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Regular Expressions Equivalence
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Syntax of Π-Extended Regular Expressions

rexp = ∅
| ε

| a
| rexp+rexp

| rexp ·rexp
| rexp∗

| rexp∩rexp
| ¬ rexp

| Π rexp



Semantics of Π-Extended Regular Expressions
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Example

Σn = {xs | length xs = n}

π = tail

π−1a = {xs | tail xs = a}
= {a0a | a0 ∈ Σ1}



Derivatives of Regular Expressions

Da(∅) = ∅
Da(ε) = ∅
Da(b) = if a = b then ε else∅

Da(α+β) = Da(α) +Da(β)

Da(α ·β) = if ε ∈L (α) then Da(α) ·β+Da(β) else Da(α) ·β
Da(α∗) = Da(α) ·α∗

Da(α∩β) = Da(α)∩Da(β)

Da(¬ α) = ¬Da(α)

Da(Π α) = Π

( ⊕
b∈π−1a

Db(α)

)

Theorem
L

n
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Decision Procedure

Main Theorem Let B = {(bDw (α)c,bDw (β)c) | w ∈ Σ∗n}

Ln(α) = Ln(β)

⇔

∀(α′,β′) ∈B. ε ∈Ln(α′)⇔ ε ∈Ln(β′)

1964 Brzozowski Informal proof

2011 Krauss & Nipkow Formal soundness proof (⇐) for regular expressions

2013 Traytel & Nipkow
• Formal soundness proof (⇐) for Π-extended regular expressions
• Formal completeness proof (⇒)
• Formal termination proof (B is finite)



Decision Procedure

Main Theorem Let B = {(bDw (α)c,bDw (β)c) | w ∈ Σ∗n}

Ln(α) = Ln(β)

⇔

∀(α′,β′) ∈B. ε ∈Ln(α′)⇔ ε ∈Ln(β′)

1964 Brzozowski Informal proof

2011 Krauss & Nipkow Formal soundness proof (⇐) for regular expressions

2013 Traytel & Nipkow
• Formal soundness proof (⇐) for Π-extended regular expressions
• Formal completeness proof (⇒)
• Formal termination proof (B is finite)



Decision Procedure

Main Theorem Let B = {(bDw (α)c,bDw (β)c) | w ∈ Σ∗n}

Ln(α) = Ln(β)

⇔

∀(α′,β′) ∈B. ε ∈Ln(α′)⇔ ε ∈Ln(β′)

1964 Brzozowski Informal proof

2011 Krauss & Nipkow Formal soundness proof (⇐) for regular expressions

2013 Traytel & Nipkow
• Formal soundness proof (⇐) for Π-extended regular expressions
• Formal completeness proof (⇒)
• Formal termination proof (B is finite)



Decision Procedure

Main Theorem Let B = {(bDw (α)c,bDw (β)c) | w ∈ Σ∗n}

Ln(α) = Ln(β)

⇔

∀(α′,β′) ∈B. ε ∈Ln(α′)⇔ ε ∈Ln(β′)

1964 Brzozowski Informal proof

2011 Krauss & Nipkow Formal soundness proof (⇐) for regular expressions

2013 Traytel & Nipkow
• Formal soundness proof (⇐) for Π-extended regular expressions
• Formal completeness proof (⇒)
• Formal termination proof (B is finite)



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI

ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI

ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da

ACI

Db

Db

Db

ACI

ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI

ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI

ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Example: a∗
?≡ ε+ a ·a∗ for Σ = {a,b}

a∗

ε+ a ·a∗

ε ·a∗

∅+ε ·a∗

∅ ·a∗+ε ·a∗

∅+∅ ·a∗+ε ·a∗

∅ ·a∗+∅ ·a∗+ε ·a∗

∅+∅ ·a∗+∅ ·a∗+ε ·a∗

∅ ·a∗

∅+∅ ·a∗

∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗

∅ ·a∗+∅ ·a∗+∅ ·a∗

∅+∅ ·a∗+∅ ·a∗+∅ ·a∗

Da

Da

Da ACI

Db

Db

Db

ACI ACI

Da

Db

a∗

a∗
∅
∅

norm

norm

norm

norm



Outline

Regular Expressions Equivalence

MSO



Syntax of MSO

formula = Qa(x)
| x < y
| x ∈ X
| ¬ formula

| formula ∨ formula

| ∃x .formula
| ∃X .formula



M2L Semantics

(w ,I) � Qa(x) ⇔ w [I(x)] = a

(w ,I) � x < y ⇔ I(x) < I(y)

(w ,I) � x ∈ X ⇔ I(x) ∈ I(X)

(w ,I) � ¬ ϕ ⇔ (w ,I) 2 ϕ
(w ,I) � ϕ∨ψ ⇔ (w ,I) � ϕ∨ (w ,I) � ψ

(w ,I) � ∃x .ϕ ⇔ there exists a p ∈ {1, . . . , |w |} s.t.

(w ,I(x := p)) � ϕ

(w ,I) � ∃X .ϕ ⇔ there exists a P ⊆ {1, . . . , |w |} s.t.

(w ,I(X := P)) � ϕ

LM2L(ϕ) = {enc(w ,I) | (w ,I) � ϕ}
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Representation of Interpretations as Words

(w = aba, I = {x 7→ 1, y 7→ 3, X 7→ {1,2}})

a b a
x 1 0 0
y 0 0 1
X 1 1 0

Σn = Σ×{0,1}n

enc

π (a, bs) = (a, tail bs)

π−1(a, bs) = {(a, bs′) | tail bs′ = bs}
= {(a, 0bs), (a, 1bs)}
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From MSO Formulas to Regular Expressions

rexp_of n (Qa(m)) = Σ∗n ·


a

0/1

1
0/1

 ·Σ∗n ∩ WF n (Qa(m))

...

rexp_of n (ϕ1∨ϕ2) = (rexp_of n ϕ1 +rexp_of n ϕ2) ∩ WF n (ϕ1∨ϕ2)

...

rexp_of n (∃x .ϕ) = Π (rexp_of (n + 1) ϕ)

rexp_of n (∃X .ϕ) = Π (rexp_of (n + 1) ϕ)

Theorem
LM2L(ϕ) = L

n

(rexp_of n ϕ ∩ WF n ϕ)−{ε}
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Future Plans

• Optimizations (use BDDs)

• Verified DP for S1S based on ω-regular expressions

• Verified DP for (W)S2S

Thanks for listening!
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