircline-set (moebius-ocircline (?r + ?t2) H)
using reciprocal-homo-only-0-to-inf
by (simp add: moebius-ocircline-comp|[symmetric]) (subst moebius-ocircline-set[symmetric],
subst reciprocal-moebius[symmetric], auto, metis)
hence *x: 0oy, ¢ ocircline-set (moebius-ocircline (9rd + ¢r + %t2) H)
using <axd — bxc £ O <«c # O)
using similarity-preserves-lines
unfolding rotation-dilatation-moebius-def
by (simp add: moebius-ocircline-comp[symmetric])

have pos-oriented (moebius-ocircline (9r + ?t2) H)
using pole-mk-moebius[of a b ¢ d z] assms
apply (simp add: moebius-ocircline-comp|symmetric])
apply (subst reciprocal-preserve-orientation, simp-all)
apply (subst moebius-disc-compl[symmetric])
apply force
done
hence pos-oriented (moebius-ocircline (¢rd + ?r + ?t2) H)
using *
using <axd — bxc £ O ¢ # O
unfolding rotation-dilatation-moebius-def
by (simp add: moebius-ocircline-comp|symmetric]) (subst similarity-preserve-orientation|[symmetric],
stmp-all)
hence pos-oriented (moebius-ocircline (?¢1 + ?rd + 9r + ?t2) H)
using *x
unfolding translation-moebius-def
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by (simp add: moebius-ocircline-comp|symmetric]) (subst similarity-preserve-orientation|[symmetric],
stmp-all)

thus ?thesis
using assms
by simp (subst moebius-decomposition, auto simp add: moebius-ocircline-comp|symmetric])
qed

11.12 Oriented circlines uniqueness

lemma ocircline-01inf:
assumes () € ocircline-set H N\ 1, € ocircline-set H N\ ooy, € ocircline-set H
shows H = o-z-axis V H = opposite-ocircline o-z-axis
proof—
have 0}, € circline-set (of-ocircline H) N\ 1, € circline-set (of-ocircline H) A
ooy, € circline-set (of-ocircline H)
using assms
by simp
hence of-ocircline H = z-axis
using unique-circline-01inf’
by auto
thus H = o-z-axis V H = opposite-ocircline o-x-axis
by (metis inj-of-ocircline of-ocircline-o-z-axis)
qed

lemma unique-ocircline-0linf: 3! H. 0y, € ocircline-set H N\ 1, € ocircline-set H
A ooy, € ocircline-set H A iy, ¢ disc H
proof
show 0;, € ocircline-set o-z-axis N\ 1}, € ocircline-set o-z-axis N\ ooy, € ocircline-set
o-z-axis N iy & disc o-x-axis
by (simp add: ocircline-set-circline-set-x-azis)
next
fix H
assume 0 € ocircline-set H N\ 1} € ocircline-set H N\ oo, € ocircline-set H A
iy, ¢ disc H
hence 0), € ocircline-set H A 1 € ocircline-set H N\ ooy, € ocircline-set H iip,
¢ disc H
by auto
hence H = o-x-axis V H = opposite-ocircline o-z-axis
using ocircline-01inf
by simp
thus H = o-z-axis
using (iip ¢ disc H»
by auto
qged

lemma unique-ocircline-set:

assumes A # BA# CB # C
shows 3! H. pos-oriented H N (A € ocircline-set H N B € ocircline-set H A C

234



€ ocircline-set H)
proof—
obtain M where x: moebius-pt M A = 0, moebius-pt M B = 1, moebius-pt M
C = oQp,
using ez-moebius-01inf[OF assms]
by auto
let 2iM = moebius-pt (moebius-inv M)
have *xx: %M 0, = A 2iM 1, = B %M ocop, = C
using bij-moebius-pt[of moebius-inv M|
by (auto simp add: moebius-inv) (metis bij-def bij-moebius-pt inv-f-eq)+
let YH = moebius-ocircline (moebius-inv M) o-z-axis
have 1: A € ocircline-set ?H B € ocircline-set ?H C € ocircline-set ?H
by — (subst moebius-ocircline-set[symmetric|, substxx[symmelric], simp add:
ocircline-set-circline-set-z-azis)+

have 2: A\ H'. A € ocircline-set H' N B € ocircline-set H' A C € ocircline-set
H' — H' = ?H vV H' = opposite-ocircline ?H
proof—
fix H'
let ?H' = ocircline-set H' and ?H'' = ocircline-set (moebius-ocircline M H')
assume A € ocircline-set H' A B € ocircline-set H' A C' € ocircline-set H'
hence moebius-pt M A € 2H" moebius-pt M B € ?H’ moebius-pt M C € ?H"
using moebius-ocircline-set[of M H'|
by auto
hence 0, € ?H" 1, € ?H'" oo € ?H"
using *
by auto
hence moebius-ocircline M H' = o-z-axis V moebius-ocircline M H' = opposite-ocircline
0-T-axis
using ocircline-01inf

by auto
hence o-z-azis = moebius-ocircline M H' V  o-z-axis = opposite-ocircline
(moebius-ocircline M H')
by auto
thus H' = ?H vV H' = opposite-ocircline ?H
proof

assume *: o-z-axis = moebius-ocircline M H'
show H'= moebius-ocircline (moebius-inv M) o-x-azxis V H' = opposite-ocircline
(moebius-ocircline (moebius-inv M) o-z-axis)
by (rule disjI1) (subst x, simp)
next
assume *: 0-z-aris = opposite-ocircline (moebius-ocircline M H')
show H'= moebius-ocircline (moebius-inv M) o-x-azxis V H' = opposite-ocircline
(moebius-ocircline (moebius-inv M) o-z-axis)
by (rule disjI2) (subst *, simp)
qed
qed

show ?thesis
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proof (cases pos-oriented ?H)
case True
thus ?thesis
unfolding Fzi1-def
proof (rule-tac x=moebius-ocircline (moebius-inv M) o-z-axis in exl, simp

add: 1, safe)
fix y
assume pos-oriented y A € ocircline-set y B € ocircline-set y C' € ocircline-set
)
thus y = moebius-ocircline (moebius-inv M) o-z-axis
using 2[of y| True
by (auto simp add: pos-oriented-opposite-ocircline)
qed
next
case Fulse

thus ?thesis
unfolding FEzx1-def
proof (rule-tac x=opposite-ocircline (moebius-ocircline (moebius-inv M) o-z-axis)
in exl, simp add: 1 pos-oriented-opposite-ocircline, safe)
fix y
assume pos-oriented y A € ocircline-set y B € ocircline-set y C € ocircline-set

thus y = opposite-ocircline (moebius-ocircline (moebius-inv M) o-z-axis)
using 2[of y| False
by (auto simp add: pos-oriented-opposite-ocircline)
qged
qed
qed

definition chordal-circle-rep where
chordal-circle-rep a r =

(let (al, a2) = Rep-homo-coords a in

mk-circline-rep (4*a2xcnj a2 — (cor r)*+(al*cnjal + a2xcnj a2)) (—4*al*cnj
a2) (—4x*cnj al*xa2) (4xal*cnj al — (cor r)?*(alxcnj al + a2+cnj a2)))

lemma [simp]: Rep-circline-mat (chordal-circle-rep a r) = (let (al, a2) = Rep-homo-coords
ain
(4%a2%cnj a2 — (cor r)*x(al*cnj al + a2xcnj a2), —4*xal*cnj a2, —4*cnj
alxa2, 4xal*cnj al — (cor r)?s(al*cnj al + a2xcnj a2)))
proof—
obtain al a2 where aa: Rep-homo-coords a = (al, a2)
by (rule obtain-homo-coords)
hence (4 * a2 * cnj a2 — (cor )% * (al * cnj al + a2 * cnj a2), —4 * al *
enj a2, —4 * cnj al x a2, 4 * al * cnj al — (cor )% x (al * cnj al + a2 * cnj
a2)) € {H. hermitean H N H # mat-zero}
using Rep-homo-coords|of a)
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def complez-cnj power2-eq-square)
thus ?thesis
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using aa
by (simp add: chordal-circle-rep-def split-def Let-def mk-circline-rep-def Abs-circline-mat-inverse)
qed

lift-definition chordal-circle :: complex-homo = real = circline is chordal-circle-rep
proof—
fixabr
obtain a! a2 where aa: Rep-homo-coords a = (al, a2)
by (rule obtain-homo-coords)
obtain b1 b2 where bb: Rep-homo-coords b = (b1, b2)
by (rule obtain-homo-coords)
assume a ~ b
then obtain k where Rep-homo-coords b = (k * al, k % a2) k # 0
using aa bb
by auto
moreover
have cor (Re (k x cnj k)) =k * enj k
by (metis complez-In-mult-cnj-zero complez-of-real-Re)
ultimately
show circline-mat-eq (chordal-circle-rep a r) (chordal-circle-rep b r)
using aa bb
by (auto simp add: complex-cnj) (rule-tac x=Re (kxcnj k) in exl, auto simp
add: field-simps)
qed

lemma sqrt-1-plus-square: sqrt (1 + a?) # 0
by (smt real-sqrt-less-mono real-sqrt-zero realpow-square-minus-le)

lemma
assumes dist-homo z a = r
shows z € circline-set (chordal-circle a r)
proof (cases a # oop)
case True
then obtain a’ where a = of-complez a’
using inf-homo-or-complez-homolof a]
by auto
let A = 4 — (corr)? % (1 + (a’scnj a’)) and ?B = —/xa’ and ?C=—/x*cnj
a’"and ?D = J*a'xcnj a’ — (cor r)? x (1 + (a’*cnj a’))
have hh: (?A, ?B, ?C, ?D) € {H. hermitean H N H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def complez-cnj power2-eq-square)
hence x: chordal-circle (of-complex a’) r = mk-circline ?A ?B ?2C 2D
by (transfer, simp add: mk-circline-rep-def Abs-circline-mat-inverse) (rule-tac
x=1 in exl, simp)

show ?thesis
proof (cases z # oop,)
case True
then obtain z’ where z = of-complez z’
using inf-homo-or-complez-homolof z| inf-homo-or-complez-homolof a]
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by auto
have 2 x cmod (2’ — a’) / (sqrt (1 + (emod 2")?) * sqrt (1 + (cmod a')?)) =

