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What is a proof?

The missing concept in Euclid’s Elements

: the
betweenness.

More than two millennia of false proofs of the
parallel postulate.

We can still make mistakes.

It soon became clear that the only real long-term
solution to the problems that I encountered is to
start using computers in the verification of math-
ematical reasoning.

(Vladimir Voevodsky, talk in March 2014 at the Institute for

Advanced Studies at Princeton)
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The missing concept in Euclid’s Elements: the
betweenness.

More than two millennia of false proofs of the
parallel postulate.

We can still make mistakes.
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What is a proof?

The missing concept in Euclid’s Elements: the
betweenness.

More than two millennia of false proofs of the
parallel postulate.

We can still make mistakes.

It soon became clear that the only real long-term
solution to the problems that I encountered is to
start using computers in the verification of math-
ematical reasoning.

(Vladimir Voevodsky, talk in March 2014 at the Institute for

Advanced Studies at Princeton)
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What is a proof assistant?

A software that allows to:

Define mathematical concepts and computer programs.

Mechanically verify proofs of theorems/programs.

It is not:

An automated theorem prover.

A tool to help finding proofs.
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Notable formalized proofs

CompCert (ACM Software System Award 2021): C compiler
formally certified with Rocq (Coquand, Huet et
Paulin-Mohring) by Leroy et al.

seL4 (ACM Software System Award 2022): operating system
kernel formally certified with Rocq by Klein et al.

Mathematical Components: formal verification of the
four-color and Feit-Thompson theorems with Rocq by
Gonthier et al.

Flyspeck: formal verification of the Kepler conjecture with
HOL Light (Harrison) and Isabelle (Paulson) by Hales et al.

Conjecture of Marton: formal certification with Lean (Moura)
by Tao et al.

...
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What activities are supported by a proof assistant?

Work on the theory on which it is based.

HOL.
CIC.
Cubical type theory.
...

Software development: implementing this theory, setting up
and maintaining the environment, ...

Development of formal libraries.

Choice of axioms.
Choice of definitions.
Implementation of tactics.
Theorem demonstrations.
...
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Tarski’s system of geometry

A single primitive type: point.

Two primitive predicates:

1 congruence AB ≡ CD;
2 betweenness A B C .

11 axioms.

A parameter controls the dimension.

Good meta-theoritical properties.

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

The axioms
An example of proof by computation
A model of the theory

Tarski’s system of geometry

A single primitive type: point.

Two primitive predicates:

1 congruence AB ≡ CD;
2 betweenness A B C .

11 axioms.

A parameter controls the dimension.

Good meta-theoritical properties.

Alfred Tarski

(1901 - 1983)

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

The axioms
An example of proof by computation
A model of the theory

Tarski’s system of geometry

A single primitive type: point.

Two primitive predicates:

1 congruence AB ≡ CD;
2 betweenness A B C .

11 axioms.

A parameter controls the dimension.

Good meta-theoritical properties.

Alfred Tarski

(1901 - 1983)

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

The axioms
An example of proof by computation
A model of the theory

Tarski’s system of geometry

A single primitive type: point.

Two primitive predicates:

1 congruence AB ≡ CD;

2 betweenness A B C .

11 axioms.

A parameter controls the dimension.

Good meta-theoritical properties.

Alfred Tarski

(1901 - 1983)

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

The axioms
An example of proof by computation
A model of the theory

Tarski’s system of geometry

A single primitive type: point.

Two primitive predicates:

1 congruence AB ≡ CD;
2 betweenness A B C .

11 axioms.

A parameter controls the dimension.

Good meta-theoritical properties.

Alfred Tarski

(1901 - 1983)

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

The axioms
An example of proof by computation
A model of the theory

Tarski’s system of geometry

A single primitive type: point.

Two primitive predicates:

1 congruence AB ≡ CD;
2 betweenness A B C .

11 axioms.

A parameter controls the dimension.

Good meta-theoritical properties.

