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What is a proof?

@ The missing concept in Euclid’s Elements.
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What is a proof?

@ The missing concept in Euclid’s Elements: the
betweenness.

Moritz Pasch
(1843 - 1930)
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What is a proof?

@ The missing concept in Euclid’s Elements: the
betweenness.

@ More than two millennia of false proofs of the
parallel postulate.
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What is a proof?

@ The missing concept in Euclid’s Elements: the
betweenness.

@ More than two millennia of false proofs of the
parallel postulate.

Archimedes
(287 B.C. - 212 B.C.)
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What is a proof?

@ The missing concept in Euclid’s Elements: the
betweenness.

@ More than two millennia of false proofs of the
parallel postulate.
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Adrien-Marie Legendre
(1752 - 1833)
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What is a proof?

@ The missing concept in Euclid’s Elements: the
betweenness.

@ More than two millennia of false proofs of the
parallel postulate.

@ We can still make mistakes.

Vladimir Voevodsky
(1966 - 2017)
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What is a proof?

@ The missing concept in Euclid’s Elements: the
betweenness.

@ More than two millennia of false proofs of the
parallel postulate.

@ We can still make mistakes.

It soon became clear that the only real long-term
solution to the problems that | encountered is to
start using computers in the verification of math-
ematical reasoning.

Vladimir Voevodsky
(1966 - 2017)

(Vladimir Voevodsky, talk in March 2014 at the Institute for
Advanced Studies at Princeton)
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© Tarski's System of Geometry
© An overview of the GeoCoq library
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What is a proof assistant?

A software that allows to:
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What is a proof assistant?

A software that allows to:

@ Define mathematical concepts and computer programs.
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What is a proof assistant?

A software that allows to:

@ Define mathematical concepts and computer programs.

@ Mechanically verify proofs of theorems/programs.
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What is a proof assistant?

A software that allows to:

@ Define mathematical concepts and computer programs.

@ Mechanically verify proofs of theorems/programs.

V.

V.
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What is a proof assistant?

A software that allows to:

@ Define mathematical concepts and computer programs.

@ Mechanically verify proofs of theorems/programs.

V.

@ An automated theorem prover.
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What is a proof assistant?

A software that allows to:

@ Define mathematical concepts and computer programs.

@ Mechanically verify proofs of theorems/programs.

V.

@ An automated theorem prover.

@ A tool to help finding proofs.
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Notable formalized proofs
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Notable formalized proofs

e CompCert (ACM Software System Award 2021): C compiler
formally certified with Rocq (Coquand, Huet et
Paulin-Mohring) by Leroy et al.
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Notable formalized proofs

e CompCert (ACM Software System Award 2021): C compiler
formally certified with Rocq (Coquand, Huet et
Paulin-Mohring) by Leroy et al.

@ seL4 (ACM Software System Award 2022): operating system
kernel formally certified with Rocq by Klein et al.
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Notable formalized proofs

e CompCert (ACM Software System Award 2021): C compiler
formally certified with Rocq (Coquand, Huet et
Paulin-Mohring) by Leroy et al.

@ seL4 (ACM Software System Award 2022): operating system
kernel formally certified with Rocq by Klein et al.

@ Mathematical Components: formal verification of the
four-color and Feit-Thompson theorems with Rocq by
Gonthier et al.
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Notable formalized proofs

e CompCert (ACM Software System Award 2021): C compiler
formally certified with Rocq (Coquand, Huet et
Paulin-Mohring) by Leroy et al.

@ seL4 (ACM Software System Award 2022): operating system
kernel formally certified with Rocq by Klein et al.

@ Mathematical Components: formal verification of the
four-color and Feit-Thompson theorems with Rocq by
Gonthier et al.

o Flyspeck: formal verification of the Kepler conjecture with
HOL Light (Harrison) and Isabelle (Paulson) by Hales et al.
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e CompCert (ACM Software System Award 2021): C compiler
formally certified with Rocq (Coquand, Huet et
Paulin-Mohring) by Leroy et al.

@ seL4 (ACM Software System Award 2022): operating system
kernel formally certified with Rocq by Klein et al.