using dist-homo-finite[of z' a’] assms (z = of-complex 2" «a = of-complex a’
by auto
hence 4 * (cmod (2" — a’))? / (1 + (cmod 2')?) x (1 + (c¢mod a')?)) = r?
by (auto simp add: power-mult-distrib power-divide field-simps)
moreover
have sqrt (1 + (ecmod 2")?) # 0 sqrt (1 + (emod a”)?) # 0
using sqrt-1-plus-square
by simp+
hence (1 + (cmod z')?) * (1 + (cmod a’)?) # 0
by simp
ultimately
have / x (cmod (2" — a’))? = 1% x (1 + (emod 2")?) * (1 + (cmod a’)?))
by (simp add: field-simps)
hence 4 * Re ((z' — a’)xcnj (2 — a’)) = r% % (I + Re (2'xcnj 2')) * (1 +
Re (a’xcnj a’))
by ((subst cmod-square[symmetric])+, simp)
hence 4 * (Re(z'xcnj z’) — Re(a’*cnj z2’) — Re(cnj a’sz") + Re(a’scnj a’)) =
72 % (1 + Re (2'xcnj 2')) * (1 + Re (a’xcnj a'))
by (simp add: complex-cnj field-simps)
hence Re (A x z'x cnjz' 4+ ?Bxcnjz' + 2C x 2"+ D) = 0
by (simp add: power2-eq-square field-simps)
hence ?A x 2’ x ecnjz' + ?Bx cnjz' + 2C x 2/ + 2D = 0
by (subst complex-eq-if-Re-eq) (auto simp add: power2-eq-square)
hence (¢njz' % A+ 2C) % 2"+ (enjz' x B 4+ ?D) = 0
by algebra
hence z € circline-set (mk-circline ?A ?B ?C ?D)
using (z = of-complex 2"y hh
unfolding circline-set-def
by simp (transfer, simp add: of-complex-coords-def Abs-homo-coords-inverse
on-circline-rep-def Let-def Abs-circline-mat-inverse mk-circline-rep-def vec-cnj-def )
thus ?thesis
using x
by (subst (a = of-complex a’) simp
next
case Fulse
hence 2 / sqrt (1 + (cmod a')?) = r
using assms (a = of-complex a”
using dist-homo-infinite2|[of a’|
by simp
moreover
have sqrt (1 + (c¢mod a’)?) # 0
using sqrt-1-plus-square
by simp
ultimately
have 2 = r x sqrt (1 + (cmod a’)?)
by (simp add: field-simps)
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hence / = (r * sqrt (1 + (cmod a')?))?
by simp
hence 4 = r2 x (1 + (cmod a’)?)
by (simp add: power-mult-distrib)
hence Re (4 — (cor )2 x (1 + (a’ % cnj a’))) = 0
by (subst (asm) cmod-square) (simp add: field-simps power2-eg-square)
hence 4 — (cor r)? x (1 + (a*cnj a’)) = 0
by (subst complez-eq-if-Re-eq) (auto simp add: power2-eq-square)
hence circline-A0 (mk-circline A ?B ?C ¢D)
using hh
by simp (transfer, simp add: circline-A0-rep-def mk-circline-rep-def Abs-circline-mat-inverse)
hence z € circline-set (mk-circline ?A 2B ?C ?D)
using inf-in-circline-set|of mk-circline A ¢B 2C ¢D]
using (— z # oop)
by simp
thus ?thesis
using x
by (subst (a = of-complezx a’y) simp
qed
next
case Fulse
let ?A = —(cor r)? and ?B = 0 and ?C = 0 and ?D = J —(cor r)?
have hh: (?4, ?B, ?C, ¢D) € {H. hermitean H N H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def complez-cnj power2-eq-square)
hence *: chordal-circle a r = mk-circline ?A ?B ?C ¢D
using (— a # oop)
by simp (transfer, simp add: mk-circline-rep-def Abs-circline-mat-inverse,
rule-tac =1 in exl, simp)

show ?thesis
proof (cases z = oop,)
case True
show ?thesis
using assms (z = oop) (4 a F# oop)
using x hh
by (simp, subst inf-in-circline-set, transfer, simp add: circline-A0-rep-def
mk-circline-rep-def Abs-circline-mat-inverse)
next
case Fulse
then obtain 2z’ where z = of-complez 2’
using inf-homo-or-complex-homolof z|
by auto
have 2 / sqrt (1 + (cmod 2")?) = r
using assms <z = of-complex z" = a # oop)
using dist-homo-infinite2|of 2’|
by simp
moreover
have sqrt (1 + (ecmod 2')?) # 0
using sqrt-1-plus-square
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by simp
ultimately
have 2 = r = sqrt (1 + (cmod 2')?)
by (simp add: field-simps)
hence 4 = (r x sqrt (1 + (cmod 2)?))?
by simp
hence 4 = r2 % (1 + (cmod z)?)
by (simp add: power-mult-distrib)
hence Re (4 — (cor r)? % (1 + (2" % cnj 2')) = 0
by (subst (asm) cmod-square) (simp add: field-simps power2-eq-square)
hence — (cor ) * z'xcnj 2z’ + 4 — (cor r)?> = 0
by (subst complezx-eq-if-Re-eq) (auto simp add: power2-eq-square field-simps)
hence z € circline-set (mk-circline ?A ?B ?C ?D)
using hh
unfolding circline-set-def
by (subst <z = of-complex 2", simp) (transfer, auto simp add: on-circline-rep-def
Let-def mk-circline-rep-def Abs-circline-mat-inverse vec-cnj-def field-simps)
thus ?thesis
using x
by simp
qed
qged

lemma [simp]: sqrt / = 2
proof—
have sqrt (2%) = 2
by (metis abs-numeral real-sqrt-abs)
thus ?thesis
by simp
qed

lemma
assumes z € circline-set (chordal-circle a v) r > 0
shows dist-homo z a = r
proof (cases a = oop,)
case Fulse
then obtain a’ where a = of-complez a’
using inf-homo-or-complex-homolof a]
by auto

let ?A = 4 — (cor r)? % (1 + (a’*cnj a’)) and ?B = —4xa’ and ?C=—/x*cnj
a’"and ?D = Jxa’xcnj a’ — (cor r)? x (1 + (a’xcnj a'))
have hh: (?4, ?B, ?C, ¢D) € {H. hermitean H N H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def complez-cnj power2-eq-square)
hence x: chordal-circle (of-complex a’) r = mk-circline ?A ?B ?C 2D
by (transfer, simp add: mk-circline-rep-def Abs-circline-mat-inverse) (rule-tac
z=1 in exl, simp)

show ?thesis
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proof (cases z = ocop,)
case Fulse
then obtain 2z’ where z = of-complez 2z’
using inf-homo-or-complex-homolof z| inf-homo-or-complez-homolof a]
by auto
hence z € circline-set (mk-circline ?A 2B ?C ?D)
using assms (a = of-complex a’y *
by simp
hence (¢nj z' « A+ 2C) % 2" + (enjz' x ?B + ?D) = 0
using hh
unfolding circline-set-def
by (subst (asm) z = of-complex 2", simp) (transfer, simp add: on-circline-rep-def
Let-def mk-circline-rep-def Abs-circline-mat-inverse vec-cnj-def)
hence ?A x 2’ x ecnjz' + ?Bx cnjz' + 2C x 2/ + 2D = 0
by algebra
hence Re (A *x 2"« cnj 2z’ + ?B x cnj 2z’ +2C % 2/ +¢D) = 0
by (simp add: power2-eq-square field-simps)
hence 4 x Re ((z' — a’)xcnj (2' — a’)) = 2 % (1 + Re (z'sxcnj 2')) * (1 +
Re (a’*xcnj a’))
by (simp add: complex-cnj field-simps power2-eq-square)
hence 4 * (cmod (2" — a'))?> = r? % ((1 + (c¢cmod 2)?) * (1 + (cmod a’)?))
by (subst cmod-square)+ simp
moreover
have sqrt (1 + (cmod 2')?) # 0 sqrt (1 + (cmod a’)?) # 0
using sqrt-1-plus-square
by simp+
hence (1 + (cmod z')?) * (1 + (cmod a’)?) # 0
by simp
ultimately
have 4 * (cmod (z' — a'))? / (1 + (emod 2')?) * (1 + (cmod a')?)) = r?
by (simp add: field-simps)
hence 2 * cmod (2" — a’) / (sqrt (1 + (c¢mod 2")?) * sqrt (1 + (ecmod a’)?))
=r
using > 0
by (subst (asm) real-sqrt-eq-iff [symmetric]) (simp add: real-sqrt-mult real-sqrt-divide)
thus ?thesis
using ¢z = of-complez z" <a = of-complex a”
using dist-homo-finite[of z’ a’]
by simp
next
case True
have z € circline-set (mk-circline ?A ?B ?2C ?D)
using assms <a = of-complex a’y *
by simp
hence circline-A0 (mk-circline A ?B ¢C ?D)
using inf-in-circline-set[of mk-circline ?A ¢B ?C ?D)]
using (z = oop)
by simp
hence / — (cor r)? * (1 + (a’scnj a’)) = 0
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using hh
by transfer (simp add: circline-A0-rep-def mk-circline-rep-def Abs-circline-mat-inverse)
hence Re (4 — (cor r)? (1 + (a’ % cnj a’))) = 0
by simp
hence 4 = r2 x (1 + (cmod a’)?)
by (subst cmod-square) (simp add: power2-eq-square)
hence 2 = r * sqrt (1 + (ecmod a’)?)
using > 0
by (subst (asm) real-sqrt-eq-iff [symmetric]) (simp add: real-sqrt-mult)
moreover
have sqrt (1 + (cmod a')?) # 0
using sqrt-1-plus-square
by simp
ultimately
have 2 / sqrt (1 + (cmod a’)?) = r
by (simp add: field-simps)
thus ?thesis
using (a = of-complex a’y (z = oop)
using dist-homo-infinite2|[of a’|

by simp
ged
next
case True

let A = —(cor r)? and ?B = 0 and ?C = 0 and ?D = / —(cor r)?
have hh: (?A, ?B, ?C, ?D) € {H. hermitean H N H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def complex-cnj power2-eq-square)
hence *: chordal-circle a v = mk-circline A ¢B ?C ?D
using (a = oop)
by simp (transfer, simp add: mk-circline-rep-def Abs-circline-mat-inverse,
rule-tac =1 in ez, simp)

show ?thesis
proof (cases z = ocop,)
case True
thus ?thesis
using (a = oop) assms x hh
by simp (subst (asm) inf-in-circline-set, transfer, simp add: circline-A0-rep-def
mk-circline-rep-def Abs-circline-mat-inverse)
next
case Fulse
then obtain 2z’ where z = of-complez 2z’
using inf-homo-or-complez-homolof z| inf-homo-or-complez-homolof a]
by auto
hence z € circline-set (mk-circline ?A 2B ?C ?D)
using assms
by simp
hence — (cor )2 * z*cnj 2’ + 4 — (cor r)? = 0
using hh
unfolding circline-set-def
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apply (subst (asm) z = of-complex z")
by (simp, transfer) (simp add: on-circline-rep-def mk-circline-rep-def Let-def
vec-cng-def Abs-circline-mat-inverse, algebra)
hence 4 — (cor r)? x (1 + (z'xcnj 2)) = 0
by (simp add: field-simps)
hence Re (4 — (cor r)? % (1 + (2" % cnj 2)) = 0
by simp
hence 4 = 72 % (1 + (cmod z)?)
by (subst cmod-square) (simp add: power2-eq-square)
hence 2 = r * sqrt (1 + (cmod 2)?)
using - > )
by (subst (asm) real-sqrt-eq-iff [symmetric]) (simp add: real-sqrt-mult)
moreover
have sqrt (1 + (cmod 2")?) # 0
using sqrt-1-plus-square
by simp
ultimately
have 2 / sqrt (1 + (cmod 2')?) = r
by (simp add: field-simps)
thus ?thesis
using (z = of-complex 2z <a = oop)
using dist-homo-infinite2|of 2’|
by simp
qed
qed