Alfred Tarski

(1901 - 1983)

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

The axioms
An example of proof by computation
A model of the theory

Tarski’s system of geometry

A single primitive type: point.

Two primitive predicates:

1 congruence AB ≡ CD;
2 betweenness A B C .

11 axioms.

A parameter controls the dimension.

Good meta-theoritical properties.

Alfred Tarski

(1901 - 1983)

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

The axioms
An example of proof by computation
A model of the theory

Tarski’s system of geometry

A single primitive type: point.

Two primitive predicates:

1 congruence AB ≡ CD;
2 betweenness A B C .

11 axioms.

A parameter controls the dimension.

Good meta-theoritical properties.

Alfred Tarski

(1901 - 1983)

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

The axioms
An example of proof by computation
A model of the theory

Axioms about congruence

Axiom (Pseudo-transitivity for congruence)

AB ≡ CD ∧ AB ≡ EF ⇒ CD ≡ EF

Axiom (Pseudo-reflexivity for congruence)

AB ≡ BA

Axiom (Identity for congruence)

AB ≡ CC ⇒ A = B
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Axiom (Five-Segment)
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Five-Segment Axiom

Axiom (Five-Segment)

AB ≡ A′B ′ ∧ BC ≡ B ′C ′∧
AD ≡ A′D ′ ∧ BD ≡ B ′D ′∧
A B C ∧ A′ B ′ C ′ ∧ A ̸= B ⇒ CD ≡ C ′D ′

B C

D

B′ C ′

D′
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Axiom of Segment Construction

Axiom (Segment Construction)

∃E ,A B E ∧ BE ≡ CD
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Pasch’s axiom

Axiom (Pasch)

A P C ∧ B Q C ⇒ ∃X ,P X B ∧ Q X A
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2-Dimensional Axiom

Axiom (Lower 2-Dimensional)

∃ABC ,¬A B C ∧ ¬B C A ∧ ¬C A B

Axiom (Upper 2-Dimensional)

AP ≡ AQ ∧ BP ≡ BQ ∧ CP ≡ CQ ∧ P ̸= Q ⇒
A B C ∨ B C A ∨ C A B

B

A

C

Q

P

C ′
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Euclid’s axiom

Axiom (Euclid)

A D T ∧ B D C ∧ A ̸= D ⇒
∃XY ,A B X ∧ A C Y ∧ X T Y
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The axioms
Identity for betweenness A B A ⇒ A = B

Transitivity for congruence AB ≡ CD ∧ AB ≡ EF ⇒ CD ≡ EF

Reflexivity for congruence AB ≡ BA

Identity for congruence AB ≡ CC ⇒ A = B

Segment Construction ∃E ,A B E ∧ BE ≡ CD

Pasch A P C ∧ B Q C ⇒ ∃X ,P X B ∧ Q X A

Five-Segment AB ≡ A′B ′ ∧ BC ≡ B ′C ′∧
Transitivité de la congruence AD ≡ A′D ′ ∧ BD ≡ B ′D ′∧

A B C ∧ A′ B ′ C ′ ∧ A ̸= B ⇒ CD ≡ C ′D ′

Lower 2-Dimensional ∃ABC ,¬A B C ∧ ¬B C A ∧ ¬C A B

Upper 2-Dimensional AP ≡ AQ ∧ BP ≡ BQ ∧ CP ≡ CQ ∧ P ̸= Q ⇒
A B C ∨ B C A ∨ C A B

Euclid A D T ∧ B D C ∧ A ̸= D ⇒
∃XY ,A B X ∧ A C Y ∧ X T Y

Continuity ∀ΞΥ, (∃A, (∀XY ,ΞX ∧ΥY ⇒ A X Y )) ⇒
∃B, (∀XY ,ΞX ∧ΥY ⇒ X B Y )

Point equality decidability X = Y ∨ X ̸= Y
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An example of proof by computation

Our example is the nine-point circle
theorem which states that the following
nine points are concyclic:

The midpoints of each side of the
triangle;
The feet of each altitude;
The midpoints of the line-segments
from each vertex of the triangle to the
orthocenter.
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Our example is the nine-point circle
theorem which states that the following
nine points are concyclic:

The midpoints of each side of the
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The feet of each altitude;
The midpoints of the line-segments
from each vertex of the triangle to the
orthocenter.
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Our example is the nine-point circle
theorem which states that the following
nine points are concyclic:

The midpoints of each side of the
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The feet of each altitude;
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from each vertex of the triangle to the
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A model of the theory

Points: F2 where F is a real closed field.