@ Mathematical Components: formal verification of the
four-color and Feit-Thompson theorems with Rocq by
Gonthier et al.

o Flyspeck: formal verification of the Kepler conjecture with
HOL Light (Harrison) and Isabelle (Paulson) by Hales et al.

e Conjecture of Marton: formal certification with Lean (Moura)
by Tao et al.
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e CompCert (ACM Software System Award 2021): C compiler
formally certified with Rocq (Coquand, Huet et
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@ Work on the theory on which it is based.
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What activities are supported by a proof assistant?

@ Work on the theory on which it is based.
e HOL.
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What activities are supported by a proof assistant?

@ Work on the theory on which it is based.

e HOL.
e CIC.
o Cubical type theory.
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What activities are supported by a proof assistant?

@ Work on the theory on which it is based.
HOL.

CIC.

Cubical type theory.
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What activities are supported by a proof assistant?

@ Work on the theory on which it is based.
HOL.

CIC.

Cubical type theory.

@ Software development: implementing this theory, setting up
and maintaining the environment, ...
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@ Work on the theory on which it is based.
HOL.
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Cubical type theory.

@ Software development: implementing this theory, setting up
and maintaining the environment, ...

@ Development of formal libraries.
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@ Work on the theory on which it is based.
HOL.

CIC.

Cubical type theory.

@ Software development: implementing this theory, setting up
and maintaining the environment, ...

@ Development of formal libraries.
o Choice of axioms.
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@ Work on the theory on which it is based.
HOL.

CIC.

Cubical type theory.

@ Software development: implementing this theory, setting up
and maintaining the environment, ...

@ Development of formal libraries.

e Choice of axioms.
o Choice of definitions.
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@ Work on the theory on which it is based.
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CIC.

Cubical type theory.

@ Software development: implementing this theory, setting up
and maintaining the environment, ...

@ Development of formal libraries.

e Choice of axioms.
o Choice of definitions.
e Implementation of tactics.
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What activities are supported by a proof assistant?

@ Work on the theory on which it is based.
HOL.

CIC.

Cubical type theory.

@ Software development: implementing this theory, setting up
and maintaining the environment, ...

@ Development of formal libraries.
e Choice of axioms.
o Choice of definitions.
e Implementation of tactics.
e Theorem demonstrations.
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What activities are supported by a proof assistant?

@ Work on the theory on which it is based.
HOL.

CIC.

Cubical type theory.

@ Software development: implementing this theory, setting up
and maintaining the environment, ...

@ Development of formal libraries.
e Choice of axioms.

Choice of definitions.

Implementation of tactics.

Theorem demonstrations.
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Tarski's system of geometry
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Tarski's system of geometry

@ A single primitive type: point.

)
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Alfred Tarski
(1901 - 1983)
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Tarski's system of geometry

@ A single primitive type: point.

@ Two primitive predicates:

M. <r

Alfred Tarski
(1901 - 1983)
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Tarski's System of Geometry The axioms
An example of proof by computation
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Tarski's system of geometry

@ A single primitive type: point.
@ Two primitive predicates:
@ congruence AB = CD;

M. <r

Alfred Tarski
(1901 - 1983)
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Tarski's system of geometry

@ A single primitive type: point.
@ Two primitive predicates:

@ congruence AB = CD;
@ betweenness A—B—C.

M. <r

Alfred Tarski
(1901 - 1983)
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Tarski's System of Geometry The axioms
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Tarski's system of geometry

@ A single primitive type: point.
@ Two primitive predicates:

@ congruence AB = CD;
@ betweenness A—B—C.

@ 11 axioms. //Q"/,,;ﬁ

Alfred Tarski
(1901 - 1983)
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Tarski's system of geometry

@ A single primitive type: point.
@ Two primitive predicates:

@ congruence AB = CD;
@ betweenness A—B—C.

@ 11 axioms. / /
imensi (P s
@ A parameter controls the dimension. | . -

Alfred Tarski
(1901 - 1983)
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Tarski's System of Geometry The axioms
An example of proof by computation

A model of the theory

Tarski's system of geometry

©

A single primitive type: point.
@ Two primitive predicates:

@ congruence AB = CD;
@ betweenness A—B—C.

