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A  Axiom Systems

A.1 Signature

Sorts:
point line plane
Primitive predicate symbols:

inc_po_l(point, line) stands for ”the point ... is incident with the line ... ”
inc_po_pl(point, plane) stands for "the point ... is incident with the plane ... ”
incl_pl(line, plane) stands for "the line ... is incident with the plane ... ”
bet(point, point, point) stands for ”the point ... is between points ... and ...
cong(point, point, point, point) stands for ”the segment determined by the first
two points is congruent to the segment determined by the second two”

b2

Defined predicate symbols:

int_1 l(line,line) stands for ”the lines ... and ... intersect”

int_1_pl(line, plane) stands for ”the line ... and plane ... intersect”
int_pl_pl(plane, plane) stands for ”the planes ... and ... intersect”

col(point, point, point) stands for ”the three points are collinear”

comp(point, point, point, point) stands for "the four points are coplanar”
cong_angle(point, point, point, point, point, point stands for ” the angle determined
by first three points is congruent to the angle determined by the latter three
points”

In the following formulations, for brevity, instead of inc_p_l we write just inc
(as the type is always clear from the context), instead of eq_point(A, B) and
—eq_point(A, B) we write A = B and A # B, etc.



A.2 Hilbert’s axiom system

Definition D1: VA : point VB : point VC : point Vp : line (inc(A,p) A
inc(B,p) A inc(C,p) = col(A, B,C))

Definition D2: VA : point VB : point VYC : point (col(A,B,C) = Tp:
line (inc(A,p) A inc(B,p) A inc(C,p)))

Definition D3: VA : point VB : point VYC : point VD : point Vo :
plane (inc(A,a) A inc(B,a) A inc(C,a) A inc(D,a) = comp(A, B,C, D))

Definition D4: VA : point VB : point YC : point VD : point (comp(A,B,C,D) =
Jda: plane (inc(A, o) A inc(B,a) A inc(C,a) A inc(D,w)))

Definition D5:  Vp : line Vq : line VA : point (p #q A inc(4,p) A
inc(A,q) = int(p,q))

Definition D6: Vp : line Vq : line(int(p,q) = 3A : point (inc(A,p) A
inc(A,q) N p#q))

Definition D7: Va : plane V3 : plane YA : point(a # 3 A inc(4,a) A
inc(A, B) = int(a,B))

Definition D8: Va : plane V(3 : plane(int(a, ) = 3A : point (inc(A,a) A
inc(A,B) N a#pB))

Definition D9: VA : point Vp:line Yo : plane (inc(A,p) A inc(4,a) A
-inc(p, ) = int(p, o))

Definition D10: Vp:line Va : plane (int(p,a) = 3A: point (inc(A,p) A
inc(A,a) N —inc(p,a)))

Definition D11: VA : point VB : point YC : point VX : point VY :
point VZ : point YU : point YV :point (A #B AN A#C N X #
Y N X #£Z AN cdX,Y,U) AN —bet(U,X,)Y) AN co(X,Z,V) A
—bet(V, X,Z) N cong(A,B,X,U) N cong(A,C,X,V) A cong(B,C,U,V) =
cong_angle(A,B,C,X,Y, Z))

Definition D12: VA : point VB : point VC : point VX : point VY :
point YZ : point (cong_angle(A,B,C, X,Y,Z) = 3U : point IV : point (A #
BAA£LC A X#AY A X#Z A co(X,Y,U) A —bet(U,X,Y) A
col(X,Z, V) N —bet(V,X,Z) N cong(A,B, X, U) A cong(A,C,X,V) A
cong(B,C,U,V)))



Axiom I1: VA : point VB : point (A # B = dp : line (inc(4,p) A
inc(B, p)))

Axiom I2: VA : point VB : point Vp : line Vq : line (inc(A,p) A
inc(A,q) N inc(B,p) A inc(B,q) N A# B = p=y)