AB ≡ CD := (xA−xB)
2+(yA−yB)

2 = (xC−xD)
2+(yC−yD)

2.

A B C := ∃k , 0 ≤ k ≤ 1 ∧ B − A = k(C − A).

This model has been formalized in Rocq.

This establishes the relative consistency of the theory.
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Questions in foundations of geometry

Study of axiom systems

: links between these systems.

Study of some axioms

: their classification.

Properties of axiom systems

: is there some proof of false? can
we simplify the system? ...
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Ways to axiomatize Euclidean geometry

Synthetic approach

: geometric objects and axioms

about them.

Euclid

Hilbert

Tarski

Analytic approach

: a field F is assumed and the space
is defined as Fn.

Mixed analytic/synthetic approach: existence of a

field and geometric axioms.

Birkhoff

Erlangen program: a geometry is defined as a space of
objects and a group of transformations acting on it.
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Euclid
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Parallel postulates are not equivalent
Links between continuity axioms
Formalized results about foundations of geometry

Arithmetization of geometry

These approches seem very different.

In 1637, Descartes proved that the analytic
approach can be derived from the synthetic
approach.

This is called arithmetization and
coordination of geometry

: it is the
culminating result of both Hilbert’s and
Tarski’s developments.

Not all versions of the parallels postulate
allow for the arithmatization of geometry in a
constructive setting.
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A page from La Géométrie
of Descartes

Euclide

(325 av. J.-C. - 265 av. J.-C.)
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Arithmetization of geometry

The only library to have
formalized the arithmetization
of geometry.

Partially translated manually
into Isabelle and Lean.

About 150 kloc.

geocoq.github.io/GeoCoq/
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Parallel postulates are not equivalent
Links between continuity axioms
Formalized results about foundations of geometry

Types of independence proofs

Semantic proofs: prove the consistency of non-Euclidean geometry.

Poincaré disk Klein model

Syntactic proofs: prove there does not exist a derivation of the
axiom from the others.
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Syntactic proof
Identity for betweenness A B A ⇒ A = B

Transitivity for congruence AB ≡ CD ∧ AB ≡ EF ⇒ CD ≡ EF

Reflexivity for congruence AB ≡ BA

Identity for congruence AB ≡ CC ⇒ A = B

Segment Construction ∃E ,A B E ∧ BE ≡ CD

Pasch A P C ∧ B Q C ⇒ ∃X ,P X B ∧ Q X A

Five-Segment AB ≡ A′B ′ ∧ BC ≡ B ′C ′∧
Transitivité de la congruence AD ≡ A′D ′ ∧ BD ≡ B ′D ′∧

A B C ∧ A′ B ′ C ′ ∧ A ̸= B ⇒ CD ≡ C ′D ′

Lower 2-Dimensional ∃ABC ,¬A B C ∧ ¬B C A ∧ ¬C A B

Upper 2-Dimensional AP ≡ AQ ∧ BP ≡ BQ ∧ CP ≡ CQ ∧ P ̸= Q ⇒
A B C ∨ B C A ∨ C A B

Euclid A D T ∧ B D C ∧ A ̸= D ⇒
∃XY ,A B X ∧ A C Y ∧ X T Y

Continuity ∀ΞΥ, (∃A, (∀XY ,X ∈ Ξ ∧ Y ∈ Υ ⇒ A X Y )) ⇒
∃B, (∀XY ,X ∈ Ξ ∧ Y ∈ Υ ⇒ X B Y )

Point equality decidability X = Y ∨ X ̸= Y
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How to classify the postulates?