11 axioms. ///
. . ol
A parameter controls the dimension. @ ﬁf

Alfred Tarski
(1901 - 1983)

[

®

Good meta-theoritical properties.
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Axioms about congruence
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Axioms about congruence

Axiom (Pseudo-transitivity for congruence)

AB=CDANAB=EF = CD = EF
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Axioms about congruence

Axiom (Pseudo-transitivity for congruence)

AB=CDANAB=EF = CD = EF

Axiom (Pseudo-reflexivity for congruence)

AB = BA
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Axioms about congruence

Axiom (Pseudo-transitivity for congruence)

AB=CDANAB=EF = CD = EF

Axiom (Pseudo-reflexivity for congruence)

AB = BA

Axiom (ldentity for congruence)

AB=CC=A=8B
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Axiom about betweenness
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Axiom about betweenness

Axiom (ldentity for betweenness)

A-B-A=A=8B
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Five-Segment Axiom
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Tarski's System of Geometry The axioms
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A model of the theory

Five-Segment Axiom

Axiom (Five-Segment)
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Five-Segment Axiom

Axiom (Five-Segment)
AB=A'B'ANBC=B'C'A
AD = A'D' AN BD = B'D'A
A-B-CNA-B—-CNA#B=CD=CD

A B \C’

Pierre Boutry GeoCoq: a library for foundations of geometry



Tarski's System of Geometry The axioms
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A model of the theory

Axiom of Segment Construction
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Axiom of Segment Construction

Axiom (Segment Construction)
3E,A-B—EABE = CD
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Axiom of Segment Construction

Axiom (Segment Construction)
3E,A-B—EABE = CD
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Pasch's axiom
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Pasch's axiom

Axiom (Pasch)
A-P—CAB-Q—-C=3X,P-X-—BANQR-X-A
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Pasch's axiom

Axiom (Pasch)
A-P—CAB-Q—-C=3X,P-X-—BANQR-X-A
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Pasch's axiom

Axiom (Pasch)
A-P—CAB-Q—-C=3X,P-X-—BANQR-X-A
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Pasch's axiom

Axiom (Pasch)
A-P—CAB-Q—-C=3X,P-X-—BANQR-X-A
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Pasch's axiom

Axiom (Pasch)
A-P—CAB-Q—-C=3X,P-X-—BANQR-X-A
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2-Dimensional Axiom
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

2-Dimensional Axiom

Axiom (Lower 2-Dimensional)
JABC,-A-B—CAN-B—C-AN-C-A-B

Pierre Boutry GeoCoq: a library for foundations of geometry



Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

2-Dimensional Axiom

Axiom (Lower 2-Dimensional)
JABC,-A-B—CAN-B—C-AN-C-A-B

Axiom (Upper 2-Dimensional)

AP=AQANBP=BQANCP=CQAP# Q=
A-B-CVB-C-Av C-A-B

C/
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Euclid's axiom
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Tarski's System of Geometry The axioms
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A model of the theory

Euclid's axiom

Axiom (Euclid)

A D TAB D CAA+D =
XY, A B XANAC YANX-T-Y
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Euclid's axiom

Axiom (Euclid)

A D TAB D CAA+D =
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Euclid's axiom

Axiom (Euclid)

A D TAB D CAA+D =
XY, A B XANAC YANX-T-Y

Pierre Boutry GeoCoq: a library for foundations of geometry



Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

The axioms

Identity for betweenness A-B—-A= A=1B
Transitivity for congruence AB = CD ANAB = EF = CD = EF
Reflexivity for congruence AB = BA
Identity for congruence AB=CC=A=B
Segment Construction 3JE,A-B—E NBE = CD
Pasch A-P-CAB-Q-C=3X,P-X-BANQRQ-X-A
Five-Segment AB = A'B'ABC = B'C'A
AD=A'D'ABD = B'D'A
A-B-CANA-B—-CANA#B=CD=CD
Lower 2-Dimensional 3JABC,-A—B—CA-B—C—AAN-C—A-B
Upper 2-Dimensional AP =AQABP=BQACP=CQAP # Q=
A-B-CVvVB-C-AvV(C-A-B
Eucid A-D-TAB-D-CANA#D=
IXY,A-B-XNA-C-YANX-T-Y
Continuity V=T, (3A,(VXY,ZEXATY = A-X-Y)) =
3B, (VXY, =X ATY = X—-B-Y)
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