Axiom I3a: Vp:line 3A: point 3B : point (inc(A,p) A inc(B,p) N A#
B)

Axiom I3b: 3A: point 3B : point 3C : point (—col(A, B, C))

Axiom I4a: VA : point VB : point YC :point (A#B N A#+C AN B#
C A —col(A,B,C) = Fa:plane (inc(A,a) N ine(B,a) A inc(C,a)))

Axiom I4b: Va :plane 3A : point (inc(A, a))

Axiom I5: Va : plane V0 : plane VA : point VB : point VC : point (A #
B N A#C N B#C AN inc(d,a) AN inc(A,5) A ine(B,a) A
inc(B,B) N inc(C,a) A inc(C,B) AN —col(A,B,C) = a=0)

Axiom 16: Vo : plane Vp : line VA : point VB : point (inc(4,a) A
inc(A,p) A inc(B,a) A inc(B,p) N A# B = inc(p,a))

Axiom I7: Va : plane Vf : plane YA : point (a« # 08 A inc(A,a) A
inc(A,B) = AB:point (A# B A inc(B,a) A inc(B,f)))

Axiom I8: 3A : point 3B : point IC : point ID : point (—comp(A, B, C, D))

Axiom IT1: VA : point VB : point YC' : point (bet(A, B,C) = col(A,B,C) A
A#B N A#C N B#C A bet(C,B,A))

Axiom II2: VA : point VB :point (A# B = 3C : point (bet(A, B,C)))

Axiom II3: VA : point VB : point VC :point (A#B N A#C AN B#
C A col(A,B,C) = bet(A,B,C) V bet(B,C,A) Vv bet(C,A,B))

Axiom II4: VA : point VB : point VYC : point VD : point Vo : plane Vp :
line (A#B N A#£C N B#C AN -col(A,B,C) AN inc(A,a) A
inc(B,a) A inc(C,a) A inc(p,a) A —inc(A,p) A ince(D,p) A
bet(B,D,C) = (3E : point ((inc(E,p) A bet(C,E,A))) Vv (3F :
point (inc(F,p) N bet(A, F,B))))

Axiom ITI1: VA : point VB : point YC : point VYD : point (A# B N C #
D = 3E: point (bet(B, A, E) A cong(A, E,C,D)))



Axiom III2: VA : point VB : point VC : point VD : point VE : point VI :
point (cong(A,B,C,D) A cong(A,B,E,F) = cong(C,D,E,F)

Axiom ITI3: VA : point VB : point VYC : point VA; : point VB :
point VCi : point (bet(A,B,C) A bet(A1,B1,C1) A cong(A,B,A;,B;) A
cong(B,C, B1,Cy) = cong(A,C,A1,Ch))

Axiom III4 a: VA : point VB : point VYC : point (A# B N A#C =
cong-angle(A,B,C, A, B,(C))

Axiom III4_bl: VA : point VB : point VC : point VP : point VQ :

point YM :point (A#B N A#£C AN P#Q AN -col(P,Q,M) = 3:

line 3Ry : point AR, : point IN; : point INs : point (cong_angle(A, B,C, P,Q, R1) A
cong-angle(A,B,C,P,Q, Ry) A inc(P,l) N inc(Q,l) AN bet(M,Ni,R1) A
inc(N1,1) A bet(Re, N2, R1) A inc(No,l)))

Axiom III4 b2: VA : point VB : point YC : point VP : point VM :
point VRy : point VRs : point VYNp : point VYNs : point VI : line (A #
B ANA#C N P#Q N —col(P,Q,M) A cong-angle(A,B,C,P,Q,R1) A
cong-angle(A, B,C,P,Q,Ry) A inc(P,l) N inc(Q,l) A bet(M,N1,Ry) A
inc(Nl,l) AN bet(M,NQ,RQ) AN inc(NQ,l) = bet(P,Rl,Rg) V bet(P,Rg,Rl) V
Ry = Ry)