Pursuing the project faithfully will require that we take
the extreme measure of shutting out the entreaties of
our intuitions and imaginations - a forced separation
of mental powers that will quite understandably be
confusing and difficult to maintain [...].

(Richard J. Trudeau)
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A surprising equivalence

We proved that the following statements are equivalent in Tarski’s
system of neutral geometry assuming Playfair’s postulate in
intuitionistic logic:

The decidability of intersection of lines;

Aristotle’s axiom;

Greenberg’s axiom.
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Links between continuity axioms

Dedekind’s axiom

Archimedes’ axiom

Aristotle’s axiom
Greenberg’s axiom

Cantor’s principle

Linear integrity

Integrity

First-order
Dedekind’s axiom

Circle-cirle axiom

Line-cirle axiom
Segment-circle axiom
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Formalized results about foundations of geometry

Hilbert’s axioms Tarski’s axioms

Area

method

Analytic

geometry
NG

PP

NG

PP

CA CA
[GNB19]

[GBN16,

BGNS19]

[BBN16b]

[BBN16b]

[BNSB14a,

BNSB14b,

BBN16a]

[BKS23]

[BBN19]

NG : neutral geometry, PP : parallel postulat, AC : continuity axiom.

The automation developed in [BNSB14b, BBN19] was essential!
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Benefits of using a proof assistant

Mistakes can be avoided.

New results from a mathematical point of view can be found.

The power of computers can be leveraged.
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This STSM

Formalization of common geometric lemmas used as axioms
within rule-based geometric theorem provers and geometric
construction solvers.

Work on the new rules introduced in Different Types of Locus
Dependencies in Solving Geometry Construction Problems.

Extend these tools to produce a trace allowing to construct a
Rocq proof.
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Upcoming ADG talks

In collaboration with Alexandre Jean and Nicolas Magaud: An
Automated Approach towards Constructivizing the GeoCoq
Library.

In collaboration with Yoan Géran: First-Order Simplification
of GeoCoq using Dedukti.

In collaboration with Prunelle Colin: On the Coq/Rocq
Mechanization of Beeson’s “On the Notion of Equal Figures
in Euclid”.
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In collaboration with Yoan Géran: First-Order Simplification
of GeoCoq using Dedukti.

In collaboration with Prunelle Colin: On the Coq/Rocq
Mechanization of Beeson’s “On the Notion of Equal Figures
in Euclid”.

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

This STSM
Upcoming ADG talks
Future Belgrade-Strasbourg collaborations?
Starting internships

Upcoming ADG talks

In collaboration with Alexandre Jean and Nicolas Magaud: An
Automated Approach towards Constructivizing the GeoCoq
Library.

In collaboration with Yoan Géran: First-Order Simplification
of GeoCoq using Dedukti.

In collaboration with Prunelle Colin: On the Coq/Rocq
Mechanization of Beeson’s “On the Notion of Equal Figures
in Euclid”.

Pierre Boutry GeoCoq: a library for foundations of geometry



Proof assistants
Tarski’s System of Geometry

An overview of the GeoCoq library
Ongoing projects

A wishlist for GeoCoq

This STSM
Upcoming ADG talks
Future Belgrade-Strasbourg collaborations?
Starting internships

Upcoming ADG talks

In collaboration with Alexandre Jean and Nicolas Magaud: An
Automated Approach towards Constructivizing the GeoCoq
Library.
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Coherent logic provers to complete the constructivization of
the GeoCoq Library.

Arithmetization of hyperbolic geometry.

Translation from/to ADGLib.
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Starting internships

Badis Idiri: On algorithms for robotics formally verified in
Rocq.

Meng-Jan Wu: Motion Planning and Optimization, Formaly
ni Rocq!

Prunelle Colin: Variants of the axiom of choice in Cubical
Agda.

Alex Stopyra: Cellular cohomology in Cubical Agda.
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Safe smooth paths between straight line obstacles
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