lemma chordal-circle-radius-positive:
assumes hermitean (A, B, C, D) Re (mat-det (A, B, C, D)) < 0B # 0
dsc = sqrt(Re (D—A)? + 4 * (Bxcnj B))) al = (A — D + cor dsc) / (2 % C)
a2 = (A — D — cordsc) / (2 * C)
shows Re (Axal/B) > —1 A Re (Axa2/B) > —1
proof—
from assms have is-real A is-real D C = cnj B
using hermitean-elems
by auto
have x: Axal /B = ((A — D + cor dsc) / (2 = (B * ¢nj B))) x A
using (B # 0) «C = cnj B> <al = (A — D + cordsc) / (2 = C)
by (simp add: field-simps) algebra
have #x: Axa2/B = ((A — D — cor dsc) / (2 x (B % cnj B))) = A
using (B # ) «C = cnj B> a2 = (A — D — cordsc) / (2 x C)
by (simp add: field-simps) algebra
have dsc > 0
proof—
have 0 < Re ((D — A)?) + 4 * Re ((cor (cmod B))?)
using «s-real A <is-real D)
by (subst cor-squared, subst Re-complex-of-real) (simp add: power2-eq-square)
thus ?thesis
using (dsc = sqrt(Re ((D—A)? + 4*(Bxcnj B)))
by (subst (asm) complez-mult-cnj-cmod) simp
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qed
hence Re (A — D — cor dsc) < Re (A — D + cor dsc)
by simp
moreover
have Re (2 * (B * cnj B)) > 0
using (B # O
by (subst complex-mult-cnj-cmod, simp add: power2-eq-square) (metis norm-eq-zero
not-real-square-gt-zero)
ultimately
have zzz: Re (A — D + cor dsc) / Re (2 x (B * ¢nj B)) > Re (A — D — cor
dsc) / Re (2 % (B * c¢nj B)) (is ?lhs > ?rhs)
by (metis divide-right-mono less-eg-real-def)

have Re A x Re D < Re (Bxcnj B)
using (Re (mat-det (A, B, C, D)) < 0) «C = cnj B) cis-real Ay tis-real D)
by simp

show ?thesis
proof (cases Re A > 0)
case True
hence Re (Axal/B) > Re (Axa2/B)
using * #x (Re (2 * (B * cnj B)) > 0) (B # 0 (is-real A <is-real D) zax
using mult-right-mono[of ?rhs ?lhs Re A]
apply simp
apply (subst Re-divide-real, simp, simp)
apply (subst Re-divide-real, simp, simp)
apply (subst Re-mult-real, simp)+
apply simp
done
moreover
have Re (Axa2/B) > —1
proof—
from (Re A x Re D < Re (Bx*cnj B)
have Re (A%) < Re (Bxcnj B) + Re ((A — D)xA)
using (Re A > O <is-real A) ds-real D)
by (simp add: power2-eq-square field-simps)
have 1 < Re (B*cnj B) / Re (A?) + Re (A — D) / Re A
using (Re A > () tis-real Ay (s-real D)
using divide-right-mono[OF (Re (A%) < Re (Bxcnj B) + Re ((A — D)xA)),
of Re (A?)]
by (simp add: power2-eq-square add-divide-distrib)
have / * Re(Bxcnj B) < 4 x (Re (Bxcnj B))? | Re (A?) + 2xRe (A — D)
/ Re A * 2 x Re(Bxcnj B)
using mult-right-mono[OF I < Re (Bxcnj B) / Re (A?) + Re (A — D) /
Re Ay, of 4 % Re (Bxcnj B)]
by (simp add: distrib-right) (simp add: power2-eq-square field-simps)
moreover
have A # 0
using (Re A > O
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by auto
hence / * (Re (Bxcnj B))? / Re (A%) = Re (4 * (Bxcnj B)? | A?)
using Re-divide-real[of A? 4 % (Bxcnj B)?] (Re A > 0) tis-real A
by (auto simp add: power2-eq-square)
moreover
have 2xRe (A — D) / Re A x 2 * Re(Bxcnj B) = Re (2 x (A — D) /] A x
2 % B * cnj B)
using <is-real A) (is-real D) (A # O
using Re-divide-real[of A (4 * A — 4 * D) * B * cnj B
by (simp add: field-simps)
ultimately
have Re ((D — A)?> + / % Bxcnj B) < Re((A — D)? + 4 x (Bxcnj B)? /
A% + 2%(A — D) / A x 2 x Bxcnj B)
by (simp add: field-simps power2-eq-square)
hence Re (D — A)?> + J x Bxenj B) < Re(((A — D) + 2 % Bxcnj B /
42)
using <A # O
by (subst power2-sum) (simp add: power2-eq-square field-simps)
hence dsc < sqrt (Re(((A — D) + 2 % Bxenj B | A)?))
using (dsc = sqrt(Re ((D—A)? + 4*(Bxcnj B)))
by simp
moreover
have Re(((A — D) + 2 x Bxenj B /| A)?) = (Re((A — D) + 2 % Bxcnj B
/ 4))72
using «s-real A ¢is-real Dy div-reals
by (simp add: power2-eq-square)
ultimately
have dsc < |[Re (A — D + 2 %« B % cnj B /] A)|
by simp
moreover
have Re (A— D+ 2%« BxcnjyB /] A) >0
proof—
have Re (A2 + Bxcnj B) > 0
using «s-real A
by (simp add: power2-eq-square)
hence Re (A? + 2%Bxcnj B — AxD) > 0
using (Re A x Re D < Re (Bxcnj B)
using <is-real A) «is-real D)
by simp
show ?thesis
using divide-right-mono[OF (Re (A% + 2xBxcnj B — AxD) > (), of Re
Al (Re A > 0 ds-real A <A # O
by (simp add: add-divide-distrib diff-divide-distrib del: complex-Re-mult)
(subst Re-divide-real, auto simp add: power2-eg-square field-simps)
qed
ultimately
have dsc < Re (A— D+ 2%« BxcnjB / A)
by simp
hence — Re (2 * (B x cnj B) / A) < Re ((A — D — cor dsc))
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by (simp add: field-simps)
hence — (Re (2 * (B * cnj B)) / Re A) < Re (A — D — cor dsc)
using <s-real A> (A # O
by (subst (asm) Re-divide-real, auto)
from divide-right-mono|OF this, of Re (2 * B x cnj B)]
have — 1 / Re A< Re (A — D — cor dsc) / Re (2 x B * cnj B)
using (Re A > 0) (B # ) (A # 0) <0 < Re (2 x (B * cnj B))
by (simp add: field-simps del: complez-Re-mult)
from mult-right-mono| OF this, of Re A
show ?thesis
using «s-real Ay tis-real D) (B # 0) (Re A > 0> (A # O
apply (subst #x)
apply (subst Re-mult-real, simp add: div-reals)
apply (subst Re-divide-real, simp, simp)
apply (simp add: field-simps)
done
qed
ultimately
show ?thesis
by simp
next
case Fulse
show ?thesis
proof (cases Re A < 0)
case True
hence Re (Axal/B) < Re (Axa2/B)
using * #x (Re (2 * (B * c¢nj B)) > 0) (B # 0) (s-real A ¢is-real Dy zax
using mult-right-mono-neg|of ?rhs ?lhs Re A
apply simp
apply (subst Re-divide-real, simp, simp)
apply (subst Re-divide-real, simp, simp)
apply (subst Re-mult-real, simp)+
apply simp
done
moreover
have Re (Axal/B) > —1
proof—
from (Re A * Re D < Re (Bxcnj B))
have Re (A%) < Re (Bxcnj B) — Re (D — A)xA)
using (Re A < 0) «s-real A> <is-real D)
by (simp add: power2-eq-square field-simps)
hence 1 < Re (Bxcnj B) / Re (A?) — Re (D — A) / Re A
using (Re A < 0) s-real A> <is-real D)
using divide-right-mono[OF (Re (A?) < Re (Bxcnj B) — Re (D — A)xA)),
of Re (A?)]
by (simp add: power2-eq-square diff-divide-distrib)
have / * Re(Bxcnj B) < 4 x (Re (Bxcnj B))? / Re (A?) — 2xRe (D —
A) / Re A x 2 x Re(Bxcnj B)
using mult-right-mono[OF <1 < Re (Bxcnj B) / Re (A?) — Re (D — A)
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/ Re A, of 4 * Re (Bxcnj B)]
by (simp add: left-diff-distrib) (simp add: power2-eq-square field-simps)
moreover
have A # 0
using (Re A < O»
by auto
hence / * (Re (Bxcnj B))? / Re (A%) = Re (4 * (Bxcnj B)? | A?%)
using Re-divide-real[of A% J * (Bxcnj B)?] (Re A < 0) cis-real A
by (auto simp add: power2-eq-square)
moreover
have 2xRe (D — A) / Re A % 2 x Re(B*cnj B) = Re (2 x (D — A) / A %
2 % B * cnj B)
using <is-real Ay «is-real D) (A # O
using Re-divide-real[of A (4 x D — 4 x A) x B * cnj B|
by (simp add: field-simps)
ultimately
have Re (D — A)? + 4 % Bxcnj B) < Re((D — A)? + 4 = (Bxcnj B)? /
A% — 2%(D — A) / A x 2 x Bxcnj B)
by (simp add: field-simps power2-eq-square)
hence Re ((D — A)?> + 4 % Bxenj B) < Re(((D — A) — 2 % Bxenj B /

)
using (4 # O
by (subst power2-diff) (simp add: power2-eq-square field-simps)
hence dsc < sqrt (Re(((D — A) — 2 % Bxenj B | A)?))
using (dsc = sqrt(Re (D—A)? + 4*(Bxcnj B)))
by simp
moreover
have Re(((D — A) — 2 % Bxcnj B/ A)?) = (Re((D — A) — 2 x Bxcnj
B/ A)?