Axiom ITI5: VA : point VB : point YC : point ¥X : point VY : point VZ :
point (cong(A, B, X,Y) A cong(A,C, X, Z) A cong-angle(A,B,C,X,Y,Z) =
cong_angle(B, A,C,Y, X, 7))

Axiom IV_a: VA : point Vp:line Vo : plane (—inc(A,p) A inc(A,a) A
inc(p,a) = 3q:line (inc(A,q) N inc(q,a) A —int(g,p)))

Axiom IV_b: VA : point Vp:line Va : plane Vq : line Vr: line (—inc(A, p)
inc(A,a) A inc(p,a) A inc(A,q) A inc(qg,a) A —int(p,q) A inc(A,r)
inc(r,a) A —int(p,r) = q=r)

A
A



A.3 Borsuk’s axiom system

Definition D1: VA : point VB : point VC : point Vp : line (inc(A,p) A
inc(B,p) A inc(C,p) = col(A, B,C))

Definition D2: VA : point VB : point VC : point (col(A,B,C) = dp:
line (inc(A,p) N inc(B,p) A inc(C,p)))

Definition D3: VA : point VB : point YC : point VYD : point Va :
plane (inc(A,a) A inc(B,a) A inc(C,a) A inc(D,a) = comp(A, B,C, D))

Definition D4: VA : point VB : point YC : point VYD : point (comp(A,B,C,D) =
Ja: plane (inc(A,a) A inc(B,a) A inc(C,a) A inc(D,a)))

Definition D5: Vp : line Vq : line VA : point (p #q AN inc(4,p) A
inc(A,q) = int(p,q))

Definition D6: Vp : line Vq : line(int(p,q) = A : point (inc(A,p) A
inc(A,q) N p#q))

Definition D7: Va : plane V(3 : plane VA : point(a # [ AN inc(A,a) A
inc(A,B) = int(a,f))

Definition D8: Va : plane V3 : plane(int(a, ) = 3A : point (inc(A,a) A
inc(A,8) N a#p))

Definition D9: VA : point Vp : line Va : plane (inc(A,p) A inc(A,a) A
—inc(p,) = int(p, )

Definition D10: Vp: line Va : plane (int(p,a) = JA : point (inc(A,p) A
inc(A,a) A —inc(p, a)))

Axiom I1 : Vp : line 3A : point 3B : point (inc(A,p) AN A #
B A inc(B,p))

Axiom I2 : VA : point VB : point (A # B = 3dp: line (inc(4,p) A
inc(B, p)))

Axiom I3 : VA : point VB : point Vp : line Vq : line (inc(A,p) A
inc(A,q) N inc(B,p) A inc(B,q) N A#B = p=ygq)

Axiom I4 : Va : plane JA : point 3B : point 3C : point (inc(4,a) A
inc(B,a) A inc(Cya) A —eol(A, B,C))



Axiom I5 : VA : point VB : point VC : point Ja : plane (inc(A,a) A
inc(B,a) A inc(C,a))

Axiom 16 : Va : plane VB : plane VA : point VB : point VC :
point(inc(A,a) A inc(A,B) A inc(B,a) A ince(B,8) A inc(C,a) A
inc(C,8) AN —col(A,B,C) = a=0)

Axiom I7 : Va : plane Vp : line VA : point VB : point (inc(A,a) A
inc(A,p) A inc(B,a) A inc(B,p) N A# B = inc(p,a))

Axiom I8 : Va : plane Vf : plane VA : point(a # f A inc(4,a) A
inc(A,3) = IAB :point (A# B A inc(B,a) A inc(B,p)))

Axiom I9: JA: point 3B : point 3AC : point IAD : point (—comp(A, B, C, D))

Axiom O1 : VA : point VB : point VYC : point (bet(A,B,C) =
col(A,B,C) N A#B N A#C N B#C)

Axiom O2: VA :point VB : point YC : point (bet(A, B,C) = bet(C, B, A))

Axiom O3 : VA : point VB : point VC : point (bet(A,B,C) =
-bet(A,C, B))

