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o FATPA 2011: ArgoCalLyPso - SAT Inspired Coherent Logic
Prover

@ FATPA 2012: CDCL-based Abstract State Transition System
for Coherent Logic

Miladen Nikoli¢, Predrag Janici¢ Faculty of Mathematics Univer CDCL-based Abstract State Transition System for Coherent Lc



Overview

CL generalities
The CDCL based system
Related work

Conclusions and further work

¢, Predrag Janiti¢ Faculty of Mathematics Univer C -based Abstract State Transition System for Coherent Lc



CL generalities

Motivation

@ Coherent logic (CL) (also called geometric logic) is a fragment
of FOL

@ Good features: certain quantification allowed, direct, readable
proofs, simple generation of formal proofs...

However, existing provers for CL are still not very efficient
SAT and SMT solvers are at rather mature stage

The most efficient ones are CDCL solvers

However, only universal quantification is allowed; producing
readable and/or formal proofs is often challenging;

@ Goal: build an efficient prover for CL based on SAT/SMT
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CL generalities

What is Coherent Logic

@ CL formulae are of the form:
Al()?) FANAAN An()_f) = 3)71 Bl(>?,)71) V...V E|)7m Bm()?, _’m)

(A; are literals, B; are conjunctions of literals)
No function symbols of arity greater than 0

No negation

°
°

@ Intuitionistic logic

@ The problem of deciding I' = ® is semi-decidable
°

First used by Skolem, recently popularized by Bezem et al.
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CL generalities

CL Realm

@ A number of theories and theorems can be formulated directly
and simply in CL

e Example (Euclidean geometry theorem): for any two points
there is a point between them
@ Most of elementary geometry belongs to CL

@ Conjectures in abstract algebra, confluence theory, lattice
theory, and many more (Bezem et al)
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CL generalities

CL Proof System

CL has a natural proof system (natural deduction style), based
on forward ground reasoning

Existential quantifiers are eliminated by introducing witnesses

A conjecture is kept unchanged and proved directly
(refutation, Skolemization and clausal form are not used)

It allows for producing readable and formal proofs
Can a CDCL based system do this?
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CL generalities

ArgoCLP Prover

Developed by Sana Stojanovi¢, Vesna Pavlovi¢, Predrag
Janigi¢ (2009), based on the prover Euclid (developed by
Stevan Kordi¢ and Predrag Janiti¢, 1995.)

Sound and complete

@ A number of techniques that increase efficiency (some of
them sacrificing completeness)

Both formal (Isabelle) and natural language proofs can be
exported

Applied primarily in geometry, proved tens of theorems
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CDCL based system

o Signature: > = {c!,c2,...}, N
e Axioms: AX

e Conjecture: VX (H(X) = G%(X))
o H=mH(R)\ G=3G°X)\
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CDCL based system

Quantified literals

@ Quantified atoms

P(a, b)v

VxP(x, b)v

yP(a, y)v

Wy Phey)

o Negative quantified literals w.r.t. G = JyQ(a,y) V R(b, c)
o P(a,b)= L
o VX (P(X,b) = R(b,c))
e P(a,b) = Q(a,b)V R(b,c)
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CDCL based system

Relation |= (entailment of atoms)

P(x,y) E P(a,y)
P(x,y) = P(a, b)
P(a,b) =3y P(a,y)
{P(x,y), Q(x), R(b)} = P(a, b)
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CDCL based system

Relation L3 (conflict)

G =3yQ(a,y) V R(b,c)
S={P(a),Vx(T(x,b) = L)}
o=|[x+a,z— b

If S C M, it holds

P(x) = 3yT(y,z) J_g M

P(x)= yT(y,z) V Q(x,b) L3 M

o
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CDCL based system

States

State: S(X,I, M,Cy = C»,C, ind)
Yo = consts(AX UH UG)
Initial state: So(Xo, AX,H,0 = 0,0,|Xo|)

Accepting state: S such that literals from C are implied by
AX and H (at level 0).

o Rejecting state: S such that it is not an accepting state and
no rules are applicable.

