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What is an IS operation?

Total operation:

- O
- O| O
—_ | -

Let
h(x1, x2) = OR(9(x1), X2)
Partial operation:

OR(g(x1), 1) undefined if g(x1) is undefined

Incompletely specified operation:

OR(g(X1)> 1) = 1
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How to define it formaly?

Let A be afinite set and k £ A.
Partial operation:

f:A"— Au{k}, Kk —undefined
Incompletely specified operation:
f:A" - AU{k}, Kk — unspecified

14 - set of all IS operations on A
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Compositions
Composition of total and hyperoperations

@ The composition of f € O{” and g1,...,gs € O is an m-ary
operation defined by

f(91,--,9n) (X1, ..., Xm) = F(g1 (X1, .- ., Xm), -, Gn(X1, - - ., Xm))-

@ The composition of f € HY” and g1,...,gn € H{" is an m-ary
hyperoperation defined by

f(g1a"'7gn)(x1a”'7xm): U f(Yh-'-,Yn)

(Y1, ¥n) €A”
YIegi(Xh---,Xm)
1<i<n
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Compositions
New composition

Definition
Letfe " and g, ...,gn € I\"). The i-composition of f and gs. . .., gn
is an m-ary IS operation defined by
f[g1a"'7gn](x17"')xm): H f(}/1a-~a}/n)
(y17"'7.yﬂ) €A
Yi€gi(xt, ..., Xm)
1<i<n
where
N . ) x it xy=xe=...=X,
H{X’ 1sisl= { k , otherwise.
C={(x,x): x€c AU{k}}U{(x,k): x € A}
7123
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IS clones Compositions

Example

A={0,1}

composition of partial operations
OR|0 1 (g1 | o | OR(g1, G2)
00 1 0|12 = 0 2
101 1 1/01]0 1 0

OR(g1,92)(0) = OR(91(0), g2(0)) =2

i-composition of IS operations

OR |0 1 (g1 | 9 | OR[g1, 9]
010 1 0o/1|2 = 0 1
111 1 17010 1 0

OR[g1, 92](0) = OR(g+(0), 92(0)) = OR(1,0) MOR(1, 1) = 1111 =1
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IS clone

° ef’A(x1, ..., Xi,...,Xn) = X; is an i-th n-ary projection.
Definition

A set C C Ia is called a clone of incompletely specified operations (or
IS clone) if

@ C contains all projections and
@ C is closed with respect to i-composition.
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IS clone (second definiton)

o forfel(Nletcf=rf=Af=f,

o forfel) n>2let¢f,rf e ) and Af € I""") be defined as

o (CH(X1,X2,.. . Xn) = F(X, ..., Xn, X1)
o (7)(X1, X2, X3,...,Xn) = f(Xo, X1, X3, ..., Xn)
o (Af)(X1,X2,...,Xn,1):f(X1,X1,X2...,Xn,1)

o forfel"andge (™ letfoge """ be defined as
(fog)(x1a--~7xm+nf1): H f(y7Xm+17-~-aXm+nf1)

yeA
yE9(Xt, ..\ Xm)
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i ii2ne ol 2
Example

A:{071}
OR [0 1 |l g
00 1 0|0
171 1 112
Let h(x1, x2) = OR(g(X1), X2)-
For partial operations:
h|0
0|0 1
112 2
h(1,1) = or(g(1),1) = 2
For IS operations:
h|0 1
0|0 1
112 1

h(1,1) = or(g(1),1) = or(0,1)Mor(1,1) =111 =1
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IS clone (second definiton)

Za= (Ip;0, ¢, 1, A, e12’A) full algebra of IS operations

Theorem

C C Ipis an IS clone if and only if C is a subuniverse of the full algebra
of IS operations.
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IS operations vs. hyperoperations
IS operations vs. hyperoperations