Axiom O4 : VA :point VB :point YC :point (A#B N A#C N B#
C A col(A,B,C) = bet(A,B,C) Vv bet(B,C,A) Vv bet(C,A,B))

Axiom O5 : VA : point VB : point (A# B = 3C : point (bet(A, B,C)))
Axiom O06: VA :point VB :point (A# B = 3C : point (bet(A,C,B)))

Axiom O7: VA : point VB : point YC : point VD : point (bet(A,B,C) A
bet(B,C, D) = bet(A,C, D))

Axiom O8: VA : point VB : point YC : point VD : point (bet(A, B,D) A
bet(B,C, D) = bet(A,B,C))

Axiom 09 : VA : point VB : point YC : point VD : point Vo : plane Vp :
line (—col(A,B,C) A inc(A,a) A ine(B,a) A inc(Cia) A
inc(p,a) A —inc(A,p) A ince(D,p) A bet(B,D,C) = (IE :
point ((inc(E,p) A bet(C,E,A))) V (IF : point (inc(F,p) A bet(A, F,B)))))
Axiom C1: VA :point VB : point YC : point (cong(A,A,B,C) = B=2C)

Axiom C2: VA:point VB : point = cong(A, B, B, A)



Axiom C3 : VA : point VB : point YC : point VD : point VE : point VF :
point (cong(A,B,C,D) A cong(A,B,E,F) = cong(C,D,E,F))

Axiom C4: VA : point VB : point VC : point VA; : point VB :
point VCi : point (bet(A,B,C) A bet(A1,B1,C1) A cong(A,B,A;,B;) A
cong(B,C, B1,Cy) = cong(A,C,A1,Ch))

Axiom C5: VA : point VB : point YC : point VD : point (A#B N C #
D = 3FE : point (bet(B,A,E) A cong(A, E,C,D)))

Axiom C5_1: VA :point VB : point YC : point VYD : point VE : point VF :
point (A # B AN C #D A bet(B,AE) A cong(A,E,C; D) A
bet(B,A,F) N cong(A,F,C,D) = E=F)

Axiom C6 : Vp : line Vq : line VYA : point VB : point YC : point VD :
point VE : point VF : point VG : point YH : point (inc(A,p) A inc(B,p) A
inc(C,p) A —inc(D,p) A inc(E,q) N inc(F,q) N inc(G,q) N —inc(H,q) A
bet(A,B,C) A bet(E,F,G) AN cong(A,B,E,F) A cong(B,C,F,G) A
cong(D,A,H,E) A cong(D,B,H,F) = (cong(D,C,H,QG)))

Axiom C7: VA : point VB : point VP : point VQ : point VR : point VD :
point (A# B A -col(P,Q,R) AN -—col(A,B,D) A cong(A,B,P,Q) =
3C : point 3IE : point (bet(D,E,C) AN col(A,B,E) A cong(A,C,P,R) A
cong(B,C, D, R)))

Axiom C7_1: VA : point VB : point VP : point VYQ : point VR :
point VD : point VCp : point YCj : point VEp : point VE, : point (A #
B A —col(P,Q,R) N —col(A,B,D) A cong(A,B,P,Q) A bet(D,E,C1) A
col(A,B,E1) N cong(A,Cy,P,R) N cong(B,C1,Q,R) A bet(D,FEs,Cs) A
col(A,B,E3) AN cong(A,Ca, P,R) A cong(B,Cs,Q,R) = C1 =C5)

Axiom E1 : VA : point Vp : line Va : plane(—inc(A,p) A inc(A,a) A
inc(p,«) = dq:line (inc(A,q) AN inc(qg,a) A —int(q,p)))

Axiom E2 : VA :point Vp:line VYo : plane Vq: line Vr :line (inc(4,a) A
inc(p,a) N —inc(A,p) A inc(A,q) A inc(q,a) AN —int(p,q) A inc(A,r) A
inc(r,a) A —int(p,r) = q=r)