using ds-real A (is-real D) div-reals
by (simp add: power2-eq-square)
ultimately
have dsc < |Re (D — A — 2 x B x ¢nj B / A)]
by simp
moreover
have Re (D — A— 2+« BxcnjB / A) >0
proof—
have Re (A? + Bxcnj B) > 0
using «s-real A
by (simp add: power2-eq-square)
hence Re (A? + 2xBxcnj B — AxD) > 0
using (Re A x Re D < Re (Bxcnj B))
using <is-real A «s-real D)
by simp
show ?thesis
using divide-right-mono-neg[OF (Re (A? + 2xBxcnj B — AxD) > 0,
of Re A] <Re A < 0 is-real A (A # O
by (simp add: add-divide-distrib diff-divide-distrib del: complex-Re-mult)
(subst Re-divide-real, auto simp add: power2-eg-square field-simps)
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qged
ultimately
have dsc < Re (D — A—2*xBxcnjB / A)
by simp
hence — Re (2 x (B x cnj B) /| A) > Re ((A — D + cor dsc))
by (simp add: field-simps)
hence — (Re (2 * (B * ¢nj B)) / Re A) > Re (A — D + cor dsc)
using s-real A (A # O
by (subst (asm) Re-divide-real, auto)
from divide-right-mono|OF this, of Re (2 x B % cnj B))]
have — 1 / Re A > Re (A — D + cor dsc) / Re (2 x B * cnj B)
using (Re A < ) <B # 0 (A # 0) <0 < Re (2 x (B x cnj B))
by (simp add: field-simps del: complex-Re-mult)
from mult-right-mono-neg[ OF this, of Re A
show ?thesis
using <is-real Ay s-real D) (B # 0) (Re A < 0) (A # O)
apply (subst *)
apply (subst Re-mult-real, simp add: div-reals)
apply (subst Re-divide-real, simp, simp)
apply (simp add: field-simps)
done
qed
ultimately
show ?thesis
by simp
next
case Fulse
hence A = 0
using (= Re A > 0 tis-real A
by (cases A) simp
thus ?thesis
by simp
qed
qed
qed

definition chordal-circles-rep where
chordal-circles-rep H =

(let (A, B, C, D) = Rep-circline-mat H;
dsc = sqrt(Re (D—A)% + 4 x (Bxcnj B)));
al = (A — D + cordsc) /] (2 x C);
rl = sqrt((4 — Re((—4 * al/B) * A)) / (I + Re (al*cnj al)));
a2 = (A — D — cordsc) /] (2 x C);
12 = sqri((4 — Re(—4 * a2/B) » 4)) / (1 + Re (a2xcnj a2))

in ((al, r1), (a2, r2)))

lift-definition chordal-circles :: ocircline = (complex x real) x (complex x real)

is chordal-circles-rep
proof—
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fix H1 H2

obtain A1 B1 C1 DI where hhi: (A1, B1, C1, D1) = Rep-circline-mat H1
by (cases Rep-circline-mat H1) auto

obtain A2 B2 C2 D2 where hh2: (A2, B2, C2, D2) = Rep-circline-mat H2
by (cases Rep-circline-mat H2) auto

assume ocircline-mat-eq H1 H2
then obtain k where *: k > 0 A2 = cor k + Al B2 = cor k « B1 C2 = cor k
* C1 D2 = cor k x DI
using hhl[symmetric] hh2[symmetric]
by auto
let ?dscl = sqrt (Re (D1 — A1)? + 4 % (BI * cnj B1))) and ?dsc2 = sqrt
(Re (D2 — A2)? + 4 = (B2 * cnj B2)))
let a1l = (A1 — D1 + cor 2dscl) / (2 x C1) and %a12 = (A2 — D2 + cor
?dsc2) /| (2 x C2)
let ?a21 = (A1 — D1 — cor %dscl) / (2 x C1) and %a22 = (A2 — D2 — cor
?dsc2) |/ (2 x C2)
let ?r11 = sqrt((4 — Re((—
let ?r12 = sqrt((4 — Re((—
let ?r21 = sqrt((4 — Re((—
let r22 = sqrt((4 — Re((—

4 % %al1/B1) % A1)) / (1 + Re (Yall*cnj %all)))
4 * ?a12/B2) « A2)) / (1 + Re (Ya12xcnj ?a12)))
4 * ?a21/B1) = A1)) / (1 + Re (?a21xcnj ?a21)))
4 % 2a22/B2) % A2)) / (1 + Re (?a22xcnj ?a22)))
have Re ((D2 — A2)? + 4 % (B2 % cnj B2)) = k% x Re (D1 — A1)® + J *
(B1 * ¢nj B1))
using x
by (simp add: power2-eq-square field-simps)
hence %dsc2 = k x ?dscl
using & > O)
by (simp add: real-sqri-mult)
hence A2 — D2 + cor ?dsc2 = cor k x (Al — D1 + cor ?dscl1) A2 — D2 —
cor dsc2 = cor k x (A1 — DI — cor ?dscl) 2xC2 = cor k x (2+C1)
using *
by (auto simp add: field-simps)
hence ?a12 = ?all %022 = %a21
using & > O»
by simp-all
moreover
have Re((—4 * 2a12/B2) x A2) = Re((—4 * %al1/BI1) x Al)
using x
by (subst «?a12 = ?alD)) (simp, simp add: field-simps)
have ?ri2 = ?rit
by (subst (Re((—4 * %a12/B2) * A2) = Re((—4 * %al1/B1) x Al)), (subst
(2a12 = 2alD))+) simp
moreover
have Re((—4 * 2a22/B2) « A2) = Re((—4 * ?a21/BI1) % Al)
using x
by (subst (?a22 = 2a21>) (simp, simp add: field-simps)
have 7r22 = 7r21
by (subst (Re((—4 * %a22/B2) x A2) = Re((—4 * %a21/B1) x Al)), (subst
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(2a22 = 2a21))+) simp

moreover

have chordal-circles-rep Hl = ((?all, ?ril1), (?a21, ?r21))
using hhl[symmetric] hh2[symmetric]
unfolding chordal-circles-rep-def Let-def
by simp

moreover

have chordal-circles-rep Hl = ((?all, ?ril), (?a21, ?r21))
using hhl[symmetric]
unfolding chordal-circles-rep-def Let-def
by simp

moreover

have chordal-circles-rep H2 = ((?a12, ?r12), (?a22, 7r22))
using hh2[symmetric]
unfolding chordal-circles-rep-def Let-def
by simp

ultimately

show chordal-circles-rep H1 = chordal-circles-rep H2
by metis

qed

lemma chordal-circle-det-positive:
fixes x y :: real
assumes z *x y < 0
shows z / (¢ — y) > 0
proof (cases © > 0)
case True
hence y < 0
using @ x y < )
by (metis mult-less-cancel-left-pos mult-zero-right)
have z — y > 0
using @ > 0y < O
by auto
thus ?thesis
using @ > O
by (metis zero-less-divide-iff )
next
case Fulse
hence y > 0z < 0
using @ x y < )
by — (metis mult-less-cancel-left-disj mult-zero-right, metis less-linear mult-zero-left)
havez — y < 0
using @ < ) (y > O
by auto
thus ?thesis
using @ < O
by (metis zero-less-divide-iff )
qed
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lemma chordal-circlel:
assumes is-real A is-real D Re (A x D) < 01 = sqrt(Re ((4xA)/(A—D)))
shows mk-circline A 0 0 D = chordal-circle ooy, r
using assms
proof transfer
fix ADr
assume *: is-real A is-real D Re (A x D) < 0 r = sqrt (Re ((4xA)/(A-D)))
hence A# 0 Vv D # 0
by auto
hence (4, 0, 0, D) € {H. hermitean H N H # mat-zero}
using eg-cnj-iff-real[of A] eq-cng-iff-real[of D] *
unfolding hermitean-def
by (simp add: mat-adj-def mat-cnj-def)
moreover
have (— (cor )2, 0, 0, 4 — (cor r)?) € {H. hermitean H N H # mat-zero}
by (simp add: hermitean-def mat-adj-def mat-cnj-def complez-cnj power2-eq-square)
moreover

have A # D
using (Re (A x D) < 0 tis-real A <is-real D)
by auto

have Re ((4xA)/(A=D)) > 0

proof—

have Re A / Re (A — D) > 0
using (Re (A x D) < 0 tis-real A <is-real D)
using chordal-circle-det-positive[of Re A Re D]
by simp
thus ?thesis
using <is-real A) (is-real D) (A # D)
by (subst Re-divide-real, auto) (metis mult-nonneg-nonpos zero-le-divide-iff
zero-le-mult-iff zero-le-numeral)
qed
moreover
have — (cor (sqrt (Re (4 * A/ (A — D)))))? = cor (Re (4 / (D — A))) x A
using (Re ((4xA)/(A—D)) > O0) <s-real A> is-real D) <A # D)
by (subst cor-squared, subst real-sqri-power[symmetric], simp) (simp add:
Re-divide-real Re-mult-real complex-of-real-Re of-real-numeral minus-divide-right)
moreover
have 4 x (A— D) — /A =/ x—D
by (simp add: field-simps)
hence 4 — {« A/ (A—-—D)=—4*D /(A - D)
using (A # D)
by (smt ab-semigroup-mult-class.mult-ac(1) diff-divide-eq-iff eq-iff-diff-eq-0 mult-minus1
mult-minus1-right mult-numeral-1-right neg-numeral-def right-diff-distrib-numeral
times-divide-eq-right)
hence 4 — 4« A/ (A—-—D)=4D /(D — A
by (metis (hide-lams, no-types) minus-diff-eq minus-divide-left minus-divide-right
minus-mult-left neg-numeral-def )
hence 4/ — (cor (sqrt (Re (4 x A/ (A — D)))))? = cor (Re (4 |/ (D — A))) *
D
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using (Re ((4xA)/(A—D)) > 0) <s-real A (is-real Dy (A # D»
by (subst cor-squared, subst real-sqrt-power|[symmetric], simp) (simp add:
Re-divide-real Re-mult-real complex-of-real-Re of-real-numeral)
ultimately
show circline-mat-eq (mk-circline-rep A 0 0 D) (chordal-circle-rep inf-homo-rep

r)

using (is-real A) (s-real Dy (A # D) «r = sqrt(Re ((4xA)/(A=D)))

by (simp add: chordal-circle-rep-def mk-circline-rep-def Abs-circline-mat-inverse)
(rule-tac x=Re(4/(D—A)) in exl, auto)
ged

lemma chordal-circle2:
assumes is-real A is-real D Re (A x D) < 01 = sqrt(Re ((4xD)/(D—A)))
shows mk-circline A 0 0 D = chordal-circle 0y, r
using assms
proof transfer
fix ADr
assume *: is-real A is-real D Re (A x D) < 0 r = sqrt (Re ((4xD)/(D—A4)))
hence A # 0 Vv D # 0
by auto
hence (4, 0, 0, D) € {H. hermitean H N H # mat-zero}
using eq-cnj-iff-real[of A] eg-cnj-iff-real[of D] *
unfolding hermitean-def
by (simp add: mat-adj-def mat-cnj-def)
moreover
have (4 — (cor r)?, 0, 0, — (cor r)?) € {H. hermitean H N H # mat-zero}
by (simp add: hermitean-def mat-adj-def mat-cnj-def complez-cnj power2-eq-square)
(metis mult-zero-right of-real-0 zero-neg-numeral)
moreover
have A # D
using (Re (A * D) < 0) is-real A (is-real D)
by auto
have Re((4*D)/(D—A)) > 0
proof—
have Re D / Re (D — A) > 0
using (Re (A % D) < O) <s-real A (is-real D)
using chordal-circle-det-positive[of Re D Re A]
by (simp add: field-simps)
thus ?thesis
using <is-real A «s-real D) (A # D)
by (subst Re-divide-real, auto) (metis mult-nonneg-nonpos zero-le-divide-iff
zero-le-mult-iff zero-le-numeral)
qged
have 4 « (D — A) — / * D =4 x —A
by (simp add: field-simps)
hence { — 4 «D /(D —-A)=—4xA/ (D - A)
using (A # D)
by (smt ab-semigroup-mult-class.mult-ac(1) diff-divide-eq-iff eq-iff-diff-eq-0 mult-minus!
mult-minus1-right mult-numeral-1-right neg-numeral-def right-diff-distrib-numeral
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times-divide-eq-right)

hence 4 — 4 +«D /(D —-—A)=4xA/(A—-D)

by (metis (hide-lams, no-types) minus-diff-eq minus-divide-left minus-divide-right
minus-mult-left neg-numeral-def)

hence 4 — (cor (sqrt (Re ((4*D)/(D—A)))))? = cor (Re (4 / (A — D))) x A

using <is-real A ts-real Dy <A # D)y (Re (4 *x D / (D — A)) > O
by (subst cor-squared, subst real-sqrt-power|[symmetric], simp) (simp add:

Re-divide-real complex-of-real-Re of-real-numeral)

moreover
have — (cor (sqrt (Re ((4xD)/(D—A)))))? = cor (Re (4 |/ (A — D))) * D
using <is-real A is-real D) <A # Dy (Re ((4%D)/(D—A4)) > O
by (subst cor-squared, subst real-sqrt-power|[symmetric], simp) (simp add:
Re-divide-real complex-of-real-Re of-real-numeral minus-divide-right)

ultimately
show circline-mat-eq (mk-circline-rep A 0 0 D) (chordal-circle-rep zero-homo-rep
)
using <is-real A) <is-real D) (A # 0V D # 0) <«r = sqrt (Re ((4*D)/(D—A)))
by (simp add: chordal-circle-rep-def mk-circline-rep-def Abs-circline-mat-inverse)
(rule-tac x=Re (4 /(A—D)) in exI, auto)
qed

lemma chordal-circle”:

assumes B # 0 (A, B, C, D) € {H. hermitean H N H # mat-zero} Re (mat-det
(A, B, C, D)) <0

Cxa®> +(D—A)xa—B=20 r=sqt((4 — Re((—4 x a/B) x A)) /] (1 +
Re (axcnj a)))

shows mk-circline A B C D = chordal-circle (of-complex a) r
using assms
proof transfer

fix A BCD a: complex and r :: real

let %k = —4*a / B

assume *: (A, B, C, D) € {H. hermitean H A H # mat-zero} and #x: B # 0
Cxa’>+ (D —A)xa—B=0and rr:r=sqrt ((4{ — Re (% x A)) / (1 + Re
(a x ¢nj a))) and det: Re (mat-det (A, B, C, D)) < 0

have is-real A is-real D C = c¢nj B
using *x hermitean-elems
by auto

from *x have a12: let dsc = sqrt(Re (D—A)? + 4 = (Bxcnj B)))
ina=(A—D+ cordsc) /] (2 C)Va=(A—- D — cordsc)
/(2 xC)
proof—
have Re ((D—A)? + 4 % (Bxcnj B)) > 0
using <is-real Ay (is-real D)
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by (subst complex-mult-cnj-cmod) (simp add: power2-eq-square)
hence csqrt (D — A)? — 4 x C *+ — B) = cor (sqrt (Re (D — A)?> + 4 * (B
« enj B))))
using csqrt-real[of (D — A)? + 4 % (B * cnj B))] ts-real A) tis-real D) «C
=cn B
by (auto simp add: power2-eq-square field-simps)
thus ?thesis
using complez-quadratic-equation-full[of C a D — A —B] «C x a®> + (D — A)
xa— B=0 B#0«C=cn B
by (simp add: Let-def)
qed

have is-real %k
using a2 (C = cnj B) tis-real A) <is-real D)
by (auto simp add: Let-def div-reals)
have a # 0
using *x
by auto
hence Re %k # 0
using (s-real (—4*a / B)) (B # O
by (metis complez-surj complez-zero-def mult-eq-0-iff nonzero-divide-eq-eq zero-neg-neg-numeral)

moreover
have —4 x a = cor (Re %) x B
using complez-of-real-Re[|OF <is-real (—4*a/B)] (B # O
by simp
moreover
have is-real (a/B)
using «s-real ?k)
by (metis Im-mult-real complex-Im-neg-numeral complez-Re-neg-numeral mult-eq-0-iff
times-divide-eq-right zero-neg-neg-numeral)
hence is-real (B * cnj a)
by (smt mult.commute complex-In-mult-cnj-zero complex-cnj-divide complex-cnj-zero-iff
eq-cnj-iff-real eq-divide-eq times-divide-eq-right)
hence B x ¢cnja =cnj B *x a
using eg-cnj-iff-real[of B * cnj a)
by (simp add: complez-cnj)
hence —4 * c¢nj a = cor (Re %) x C
using «(C' = c¢nj B)
using complez-of-real-Re[OF <is-real ?k)] (B # O
by (simp, simp add: field-simps)
moreover
have 1 + a *xcnja # 0
by (subst complex-mult-cnj-cmod) (smit cor-add of-real-0 of-real-1 of-real-eq-iff
realpow-square-minus-le)
have 12 = (4 — Re (?k * A)) / (1 + Re (a * cnj a))
proof—
have Re (a / B« A) > —1
using a12 chordal-circle-radius-positive[of A B C D] = (B # () det
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by (auto simp add: Let-def field-simps)
from mult-right-mono-neg[OF this, of —4]
have / — Re (?k « A) > 0
using Re-mult-real[of —4 a / B * A]
by (simp add: field-simps)
moreover
have 1 + Re (a x ¢cnja) > 0
by (subst complex-mult-cnj-cmod) (smt Re-complex-of-real <a # 0) norm-eq-zero
zero-less-power2)
ultimately
have (4 — Re (?k x A)) / (1 + Re (a * cnja)) > 0
by (metis divide-nonneg-pos)
thus ?thesis
using rr
by simp
qged
hence 2 = Re ((4 — %k = A) / (1 + a * cnj a))
using <is-real %k <is-real A <1 + a * c¢cnj a # O)
by (subst Re-divide-real, auto)
hence (cor r)?2 = (4 — % x A) / (1 + a * cnj a)
using <is-real 7k is-real A
using mult-reals|of %k A]
by (simp add: cor-squared) (subst complex-of-real-Re, subst div-reals, auto)
hence 4 — (cor r)? x (a * cnja + 1) = cor (Re 7k) * A
using complez-of-real-Re[OF <is-real (—4*a/B))]
using <! + a x cnja # O
by (simp add: field-simps)
moreover

have %k = cnj %
using «s-real ?k)
by (subst eg-cnj-iff-real) simp
have ?k? = cor ((cmod %k)?)
using cor-cmod-real|OF (is-real ?k)]
unfolding power2-eq-square
by (subst cor-mult) (metis minus-mult-minus)
hence k% = % * cnj %
using complex-mult-cnj-cmod|of ?k]
by simp
hence *x*: a * cnj a = (cor ((Re %)) « B x C) / 16
using complez-of-real-Re[OF <is-real (—4*a/B))] «C = cnj B> tis-real (—4*a/B)
(B # O
by (simp add: complex-cnyj)
from *x have cor ((Re ?k)?) * B x C — 4 x cor (Re %) x (D—A) — 16 = 0
using complez-of-real-Re|OF (is-real ?k)]
by (simp add: power2-eq-square, simp add: field-simps, algebra)
hence 7k x (D—A) = / * (cor ((Re %)?) «* Bx C |/ 16 — 1)
by (subst (asm) complez-of-real-Re[OF (is-real ?k»]) algebra
hence % = (D—A) = / * (axcnja — 1)

255



by (subst (asm) s**[symmetric]) simp

hence 4 * a * cnja — (cor r)? * (a * enja + 1) = cor (Re ?k) * D
using 4 — (cor r)? * (a * ecnja + 1) = cor (Re 7k) * A
using complez-of-real-Re[OF <is-real (—4*a/B))]
by simp algebra
ultimately
show circline-mat-eq (mk-circline-rep A B C D) (chordal-circle-rep (of-complez-coords
a) r)
using x <a £ O
by (simp add: mk-circline-rep-def Abs-circline-mat-inverse) (rule-tac z=Re
(=4*a / B) in exl, simp)
qed

lift-definition o-circline-point-0h :: ocircline is circline-point-0h-rep
done

lemma of-ocircline-o-circline-point-0h [simp): of-ocircline o-circline-point-Oh = circline-point-0h
by (metis circline-point-0h-def o-circline-point-Oh-def of-ocircline.abs-eq)

lemma ocircline-set-0h:
assumes ocircline-set H = {0}
shows H = o-circline-point-Oh V H = opposite-ocircline (o-circline-point-0h)
proof—
have of-ocircline H = circline-point-0h
using assms
using circline-set-ocircline-set[of H, symmetric]
using unique-circline-type-zero-0h’ card-eql-circline-type-zero[of of-ocircline H]
by blast
thus ?thesis
by (metis inj-of-ocircline of-ocircline-o-circline-point-0h)
qed

11.13 Disc automorphisms

lemma circline-set-fix-iff-circline-fix:
assumes circline-set H' # {}
shows (moebius-pt M) * (circline-set H) = circline-set H' +— moebius-circline
MH=H'
using assms
by (subst moebius-circline-set, auto) (rule inj-circline-set[of - H'], auto)

lemma ocircline-set-fiz-iff-ocircline-fiz:
assumes ocircline-set H' # {}
shows (moebius-pt M)  (ocircline-set H) = ocircline-set H' +—
moebius-ocircline M H = H'V moebius-ocircline M H = opposite-ocircline
H/
using assms inj-ocircline-set|[of - H'|
by (subst moebius-ocircline-set, auto)
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definition Unitaryl1-gen-rep where
Unitaryl1-gen-rep M «— unitaryl1-gen (Rep-moebius-mat M)

lift-definition Unitaryl1-gen :: moebius = bool is Unitaryl1-gen-rep
apply (auto simp add: Unitaryl1-gen-rep-def)

apply (simp add: unitaryl1-gen-mult-sm)

apply (simp add: unitaryl1-gen-div-sm)

done

lemma unit-circle-fiz-iff- Unitaryl1-gen:
shows moebius-circline M unit-circle = unit-circle <— Unitaryl1-gen M (is ?lhs
= ?rhs)
proof
assume ?lhs
thus ?rhs
proof (transfer)
fix M
assume circline-mat-eq (moebius-circline-rep M unit-circle-rep) unit-circle-rep
then obtain k& where k # 0 (1, 0, 0, —1) = cor k #gy, congruence (mat-inv
(Rep-moebius-mat M)) (1, 0, 0, —1)
by auto
hence (1/cor k, 0, 0, —1/cor k) = congruence (mat-inv (Rep-moebius-mat
M) (1, 0,0, —1)
using mult-sm-inv-l[of cor k congruence (mat-inv (Rep-moebius-mat M)) (1,