)\:HA—>/A,fr—)fis

; f(X1,...,Xn) ,|f(X1,...,xp)| =1
1S _ ) ) ) ’ 9
f (X"“"X”)—{ k , otherwise

Theorem
(i) For|A| =2, X is an isomorphism from (Ha; 0, (, T, A, e12’A) to
(IA; <, C7 T, A? e127A)'
(i) For|A| > 3, X is a homomorphism from (Hp; ¢, 7, A, ef’A) to
(IA; C? T, A? e12’A)'
(iii) For|A| > 3, there exist f,g € Hp satisfying A(f o g) # A(f) ¢ A\(9).
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IS operations vs. hyperoperations
Example

A=1{0,1,2}

(i) A is not injective

‘ f g ‘ fis — gIS
0 {0 o/ {oy _ o 0
1| {1} 1] {1} 1 1
20,1} 20,2} 2 3
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IS operations vs. hyperoperations
Example

A={0,1,2}

(ili) (fog)® # f®og®
flo 1 2 | g (fog)s|0 1 2
0 7 ol {0y _ 0 1
1] {0,1} 1] {0} 1 1
2 (1} 2| {0,2} 2 1
fog(2,1)=f(0,1)Uf(2,1) = {1}
f510 1 2 | g* fsogs|o 1 2
0 1 ofo _ 0 1
1 3 1] 0 1 1
2| 2|3 2 3

S0 g(2,1) = f5(0,1) N 5(1,1) N f$(2,1) = 3
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One-point extension

Let us define the mapping I4 — Oayxy : f+— T, as follows:

T(x1,...,%Xn) = H f(y1,---,¥n)

(y17'--7.yn)EAna
(Y17---aYn)E(X1;~-7Xm)

Ft —{ft . f€F}C Opyy for FCia
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= e i spaiian:
Example (one-point extension)

A= {07 1}
Partial operation:
ORT [0 1 2
0 |0 1 2
1 111 2
2 |2 2 2
ORT(2,1) =2
Incompletely specified operation:
ORT[0 1 2
0 |0 1 2
1 /1 11
2 |2 1 2

OR™(2,1) =0r(0,1) M OR(1,1)=1N1=1
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Algebra of extended IS operations
Algebra of extended IS operations

Mapping /4 — Ij{ . f+— fT,is not an isomorphism from
(ai o ¢, 7, A, €84 to (I 0,¢, 7, A, 67471,
I} is closed w.rt. ¢, and e
2AVF _ _2,AU{k
o (&f")" =¢ e
o (¢t =(f)
o ()t =7(f")
I} is not closed w.r.t. A and o :
o (Af)* # A(fF)
@ (fog)t #£ftog"
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IS operations via a one-point extension Algebra of extended IS operations

Example

(DR # A(F)

+
f10 1 Af O(Ag)
o0 0 = 0|0 :>10
112 0 110 ol 0

A(fT)
:00
1] O
2| 2
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IS operations via a one-point extension Algebra of extended IS operations

Al >8=(fog)t #ftog"

+
Flo0 1 2 g (foog)‘01 fs
0 T 00 1 1
1 1 10 ; :
2 2 2|1 : 1
(fe9)™(8,2) = f(9(0),2)rf(g(1).2) M (g(2).2)
— K0,2)N(0,2)Nf(1,2) = 1
F10 1 2 3 gt frogh|o 1 2 3
0 1 0l 0 0 i
1 1 110 = 1 1
2 2 2| 1 2 1
3 3 3| 3 3 3
(f*0g")(8,2) = "(97(3),2) =3
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Extended IS clones

Full algebra of extended IS operations:

Th = (If; 01, ¢, O, €271
where
A(f) = (Af)T
foig=(fog)"
Theorem

C C I} is an extended IS clone
iff
C is a subuniverse of the full algebra IX of extended IS operations.
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Future work

@ Further investigation of the lattice of IS clones:

- maximal IS clones
- minimal IS clones

@ Describing all IS clones using relations
@ Possible connection between IS clones and CSP
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Thank you for your attention!
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