A.4 ARGO axiom system

Definition D1: VA : point VB : point VC : point Vp : line (inc(A,p) A
inc(B,p) A inc(C,p) = col(A, B,C))

Definition D2: VA : point VB : point VYC : point (col(A,B,C) = Tp:
line (inc(A,p) A ine(B,p) A inc(C,p)))

Definition D3: VA : point VB : point VC : point VD : point Va :
plane (inc(A,a) A inc(B,a) A inc(C,a) A inc(D,a) = comp(A, B,C, D))

Definition D4: VA : point VB : point VC : point VD : point (comp(A, B,C,D) =
Ja: plane (inc(A,a) A ine(B,a) A inc(C,a) A inc(D,q)))

Definition D5:  Vp : line Vq : line VA : point (p #q A inc(4,p) A
inc(A,q) = int(p,q))

Definition D6: Vp : line Vq : line(int(p,q) = A : point (inc(A,p) A
inc(A,q) N p#q)

Definition D7: Vo : plane V3 : plane VA : point(a # 3 A inc(4,a) A
inc(A,B) = int(a,f))

Definition D8: Va : plane V3 : plane(int(a, 3) = A : point (inc(A,a) A
inc(A,8) N a#p))

Definition D9: VA : point Vp : line Va : plane (inc(A,p) A inc(A,a) A
—inc(p,) = int(p, )

Definition D10: Vp: line Va : plane (int(p,«) = TA : point (inc(A,p) A
inc(A,a) N —inc(p,a)))

Axiom N1: VA : point Vp:line Vo : plane (inc(A,p) A inc(p,a) =
inc(A, )

Axiom N2_1: VA: point Vp:line Va : plane (minc(A,p) A inc(A,a) A
inc(p,a) = 3q:line (inc(A,q) N inc(q,a) N —int(q,p)))

Axiom N2_2: Va : plane VA : point Vp: line Vq: line Vr : line (inc(A,a) A
inc(p,a) N —inc(A,p) A inc(A,q) A inc(q,a) AN —int(p,q) A inc(A,r) A
inc(r,a) A —int(p,r) = q=r)

Axiom N3: VA : point VB : point YC : point VD : point (cong(A, B,C,D) A
A=B = C=D)



Axiom N4: VA : point VB : point VC : point VD : point VE : point VF :
point (cong(A, B,C, D) A cong(A,B,E,F) = cong(C,D,E,F))

Axiom N5: VA; : point VBi : point VCp : point YA : point VB :
point VCs : point (bet(A1,C1, B1) A bet(As,Co, Ba) A cong(Ay,Ch,A2,C2) A
cong(B1,Ch, By, C3) = cong(Ay, By, As, Bs))

Axiom N6: VA : point VB : point YC' : point (bet(A, B,C) = col(A,B,C) A
A#B N A#C N B#C(C)

Axiom N7: VA:point VB : point YC : point (bet(A, B,C) = bet(C, B, A))
Axiom N8: VA : point VB : point YC' : point (bet(A, B,C) = —bet(A,C, B))
Axiom N9: VA :point VB : point = cong(A, B, B, A)

Axiom N10: VA : point VB : point Vp : line Vq : line (inc(A,p) A
inc(A,q) N inc(B,p) A inc(B,q) N A#B = p=gq)

Axiom N11: Va : plane V@ : plane VYA : point VB : point YC :
point (inc(A,a) A inc(A,B) A ine(B,a) A inc(B,B) A inc(C,a) A
inc(C,8) AN —col(A,B,C) = a=0)

Axiom N12: Va : plane Vp : line VA : point VB : point (inc(A,a) A
inc(A,p) A inc(B,a) A inc(B,p) N A# B = inc(p,a))

Axiom G1: VA : point VB : point YC :point (A#B N A#C N B#
C A col(A,B,C) = bet(A,B,C) V bet(B,C,A) Vv bet(C,A,B))