0,0,—-1)]
by simp
hence congruence (Rep-moebius-mat M) (1/cor k, 0, 0, —1/cor k) = (1, 0,
0,—1)

using Rep-moebius-mat[of M| mat-det-inv[of Rep-moebius-mat M]
using congruence-inv[of mat-inv (Rep-moebius-mat M) (1, 0, 0, —1) (1/cor
k, 0, 0, —1/cor k)]
by simp
hence congruence (Rep-moebius-mat M) (1, 0, 0, —1) = cor k *sm (1, 0, 0,
—1)
using congruence-scale-m[of Rep-moebius-mat M 1/cor k (1, 0, 0, —1)]
using mult-sm-inv-l[of 1/ cor k congruence (Rep-moebius-mat M) (1, 0, 0,
—1) (1, 0,0, —1)] k £ O
by simp
thus Unitaryl1-gen-rep M
using <k # O
unfolding Unitaryl1-gen-rep-def unitaryl1-gen-def
by simp
qed
next
assume ?rhs
thus ?lhs
proof (transfer)

257



fix M

assume Unitaryl1-gen-rep M

hence unitaryl1-gen (mat-inv (Rep-moebius-mat M))
using Rep-moebius-mat[of M|
using unitaryl1-gen-mat-inv
by (simp add: Unitaryll-gen-rep-def)

thus circline-mat-eq (moebius-circline-rep M unit-circle-rep) unit-circle-rep
unfolding unitaryl1-gen-real
by auto (rule-tac x=1/k in exl, simp)

ged
qed

lemma unit-circle-set-fix-iff- Unitary11-gen:

shows (moebius-pt M * (circline-set unit-circle) = (circline-set unit-circle)) +—
Unitaryl1-gen M (is ?lhs <— ?rhs)
using unit-circle-fiz-iff-Unitary11-gen|of M| circline-set-fix-iff-circline-fix[of unit-circle
M wunit-circle)
using one-on-unit-circle
by auto

definition Unitaryl1-gen-direct-rep where
Unitaryl1-gen-direct-rep M <—
(let (A, B, C, D) = Rep-moebius-mat M
in unitaryl1-gen (A, B, C, D) A (B = 0 V Re ((AxD)/(BxC)) > 1))

lift-definition Unitaryl1-gen-direct :: moebius = bool is Unitaryl1-gen-direct-rep
proof—
fix M M’
let ?M = Rep-moebius-mat M and ?M' = Rep-moebius-mat M’
assume moebius-mat-eq M M’
then obtain k where *: k # 0 Rep-moebius-mat M' = k *,,, Rep-moebius-mat
M
by auto
hence xx: unitaryl1-gen (Rep-moebius-mat M) <— unitaryl1-gen (Rep-moebius-mat
M)
using unitary! I-gen-mult-sm[of k ?M] unitaryl1-gen-div-sm[of k ?M]
by auto
obtain A B C' D where MM: (A, B, C, D) = Rep-moebius-mat M
by (cases Rep-moebius-mat M) auto
obtain A’ B’ ¢’/ D' where MM". (A’, B', C’, D') = Rep-moebius-mat M’
by (cases Rep-moebius-mat M’) auto

show Unitaryl1-gen-direct-rep M = Unitaryl1-gen-direct-rep M’
using * *x MM MM’
unfolding Unitaryl1-gen-direct-rep-def Let-def
by auto
qed

lemma ounit-circle-fix-iff- Unitaryl1-gen-direct:
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shows moebius-ocircline M ounit-circle = ounit-circle <— Unitaryl1-gen-direct
M (is %lhs <— ?rhs)
proof
assume x: ?lhs
have moebius-circline M unit-circle = unit-circle
apply (subst moebius-circline-ocircline[of M unit-circle])
apply (subst of-circline-unit-circline)
apply (subst *)
by simp

hence Unitaryl1-gen M
by (simp add: unit-circle-fiz-iff-Unitary11-gen)
thus ?rhs
using x
proof (transfer)
fix M
let ?M = Rep-moebius-mat M
let YH =(1,0,0,—1)
obtain A B C D where MM: (A, B, C, D) = ?M
by (cases ?M) auto
assume Unitaryl1-gen-rep M ocircline-mat-eq (moebius-circline-rep M unit-circle-rep)
unit-circle-rep
then obtain k where 0 < k ?H = cor k *g,,, congruence (mat-inv ?M) ?H
by auto
hence congruence ?M ?H = cor k s, ?H
using congruence-inv|of mat-inv M ?H (1/cor k) *sm ?H] Rep-moebius-mat|of
M)
using mult-sm-inv-l{of cor k congruence (mat-inv M) ?H ?H]
using mult-sm-inv-l[of 1/cor k congruence ?M ?H)|
using congruence-scale-m[of ?M 1/cor k ?H|
by (auto simp add: mat-det-inv)
then obtain a b k' where k' # 0 ?M = k' %4, (a, b, cnj b, cnj a) sgn (Re
(mat-det (a, b, cnj b, cnj a))) = 1
using unitaryl1-sgn-det-orientation’[of ?M k] <k > O
by auto
moreover
have mat-det (a, b, cnj b, cnj a) # 0
using (sgn (Re (mat-det (a, b, cnj b, ¢nj a))) = D>
by (metis complez-Re-zero sgn-zero zero-neg-one)
ultimately
show Unitaryl1-gen-direct-rep M
using unitaryl1-sgn-det[of k' a b ?M A B C D]
using MM [symmetric] &k > 0 (Unitaryl1-gen-rep M)
by (simp add: Unitaryl1-gen-rep-def Unitaryl1-gen-direct-rep-def sgn-1-pos
split: split-if-asm)
qed
next
assume ?rhs
thus ?lhs
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proof (transfer)
fix M
let ?M = Rep-moebius-mat M
obtain A B C D where MM: (4, B, C, D) = ?M
by (cases ?M) auto
assume Unitaryl1-gen-direct-rep M
hence unitaryli-gen YM B =0V 1 < Re (Ax D / (B x C))
using MM [symmetric]
by (auto simp add: Unitaryl1-gen-direct-rep-def)
have sgn (if B = 0 then 1 else syn (Re (A« D / (B C)) — 1)) =1
using (B=0V 1 <Re(AxD /(B=x*C))
by auto
then obtain k£’ where k£’ > 0 congruence (Rep-moebius-mat M) (1, 0, 0, —1)
= cor k' *5m (1,0, 0, —1)
using unitaryl1-orientation|OF (unitaryl1-gen ?M) MM [symmetric]]
by (auto simp add: sgn-1-pos)
thus ocircline-mat-eq (moebius-circline-rep M unit-circle-rep) unit-circle-rep
using congruence-inv[of ?M (1, 0, 0, —1) cor k' xgm (1, 0, 0, —1)]
Rep-moebius-mat[of M|
using congruence-scale-m[of mat-inv ?M cor k' (1, 0, 0, —1)]
by auto
qed
qed

Blaschke factor

definition blaschke-rep where
blaschke-rep a = Abs-moebius-mat (1, —a, —cnj a, 1)

lemma blaschke-rep-Repl:
assumes cmod a # 1
shows Rep-moebius-mat (blaschke-rep a) = (1, —a, —cnj a, 1)
using assms
by (simp add: blaschke-rep-def Abs-moebius-mat-inverse)

lemma blaschke-rep-Rep2:
assumes a x cnj a # 1
shows Rep-moebius-mat (blaschke-rep a) = (1, —a, —cnj a, 1)
using assms
by (simp add: blaschke-rep-def Abs-moebius-mat-inverse)

lift-definition blaschke :: complex = moebius is blaschke-rep
by (simp del: moebius-mat-eq-def )

lemma blaschke-a-to-zero:
assumes cmod a # 1
shows moebius-pt (blaschke a) (of-complex a) = 0,
proof—
from assms have a * cnj a # 1
by simp
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thus ?thesis
by (transfer) (simp add: blaschke-rep-Rep2, rule-tac x=1/(1 — axcnj a) in
exl, simp add: field-simps)
qed

lemma blaschke-inv-a-inf:
assumes cmod a # 1
shows moebius-pt (blaschke a) (inversion-homo (of-complex a)) = ooy,
proof—
from assms have a * cnj a # 1
by simp
thus ?thesis
unfolding inversion-homo-def
by (transfer) (simp add: blaschke-rep-Rep2 vec-cnj-def, rule-tac z=1/(1 —
axeng o) in exl, simp add: field-simps)
qed

lemma blaschke-Unitaryl1-gen-rep:
assumes a * cnj a # 1
shows Unitaryl1-gen-rep (blaschke-rep a)
proof—
have is-real (1 — axcnj a)
by auto
moreover
hence cor (Re (1 — a*xcnja)) = 1 — a*xcnj a
by (rule complez-of-real-Re)
moreover
have Re (axcnj a) # 1
using (is-real (1 — axcnj a)) assms
by (metis complex-In-mult-cnj-zero complez-of-real-Re of-real-1)
ultimately
show ?thesis
using assms
using blaschke-rep-Rep2
by (auto simp add: blaschke-rep-def Unitaryl1-gen-rep-def unitaryll-gen-real
mat-adj-def mat-cnj-def complez-cnj field-simps simp del: complez-Re-mult) (rule-tac
x=Re (1 — axcnj a) in exl, simp del: complex-Re-mult)
qed

lemma blaschke-unitaryl1-gen-direct-rep:
assumes Re (a * cnj a) < 1
shows Unitaryl!1-gen-direct-rep (blaschke-rep a)
proof—
have a x cnj a # 1
using assms
by (cases a, simp)
show ?thesis
proof (cases a = 0)
case True
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thus ?thesis
using blaschke-Unitaryl1-gen-rep|of a]
by (simp add: Unitaryl1-gen-direct-rep-def Unitaryl1-gen-rep-def blaschke-rep-def)
next
case Fulse
hence Re (a % ¢cnja) > 0
by (subst complex-mult-cnj-cmod) (metis Re-complex-of-real zero-less-norm-iff
zero-less-power)
thus ?thesis
using assms @ x ¢cnja # 1) «a # O)
using blaschke-Unitaryl1-gen-rep|of a] blaschke-rep-Rep2|of a] Re-divide-real[of
axcnj a 1)
by (auto simp add: Unitaryl1-gen-direct-rep-def blaschke-rep-def Unitaryl1-gen-rep-def
stmp del: complez-Re-mult)
qed
qed

lemma blaschke-Unitaryl1-gen:
assumes a * cnj a # 1
shows Unitaryl1-gen (blaschke a)
using assms
by (transfer) (rule blaschke-Unitaryl1-gen-rep)

lemma blaschke-Unitaryl1-gen-direct:
assumes Re (a * cnj a) < 1
shows Unitaryl1-gen-direct (blaschke a)
using assms
by transfer (simp add: blaschke-unitaryl1-gen-direct-rep)

lemma blaschke-unit-circle-fiz:
assumes cmod a # 1
shows moebius-circline (blaschke a) unit-circle = unit-circle
using assms
using blaschke-Unitaryl1-gen wunit-circle-fix-iff-Unitaryl1-gen
by simp

lemma blaschke-ounit-circle-fiz:
assumes cmod a < 1
shows moebius-ocircline (blaschke a) ounit-circle = ounit-circle
proof—
have Re (a * cnj a) < 1
using assms
by (metis complez-mod-sqrt-Re-mult-cnj real-sqrt-lt-1-iff )
thus ?thesis
using assms
using blaschke-Unitaryl1-gen-direct ounit-circle-fiz-iff- Unitary11-gen-direct
by simp
qed
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lemma [simp|: hermitean (1, 0, 0, —1)
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def )

definition is-disc-aut where is-disc-aut f <— bij-betw f unit-disc unit-disc

lemma is-disc-aut-iff-unit-disc-fix:
shows is-disc-aut (moebius-pt M) «— (moebius-pt M) * unit-disc = unit-disc
using bij-moebius-pt[of M|
unfolding is-disc-aut-def is-moebius-def
unfolding bij-betw-def
by auto (metis injD inj-onl)

lemma comp-inv-I:
assumes f o invg = hbijg
shows f =hog

using assms

by (metis bij-def o-inv-o-cancel)

lemma in-unit-disc-cmod-lt-1:
assumes of-complex a € unit-disc
shows cmod a < 1
using assms
unfolding unit-disc-def disc-def
apply auto
proof (transfer)
fix a
assume in-ocircline-rep unit-circle-rep (of-complex-coords a)
hence Rea x Rea + Imax Ima < 1
by (simp add: in-ocircline-rep-def Let-def vec-cnj-def )
hence (cmod a)? < 1
unfolding cmod-def
by (simp, simp add: power2-eq-square)
thus cmod a < 1
by (metis less-1-mult not-less-iff-gr-or-eq one-power2 power2-eq-square)
qed