@ State can be changed by application of the rules of the system
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CDCL based system

Decide

lel 11¢M
M= M| I

le QAZ) MRl LM
M = M|/ =T Y =%

JyP(a, )GQ (X)) M=Q(a)
= Q(a)| yP(a,y)
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CDCL based system

IxfeM  MUT\{3x./} = Ix./
ind:=ind+1 T :=I"x—cM ¥:.=x"c

M = 3yP(ct,y) I =3yP(cl,y) Y =t ind =1
ind =2 I =3yP(cl,y) P(c!, c?) Yy =clc?
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CDCL based system

Unit propagate left

INKV..VIkeF  i,....keM 1 [1¢M
M:=M]I

Au{ly=Bec™mlI  A=B.1>M
ScmM  MRE{ol=>G {lo})=GLM
M = Mnmax(ml,mg){/a}jg

= R(x) = JyP(x,y)| M =VYy(P(a,y) = G)|...
M =Vy(P(a,y) = G) R(a) =G| ...

Miladen Nikoli¢, Predrag Janici¢ Faculty of Mathematics Univer CDCL-based Abstract State Transition System for Coherent Lc



CDCL based system

Branch end

C=0 IiVv..VIkeF h,....lkeM
C = {/1,...,/k}

C=0 A=BeT A=B1°M
01=>C2Z:.A=>B C=S

P(x) = Q(x) T = P(a) Q(a) =
C1 = C2 = P(x) = Q(x) C {P()Q()=>l}
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CDCL based system
Explain left

leC /\/71\/...\/7kEF hyooo e <1
C:= CU{/l,,Ik}\{/}

A= BuU{b} eIy, A=B LM ae(y a\ = b\
leC aoc = lo S <m!
C1 = Co:=((CLUAN\{ar} = (C2 UB)A)jin C:=C\{l}usS

P(x) = 3yQ(x,y) €°T Ci1=Cr=Q(x,¥) ANL(x,y) = R(x,y)
M = L(x,y) Vy(R(a,y) = 1) P(a) JyQ(a,y)
C1 = Cy = P(x) AVzL(x,z) = JyR(x,y)
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CDCL based system
Learn

C:{/]_,...,/k} 71\/...\/7ng
F:=FU{lLV...VI}

C#0 Ci=C ¢l
r=r% =0

[=3xR(x)| P(x) = HQ(y) C1=Co=Q(x) = R(x)
M = 3xR(x) Q(x) = R(X)] P(x) = 3yQ(y)
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CDCL based system

Backjump

C={ll,... Ik} / VILV..VIgeF  level [ < m<level |
C=0 M=M"]

C1=0Cr eor C1 \ {/} = J_S\{I,} M
cc'M  C\{I'}C"M n<m<n
C:=10 M =M™ o} = G M=rm Y =3m

P(x) = Q(x) €T M =Vx(Q(x) = L)| R(a)| L(x)| P(b)
M =Vx(Q(x) = L) Vx(P(x) = G)
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CDCL based system

Basic properties

@ Sound

o Complete

CD
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CDCL based system

Forward chaining proofs

@ Extraction enabled by

o Coherent form
o Avoiding refutation and Skolemization

@ Restricted decide

@ Exploiting conflict analysis
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CDCL based system
Forward chaining proofs

P(x) = 3yQ(x,y)  Qlxy) AL(xy) = R(x,y)
P(x) ANVzL(x,z) = JyR(x,y)

M = P(a) L(a, z)

M = P(a) L(a, z) 3yQ(a, y)

M = P(a) L(a,z) JyQ(a,y) Q(a, b)

M = P(a) L(a,z) dyQ(a,y) Q(a, b) R(a,b)
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Related work

Related work

Euclid and ArgoCLP

Marc Bezem's CL prover

Model evolution calculus and Darwin
EPR solvers
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Conclusions and further work

Conclusions and future work

@ Hopefully, efficient CDCL-based CL prover
@ Applications in geometry (and education)

@ Applications in program synthesis
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