Axiom G2: VA : point VB : point VC : point VD : point Vo : plane Vp :
line (—col(A,B,C) AN inc(A,a) AN ine(B,a) A inc(C,a) A
inc(p,a) A -inc(4,p) A ine(D,p) A bet(B,D,C) = (3IE :
point ((inc(E,p) A bet(C,E,A))) V (IF : point (inc(F,p) A bet(A, F,B)))))

Axiom P1: VA : point VB : point YC : point VD : point VE : point Vo :
plane (—col(A,B,C) A inc(D,a) A inc(E,a) AN cong(A,B,D,E) =
AF : point 3G : point (inc(F,a) A inc(G,a) A cong(A,C,D,F) A
cong(A,C,D,G) A cong(B,C,E,F) N cong(B,C,E,QG)))

Axiom P2: VA :point VB : point VYC : point VD : point Vo : plane VI :
line (inc(A,a) A inc(B,a) A inc(C,a) A dinc(D,a) N A #
B A inc(Al) AN ine(B,1) A C#D A —ine(C)l) A —ine(D,l) A
cong(A,C,A,D) N cong(B,C,B,D) = 3E : point (inc(E,l) N bet(C,E,D)))



Axiom P3: VA : point VB : point YC : point VD : point VE : point VF :
point VG : point VH : point Vp : line Vq : line (—col(A,B,C) A
-col(D,E,F) AN inc(A,p) A inc(B,p) A inc(D,q) AN inc(E,q) A
inc(G,p) AN inc(H,q) AN cong(A,B,D,E) A cong(B,C,E,F) A
cong(C,A,F,D) A cong(B,G,E,H) = (cong(A,G,D,H)))

Axiom P4: Vo : plane V8 : plane VA : point (a # 8 A inc(A,a) A
inc(A,B) = 3B :point (A# B A inc(B,a) A inc(B,f)))

Axiom P5: VA : point VB : point (A # B = 3Tp: line (inc(4,p) A
inc(B,p)))

Axiom P6: VA : point VB : point VYC : point (—col(A,B,C) = Za :
plane (inc(A,a) A inc(B,a) A inc(C,a)))

Axiom P7: Vp : line 3A : point 3B : point (inc(A,p) AN A #
B A inc(B,p))

Axiom P8: Va : plane 3JA : point 3B : point 3C : point (inc(A,a) A
inc(B,a) A inc(C,a) A —col(A, B, C))

Axiom P9: VA : point VB : point (A# B = 3C : point (bet(A, B,C)))
Axiom P10: VA : point VB : point VYC : point VI : line (A # B A
inc(C,1) = 3D : point 3E : point (inc(D,l) A inc(E,l) A cong(A,B,C,D) A

cong(A,B,C,E) A bet(D,C,E)))

Axiom SP1: 3A: point 3B : point 3C : point 3D : point (—comp(A, B,C, D))



A.5 Tarski’s axiom system

Definition Col_1: VA : point VB : point YC : point (col(A,B,C) =
bet(A,B,C) Vv bet(B,C,A) Vv bet(C, A, B))

Definition Col 2: VA : point VB : point VC : point (bet(A,B,C) =
col(A, B,C))

Definition Col 3: VA : point VB : point VC : point (bet(B,C,A) =
col(A, B,C))

Definition Col 4: VA : point VB : point VYC : point (bet(C,A,B) =
col(A, B,C))

Axiom Bet_ident: VA :point VB : point (bet(A,B,A) = A= DB)
Axiom Cong_sym: VA:point VB : point = cong(A, B, B, A)

Axiom Cong_ident: VA : point VB : point YC : point (cong(A,B,C,C) =
A= B)

Axiom Cong_pseudotr: VA : point VB : point YC : point VD : point VE :
point YF : point (cong(A,B,C,D) A cong(A,B,E,F) = cong(C,D,E,F))

Axiom Pasch: VA : point VB : point VYC : point VD : point VE :
point  (bet(A,D,C) A bet(B,E,C) = 3F : point (bet(D,F,B) A
bet(E, F, A)))

