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Syntax of [1-Extended Regular Expressions

rexp

RO

|

|

| rexp+ rexp
|  rexp-rexp
|  rexp*

| rexpnNrexp
|  —rexp

| TMrexp
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Example

{xs | length xs = n}
tail

{xs|tail xs = a}
{ava|ap € L1}



Derivatives of Regular Expressions
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Da(e) =
P4(b) = if a=bthencelse &
Da(@+B) = Zala)+ Za(B)
Da(a-B) = if e € L(a) then Dy(@) B+ Za(B) else Za(a)-B
") =

Da(@”) = Da(a)-a’



Derivatives of Regular Expressions

D(2) = &
Da(e) = @
P4(b) = if a=bthencelse &
Da(a+P) = Za(a)+ Za(B)
Da(a-B) = ife € L(a) then D) B+ Za(B) else Za(a)-B
Da(@”) = Pa(a)-a*
Da(aNB) = Da(a) N\ Da(B)
Da(ma) = ~ Da(a)



Derivatives of Regular Expressions

)
)
P4(b) = if a=bthencelse &

ga(a +ﬂ) = 9a(a') +-@a(ﬂ)
) = ife€ Z(a) then Zy(a)-B+ Za(B) else Za(a)-B
) = Za(a)-o’
) = Za(@) N Za(B)
) = 7 Za(a)

Z.(Na) =N ( @ @b(a)>

ber'a



Derivatives of Regular Expressions

Da(2) =
Da(e) =
P4(b) = if a=bthencelse &
Da(a+p) = Zal@)+ Za(B)
B) = fgei”( ) then Z,(@) - B+ Za(B) else Za(a) -B
) = -@a( )
NB)
~a)

Theorem Z(Za(@)) = {w | aw € Lp(a)}
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Decision Procedure

Main Theorem Let Z ={(|Zw(@)],|2uw(B)]) | w € L}}

Z(a) = Z(B)
=
V(. B)eB. e Ly(d)eeec L)

1964 Brzozowski Informal proof
2011 Krauss & Nipkow Formal soundness proof (<) for regular expressions
2013 Traytel & Nipkow

e Formal soundness proof (<) for [1-extended regular expressions
e Formal completeness proof (=)
e Formal termination proof (4 is finite)
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Syntax of MSO

formula

Qa(x)

X<y

xeX

- formula

formula V formula
dx.formula
dX.formula



M2L Semantics

(w,7) EQa(x) & wI(x)]=a
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M2L Semantics

LI)EQa(x) & w[i(x)]=a
J)Ex<y < J(x)<3(y
(w,J)ExeX & J(x) e J(X

w,IE-¢ < (w,J)E
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M2L Semantics

J)HDVw & (w,
,J)Edx.¢ < there exists ap € {1
(w.3(x:=p)) E

NEeV(wW,J3)Ey

.....
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M2L Semantics

(w.3(x:=p))Fe
(w,J)FE3X.¢ < thereexistsa PC {1,..., |w|} s.t.
(w,3(X:=P))F¢

L (p) = {enc(w,T) | (w,T) E ¢}
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Representation of Interpretations as Words

(w=aba, JT={x—1,y—3 X—{1,2}})

enc
a b a
x|1 0 O

= 110
Y, =X x{0,1} ylo o 1
X1 1 0

7 (a, bs) = (a, tail bs)
n'(a, bs) = {(a bs')|tail bs' = bs}
= {(a,0bs), (a, 1bs)}
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From MSO Formulas to Regular Expressions

0/1 «
R
0/1

rexp_of n(Qa(m)) = Xj-

rexp_of n(¢1 Vo) = rexp_of ngs+ rexp_of nes

rexp_of n(3x.¢) = M (rexp_of (n+1) e NWF (n+1)¢)
rexp_of n(3X.¢) = M (rexp_of (n+1) ¢ NWF (n+1)¢)

Theorem
LueL (@) = ZLp(rexp_of np NWF ng) —{&}
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Thanks for listening!
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