11.14 Angle between circlines

fun mat-det-12 :: complex-mat = complex-mat = compler where
mat-det-12 (A1, B1, C1, D1) (A2, B2, C2, D2) = A1xD2 + A2xD1 — B1x(C2
— B2x(C1

lemma mat-det-12-mm-l [simp]: mat-det-12 (M #pm A) (M *pym B) = mat-det
M * mat-det-12 A B
by (cases M, cases A, cases B) (simp add: field-simps)

lemma mat-det-12-mm-r [simp]: mat-det-12 (A *pmm M) (B *mm M) = mat-det
M x mat-det-12 A B
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by (cases M, cases A, cases B) (simp add: field-simps)

lemma mat-det-12-sm-1 [simp]: mat-det-12 (k *gm A) B = k * mat-det-12 A B
by (cases A, cases B) (simp add: field-simps)

lemma mat-det-12-sm-r [simp]: mat-det-12 A (k *s;m B) = k x mat-det-12 A B
by (cases A, cases B) (simp add: field-simps)

lemma mat-det-12-congruence [simp]:
mat-det-12 (congruence M A) (congruence M B) = (cor ((cmod (mat-det M))?))
* mat-det-12 A B
by ((subst mult-mm-assoc[symmetric])+, subst mat-det-12-mm-1, subst mat-det-12-mm-r,
subst mat-det-adj) (auto simp add: field-simps complex-mult-cnj-cmod)

lemma mat-det-congruence [simp):
mat-det (congruence M A) = (cor ((emod (mat-det M))?)) x mat-det A
by (simp add: mat-det-adj complez-mult-cnj-cmod field-simps)

definition cos-angle-rep where
cos-angle-rep H1 H2 =
(let H1 = Rep-circline-mat HI;
H2 = Rep-circline-mat H2 in
— Re (mat-det-12 H1 H2) / (2 * (sqrt (Re (mat-det Hl % mat-det H2)))))

lemma [simp]: is-real (mat-det (Rep-circline-mat H))
using Rep-circline-mat|of H]
by (simp add: mat-det-hermitean-real)

lift-definition cos-angle :: ocircline = ocircline = real is cos-angle-rep
by (auto simp add: cos-angle-rep-def Let-def real-sqrt-mult)

lemma ang-vec-opposite-opposite:

assumes al # F a2 # F

shows (E — al) (E — a2) = (al — E) (a2 — FE)
using ang-vec-opposite-opposite[of E — al E — a2] assms
by (simp add: field-simps del: ang-vec-def)

lemma cos-ang-circ-simp:
assumes F # ul E # u2
showscos (ang-circ E pul p2 pl p2) = sgn-bool (p1 = p2) * cos (arg (E — p2)
— arg (B — pl))
using assms
using cos-periodic-pi2[of arg (E — u2) — arg (E — pl1))
using cos-periodic-pi3[of arg (E — p2) — arg (E — pl1))
using ang-circ-simp[OF assms, of pl p2]
by auto (auto simp add: field-simps)

lemma Re-sgn:
assumes is-real A A # 0
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shows Re (sgn A) = sgn-bool (Re A > 0)
using assms
by (cases A) simp

lemma Re-mult-real3:

assumes is-real 21 is-real z2 is-real 23

shows Re (z1 * 22 x 23) = Re z1 * Re 22 * Re 23
using assms
by (metis Re-mult-real mult-reals)

lemma [simp]: sgn (sqrt ) = sgn
by (smt real-sqrt-eq-zero-cancel-iff real-sqrt-lt-0-iff sgn-real-def)

lemma sgn-divide:
fixes © y :: real
shows sgn (z / y) = sgnz / sgn y
by (metis divide-inverse inverse-sgn real-scaleR-def sgn-scaleR)

lemma real-circle-sgn-r:
assumes is-circle H (a, r) = euclidean-circle H
shows sgn r = — circline-type H
using assms
proof transfer
fix Har
obtain A B C' D where HH: Rep-circline-mat H = (A, B, C, D)
by (cases Rep-circline-mat H) auto
hence is-real A is-real D
using hermitean-elems Rep-circline-mat[of H|

by auto
assume - circline-A0-rep H (a, r) = euclidean-circle-rep H
hence A # 0

using - circline-A0-rep H) HH
by (simp add: circline-A0-rep-def)
hence Re A x Re A > 0
using «s-real A
by (metis complex-Im-zero complex-Re-zero complex-equality not-real-square-gt-zero)

thus sgn r = — circline-type-rep H
using HH «(a, ) = euclidean-circle-rep H) (is-real A) (is-real Dy (A # 0
by (simp add: euclidean-circle-rep-def circline-type-rep-def Re-divide-real sgn-minus|[symmetric]
sgn-divide)
qged

lemma

assumes

is-circle (of-ocircline H1) is-circle (of-ocircline H2)

circline-type (of-ocircline H1) < 0 circline-type (of-ocircline H2) < 0

(al, r1) = euclidean-circle (of-ocircline H1) (a2, r2) = euclidean-circle (of-ocircline
H?2)
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of-complex E € ocircline-set HI N ocircline-set H2
shows cos-angle H1 H2 = cos (ang-circ E al a2 (pos-oriented H1) (pos-oriented
H2)
proof—
let ?p1 = pos-oriented HI and ?p2 = pos-oriented H2
have E € circle al 1 E € circle a2 r2
using classic-circle|of of-ocircline H1 al r1] classic-circle|of of-ocircline H2 a2
r2)
using assms of-complex-ingj
by auto
hence *: cdist £ al = r1 cdist E a2 = r2
unfolding circle-def
by (simp-all add: norm-minus-commute)
have r1 > 0r2 > 0
using assms(1—6) real-circle-sgn-r|of of-ocircline HI al r1] real-circle-sgn-r[of
of-ocircline H2 a2 r2]
by auto (metis neg-0-less-iff-less sgn-1-pos sgn-sgn)+
hence F # al E # a2
using (cdist F al = rl) (cdist F a2 = r2)
by auto

let %k = sgn-bool (9p1 = ?p2)
let ?zx = %k % (r1% + 122 — (cdist a2 a1)?) / (2 % 71 * 12)

have cos (ang-circ E al a2 ?p1 9p2) = %xx
using law-of-cosines[of a2 al E| * «r1 > 0) «r2 > 0 cos-ang-circ-simp[OF (E
# aly (B # a2)]
by (subst (asm) ang-vec-opposite-opposite’|OF (E # al)[symmetric] (E #
a2)[symmetric], symmetric]) simp
moreover
have cos-angle H1 H2 = %z
using 1 > ) r2 > O
using «(al, r1) = euclidean-circle (of-ocircline H1)) (a2, r2) = euclidean-circle
(of-ocircline H2))
using (is-circle (of-ocircline H1)) cis-circle (of-ocircline H2))
using (circline-type (of-ocircline H1) < 0> <circline-type (of-ocircline H2) < 0)
proof transfer
fix al r1 H1 H2 a2 12
obtain A1 Bl C1 D1 where HHI: Rep-circline-mat Hl = (A1, B1, C1, D1)
by (cases Rep-circline-mat H1) auto
obtain A2 B2 C2 D2 where HH2: Rep-circline-mat H2 = (A2, B2, C2, D2)
by (cases Rep-circline-mat H2) auto
have x: is-real A1 is-real A2 is-real D1 is-real D2 cnj B1 = C1 c¢cnj B2 = C2
using Rep-circline-mat[of H1] Rep-circline-mat[of H2] hermitean-elems[of A1
B1 C1 D1] hermitean-elems|of A2 B2 C2 D2] HH1 HH2
by auto
have cnj A1 = Al cnj A2 = A2
using (is-real A1) (is-real A2
by (case-tacll] A1, case-tacll] A2, auto)
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assume - circline-AO-rep (id H1) — circline-AO-rep (id H2)
hence A1 # 0 A2 # 0

using HH1 HH?

by (auto simp add: circline-A0-rep-def )
hence Re A1 # 0 Re A2 # 0

using <s-real A1) <is-real A2)

by (metis complez-Im-zero complex-Re-zero complez-equality)+

assume circline-type-rep (id H1) < 0 circline-type-rep (id H2) < 0

assume (al, r1) = euclidean-circle-rep (id H1) (a2, r2) = euclidean-circle-rep
(id H2)

assume 1 > 012 > 0

let ?D12 = mat-det-12 (Rep-circline-mat H1) (Rep-circline-mat H2) and ?D1
= mat-det (Rep-circline-mat H1) and ?D2 = mat-det (Rep-circline-mat H2)
let 21 = (cdist a2 al1)?* — r1? — 22 and %22 = 2xri*r2
let %z = %21 / %22
have *: Re (?D12) / (2 = (sqrt (Re (?D1 = ?D2)))) = Re (sgn A1) % Re (sgn
A2) x %z
proof—
let ?M1 = (A1, B1, C1, D1) and ?M2 = (A2, B2, C2, D2)
let ?d1 = Bl « C1 — Al x D1 and ?d2 = B2 x C2 — A2 x D2
have Re ?d1 > 0 Re ?d2 > 0
using HH1 HH2 <circline-type-rep (id H1) < 0) <circline-type-rep (id H2)
<0
by (auto simp add: circline-type-rep-def)
hence xx: Re (¢d1 / (A1 x A1)) > 0 Re (?d2 |/ (A2 x A2)) > 0
using <is-real A1) tis-real A2) (A1 # 0) (A2 # O
by — (simp add: Re-divide-real, metis Re-divide-real complez-Re-mult
divide-pos-pos eq-divide-imp mult-eq-0-iff not-real-square-gt-zero)+
have xxx: is-real (?d1 / (A1 % A1)) A is-real (2d2 | (A2 = A2))
using «s-real A1) (is-real A2) (A1 # 0> (A2 # 0) <cnj B1 = C1)[symmetric]
(cnj B2 = C2)[symmetric] <is-real D1) (is-real D2)
by (subst div-reals, simp, simp, simp)+