Axiom Euclid: VA : point VB : point VC : point VD : point VE :
point (bet(A,B,C) A bet(D,B,E) AN A# B = 3F : point 3G :
point (bet(A,D,F) A bet(A,E,G) N bet(F,C,Q)))

Axiom Five_segments: VA : point YAi : point VB : point VBj :
point YC : point VC1 : point VD : point VD : point (cong(A, B, A1,B1) A
cong(B,C,By,C1) N cong(A,D,A1,D1) A cong(B,D,By,D1) A bet(A,B,C) A
b@t(Al,Bl,Cl) AN A%B = cong(C,D,Cl,Dl))

Axiom Segment_constr: VA : point VB : point YC : point VD : point =
3E : point (bet(A,B,E) A cong(B,E,C,D))

Axiom Lower_dim: = 3JA:point 3B : point 3C : point (—bet(A,B,C) A
—-bet(B,C,A) A —bet(C, A, B))

Axiom Upper_dim_3: VA : point VB : point YC : point VD : point VE :
point VF : point (cong(A,B,A,C) A cong(D,B,D,C) A cong(E,B,E,C) A
cong(A,B,A,F) A cong(D,B,D,F) AN cong(E,B,E,F) N\ BAC N B#



F A C#F = bet(A,D,E) V bet(D,E A) V bet(E,A,D))

A.6 List of conjectures

Theorem TH_1:

Vp : line VYq :line (int(p,q) = Ja:plane (inc(p,a) A inc(q,)))
Theorem TH_2:

Vp : line Vq:line YA : point VB :point (p#£q N inc(A,p) A inc(A,q) A
inc(B,p) A inc(B,q) = A=DB)

Theorem TH_3:

Vp : line Va : plane YA : point VB : point (—inc(p,a) A inc(4,p) A
inc(A,a) A inc(B,p) A inc(B,a) = A= B)

Theorem TH _4:

VA : point VB :point (A# B = Tp:line (inc(A,p) A inc(B,p)))
Theorem TH_5:

VA : point VB : point Vp :line Yq:line (A# B A inc(4,p) A inc(B,p) A
inc(A,q) A inc(B,q) = p=yq)

Theorem TH_6:

VA : point VB : point YC : point (—col(A,B,C) = Fa:plane (inc(A,a) A

inc(B,a) A inc(C,a)))

Theorem TH_7:

A : point VB : point VC : point Va : plane V3 : plane (—col(A,B,C) A
inc(A,a) N inc(B,a) A inc(C,a) A inc(A,B) A ine(B,5) A inc(C,B3) =
a=p)

Theorem TH _8:

VA :point Vp:line (—inc(A,p) = Ja:plane (inc(A,a) A inc(p,a)))
Theorem TH_9:

VA : point VB : point YC : point VD : point Va : plane (comp(A,B,C,D) A
—col(A, B,C) A inc(A,a) A inc(B,a) A inc(C,a) = inc(D,a))
Theorem TH_10:

Vp : line Vq : line Vr : line VA : point Va : plane (p #q N q #
r A inc(p,a) A inc(g,o) A dne(r,a) A —int(p,q) A —int(q,r) A
inc(A,a) N inc(A,p) A inc(A,r) = p=r)

Theorem TH_11:

VA : point VB : point VC' : point (col(A,B,C) = col(A,C, B))

Theorem TH_12:

VA : point VB : point VC' : point (bet(A, B,C) = bet(C, B, A))

Theorem TH_13:

YV A:point VB : point YC : point (bet(A,B,C) = -bet(A,C, B))

Theorem TH _14:

VA : point VB :point (A# B = 3C : point (bet(A,C, B)))

Theorem TH_15:

VA : point VB : point = cong(A, B, A, B)



Theorem TH_16:
VA : point VB : point VC : point VD : point (cong(A,B,C,D) =
cong(C. D, A, B))