have cor %z = mat-det-12 ?M1 ?M2 | (2 * sgn A1 * sgn A2 * cor (sqrt (Re
2d1) = sqrt (Re 2d2)))
proof—
have A1xA2xcor ?r1 = mat-det-12 M1 ?M2
proof—
have 1: A1xA2x(cor ((cdist a2 al1)?)) = ((B2xA1 — A2%B1)x(C2xAl
— C1xA2)) /| (A1xA2)
using «(al, r1) = euclidean-circle-rep (id H1)» (a2, r2) = euclidean-circle-rep
(id H2)
unfolding cdist-def cmod-square
using HH1 HH2 x (A1 # 0) (A2 # 0) «cnj Al = AL (cnj A2 = A2)
apply (subst complez-of-real-Re)
apply (simp add: complex-mult-cnj-cmod power2-eq-square)
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apply (simp add: euclidean-circle-rep-def complex-cnj power2-eq-square
field-simps)

done

have 2: A1xA2xcor (—r1?) = A2xD1 — B1xC1xA2/A1
using «(al, r1) = euclidean-circle-rep (id H1)
using HH1 #x * xxx (A1 # O
apply (simp add: euclidean-circle-rep-def power2-eq-square)
apply (subst complez-of-real-Re, simp)
apply (simp add: field-simps)
done

have 5: A1xA2xcor (—r22) = A1xD2 — B2xC2xA1/A2
using (a2, r2) = euclidean-circle-rep (id H2)
using HH2 s * xxx (A2 # O
apply (simp add: euclidean-circle-rep-def power2-eq-square)
apply (subst complex-of-real-Re, simp)
apply (simp add: field-simps)
done

have A1xA2xcor((cdist a2 al)?) + A1xA2xcor(—r1?) + A1xA2xcor(—r2?)
= mat-det-12 ?M1 ?M2

using (A1 # 0) (A2 # O
by (subst 1, subst 2, subst 8) (simp add: field-simps)

thus ?thesis
by (simp add: field-simps)

qed

moreover

have A1 x A2 x cor (922) = 2 *x sgn Al x sgn A2 * cor (sqrt (Re ?d1) =
sqrt (Re 2d2))
proof—
have 1: sqrt (Re (2d1/ (A1 x A1))) = sqrt (Re ?d1) / |Re Al]
using (A1 # 0) «s-real AD
by (subst Re-divide-real, simp, simp, subst real-sqrt-divide, simp)

have 2: sqrt (Re (?d2/ (A2 = A2))) = sqrt (Re 9d2) / |Re A2|
using (A2 # 0 dis-real A2)
by (subst Re-divide-real, simp, simp, subst real-sqri-divide, simp)

have sgn A1 = A1 / cor |Re Al|
using «s-real A1)
unfolding sgn-eq
by (cases A1, simp)

moreover

have sgn A2 = A2 / cor |Re A2|
using <is-real A2)
unfolding sgn-eq
by (cases A2, simp)

ultimately

show ?thesis

using «(al, r1) = euclidean-circle-rep (id H1)» (a2, r2) = euclidean-circle-rep
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(id H2)) HH1 HH?
using *xx* (is-real A1) (is-real A2)
by (simp add: euclidean-circle-rep-def) (subst 1, subst 2, simp add:
of-real-numeral)
qged

ultimately

have (A1 * A2 % cor %z1) | (A1 % A2 x (cor ?22)) =
mat-det-12 ?M1 ?2M2 | (2 * sgn A1 * sgn A2 x cor (sqrt (Re ?d1) *
sqrt (Re 2d2)))
by simp
thus ?thesis
using (A1 # 0> (A2 # O)
by simp
qed
hence cor %z * sgn Al % sgn A2 = mat-det-12 M1 ?M2 / (2 * cor (sqrt
(Re 2d1) * sqrt (Re 2d2)))
using (A1 # 0) (A2 # O
by (simp add: sgn-zero-iff)
moreover
have Re (cor %z * sgn Al * sgn A2) = Re (sgn A1) * Re (sgn A2) x %x
proof—
have is-real (cor ?z) is-real (sgn A1) is-real (sgn A2)
using <is-real A1) <is-real A2) Im-complex-of-real|of ?x]
by auto
thus ?thesis
using Re-complex-of-real[of ?x]
by (subst Re-mult-real8, auto simp add: field-simps)
qed
moreover
have *: sqrt (Re ?D1) * sqrt (Re ¢?D2) = sqrt (Re 2d1) = sqrt (Re 2d2)
using HH1 HH2
by (subst real-sqrt-mult[symmetric])+ (simp add: field-simps)
have 2 x (sqrt (Re (?D1 % ¢D2))) # 0
using (Re ?d1 > 0) (Re ?d2 > 0> HH1 HH2 <is-real A1) ¢is-real A2) (is-real
D1) <is-real D2)
using Rep-circline-mat[of H1] mat-det-hermitean-real[of Rep-circline-mat
Hi|
by (subst Re-mult-real, auto)
hence xx: Re (?D12 / (2 x cor (sqrt (Re (?D1 % ?D2))))) = Re (¢?D12) /
(2 = (sqrt (Re (?D1 * ?D2))))
using (Re 7d1 > 0) «Re ?d2 > () HH1 HH2 (is-real A1) (is-real A2) (is-real
D1) «s-real D2
by (subst Re-divide-real) (auto simp add: Im-complez-of-real)
have Re (mat-det-12 ?M1 ?M2 | (2 * cor (sqrt (Re 2d1) = sqrt (Re ?d2))))
= Re (?D12) / (2 = (sqrt (Re (?D1 % ?D2))))
using HH1 HH2 Rep-circline-mat[of H1] mat-det-hermitean-real|of Rep-circline-mat
H1]
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by (subst xx[symmetric|, subst Re-mult-real, simp, subst real-sqrt-mult, subst
%, simp)
ultimately
show ?thesis
by simp
qed
have xx: pos-oriented-rep H1 <— Re A1 > 0 pos-oriented-rep H2 <— Re A2
>0
using (Re A1 # 0> HH1 (Re A2 # () HH2
by (auto simp add: pos-oriented-rep-def)
show cos-angle-rep H1 H2 = sgn-bool (pos-oriented-rep H1 = pos-oriented-rep
H2) * (r1? + r2% — (cdist a2 al1)?) | (2 * r1 % 12)
unfolding cos-angle-rep-def Let-def
using «r1 > ) «r2 > O
by (subst divide-minus-left, subst x, subst Re-sgn[OF tis-real A1) (A1 # O)],
subst Re-sgn|OF <is-real A2) (A2 # (], subst xx, subst **, simp add: field-simps)
qed
ultimately
show ?thesis
by simp
qed

lemma [simp]: sqrt a * sqrt a = |a]
by (subst real-sqrt-mult[symmetric]) simp

lemma cos-angle H1 H2 = cos-angle (moebius-ocircline M H1) (moebius-ocircline
M H?2)
proof transfer
fix H1 H2 M
show cos-angle-rep H1 H2 = cos-angle-rep (moebius-circline-rep M H1) (moebius-circline-rep
M H2)
unfolding cos-angle-rep-def Let-def moebius-circline-rep- Rep mat-det-12-congruence
mat-det-congruence
using Rep-moebius-mat[of M| mat-det-inv|of Rep-moebius-mat M|
by (auto simp add: power2-eq-square real-sqrt-mult field-simps)
qed

lemma

assumes mat-det (A, B, C, D) # 0

shows moebius-circline (mk-moebius A B C D) imag-unit-circle = imag-unit-circle
—

unitary-gen (A, B, C, D) (is ?lhs = ?rhs)

proof

assume ?lhs

thus ?rhs

using assms
proof transfer
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fix A B CD :: complex
let M = (A, B, C, D) and YE = (1, 0, 0, 1)
assume circline-mat-eq (moebius-circline-rep (mk-moebius-rep A B C D) imag-unit-circle-rep)
imag-unit-circle-rep mat-det M # 0
then obtain k where k # 0 ?E = cor k *s, congruence (mat-inv M) ?E
by (auto simp add: mk-moebius-rep-Rep)
hence unitary-gen (mat-inv ¢M)
using mult-sm-inv-l[of cor k congruence (mat-inv ?M) ?E ?F]
unfolding unitary-gen-def
by (rule-tac x=1/cor k in exl, simp del: mat-inv.simps, metis eye-def
mat-eye-r)
thus unitary-gen ?M
using unitary-gen-inv|of mat-inv ?M] (mat-det M # 0)
by (simp add: mat-inv-inv del: mat-inv.simps)
qed
next
assume ?rhs
thus ?lhs
using assms
proof transfer
fix A BCD : complex
let M = (A, B, C, D) and ?E = (1, 0, 0, 1)
assume unitary-gen ?M mat-det M # 0
hence unitary-gen (mat-inv ¢M)
using unitary-gen-inv|of ?M]
by simp
then obtain & where k # 0 mat-adj (mat-inv ?M) s, (mat-inv 2M) = cor
k *sm eye
using unitary-gen-real|of mat-inv M| mat-det-inv]of ?M|
by auto
hence x: ?E = (1 / cor k) *sm (mat-adj (mat-inv 2M) *ppm (mat-inv 2M))
using mult-sm-inv-l[of cor k eye mat-adj (mat-inv M) % (mat-inv M)
by simp
show circline-mat-eq (moebius-circline-rep (mk-moebius-rep A B C' D) imag-unit-circle-rep)
imag-unit-circle-rep
using (mat-det ?M # 0) &k # O
by (simp add: mk-moebius-rep-Rep del: mat-inv.simps) (rule-tac z=1/k in
exl, subst x, simp del: mat-inv.simps, metis eye-def mat-eye-r)
qed
qed

end

271



	More about complex numbers
	Systems of linear equations
	Quadratic equations
	Vectors, Matrices
	Vectors
	Matrices
	Eigenvalues and eigenvectors
	Bilinear and Quadratic forms; Congruence

	Unitary matrices
	Hermitean matrices
	Elementary complex geometry
	Homogeneous coordinates in extended complex plane
	Ratio and crossratio
	Distance

	Riemann sphere
	Moebius transformations
	Action on points
	Moebius group
	Special kinds of Moebius transformations
	Decomposition
	Cross ratio and moebius existence
	Fixed points and moebius uniqueness
	Pole
	Antihomographies
	Classification

	Circline
	Circline definition
	Connections with circles on the Riemann sphere
	Some special circlines
	Moebius action on circlines
	Conjugation, recpiprocation and inversion of circlines
	Circline uniqueness
	Zero type circline uniqueness
	Negative type circline uniqueness

	Circline set cardinality
	Diagonal circlines
	Zero type circline set cardinality
	Negative type circline set cardinality
	Positive type circline set cardinality
	Cardinality determines type
	Circline set is injective

	Symmetric points wrt. circline
	Oriented circlines; discs
	Some special oriented circlines and discs
	Moebius action on oriented circlines and discs
	Oriented circlines uniqueness
	Disc automorphisms
	Angle between circlines