The axioms

Identity for betweenness A-B—-A= A=1B
Transitivity for congruence AB = CD ANAB = EF = CD = EF
Reflexivity for congruence AB = BA
Identity for congruence AB=CC=A=B
Segment Construction 3JE,A-B—E NBE = CD
Pasch A-P-CAB-Q-C=3X,P-X-BANQRQ-X-A
Five-Segment AB = A'B'ABC = B'C'A
AD=A'D'ABD = B'D'A
A-B-CANA-B—-CANA#B=CD=CD
Lower 2-Dimensional 3JABC,-A—B—CA-B—C—AAN-C—A-B
Upper 2-Dimensional AP =AQABP=BQACP=CQAP # Q=
A-B-CVvVB-C-AvV(C-A-B
Eucid A-D-TAB-D-CANA#D=
IXY,A-B-XNA-C-YANX-T-Y
Continuity V=T, (3A,(VXY,ZXATY = A-X-Y)) =
IB,(VXY,ZXATY = X-B-Y)
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Tarski's System of Geometry

The axioms

The axioms
An example of proof by computation
A model of the theory

Identity for betweenness

A-B-A=A=8B

Transitivity for congruence

AB=CDANAB=EF = CD = EF

Reflexivity for congruence

AB = BA

Identity for congruence

AB=CC=A=8B

Segment Construction

JE,A-B—E NBE = CD

Pasch

A-P-CANB-Q-C= 3IX,P-X—BANQRQ-X-A

Five-Segment

AB=A'B'ABC=B'C'A
AD =A'D'’ ABD = B'D'A
A-B-CANA-B-CNA#£B=CD=C'D

Lower 2-Dimensional

JABC,-A-B—-CAN—-B-C-AAN-C-A-B

Upper 2-Dimensional

AP=AQANBP=BRACP=CRAP# Q=
A-B-CVvVB-C-AvV(C-A-B

Eucid A D TAB D CAA#D=
IXY,A B XANAC-YAX-T-Y
Continuity V=T, (A, (VXY,ZEXATY = A X_Y)) =

3B, (VXY,ZEXATY = X_B_Y)

Point equality decidability

X=YVXZY
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Overview of the formalization
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

Overview of the formalization

W. Schwabhauser
W. Szmielew A Tarski

Metamathematische
Methoden
in der Geometrie

Mit 167 Abbildungen

Teil I: Ein axiomatischer Aufbau der
eukiidischen Geometrie
von W, Schwabhiuser, W. Szmialow v A Tarski

Teil Il: Metamathematische Betrachtungen
von W. Schwabhauser

Springer-Verlag 4
Beriin Heidelberg New York Tokyo 1983

N

geocoq.github.io/GeoCoq/
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

An example of proof by computation
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

An example of proof by computation

Our example is the nine-point circle
theorem which states that the following
nine points are concyclic:
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

An example of proof by computation

Our example is the nine-point circle
theorem which states that the following
nine points are concyclic:

« The midpoints of each side of the

triangle;
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

An example of proof by computation

Our example is the nine-point circle
theorem which states that the following
nine points are concyclic:

« The midpoints of each side of the

triangle;

o The feet of each altitude;
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Tarski's System of Geometry The axioms
An example of proof by computation

A model of the theory

An example of proof by computation

Our example is the nine-point circle
theorem which states that the following
nine points are concyclic:

« The midpoints of each side of the

triangle;

o The feet of each altitude;

o The midpoints of the line-segments

from each vertex of the triangle to the
orthocenter.

Pierre Boutry GeoCoq: a library for foundations of geometry



Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

A model of the theory
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

A model of the theory

@ Points: F2 where T is a real closed field.
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

A model of the theory

@ Points: F2 where T is a real closed field.
e AB=CD := (xA—xB)2+(yA—yB)2 = (xc—xD)2+(yc—yD)2.
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

A model of the theory

@ Points: F2 where T is a real closed field.
@ AB = CD := (xa—xg)>+(ya—yB)? = (xc—xp)*+(yc—yp)>.
0 AB-C:=3k,0<k<1AB—-A=k(C-A).
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Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

A model of the theory

Points: F2 where F is a real closed field.

AB = CD = (xA—xB)2+(yA—yB)2 = (xc—xD)2+(yc—yD)2.
A-B-C:=3k,0<k<1AB—-A=k(C-A).

This model has been formalized in Rocq.

Pierre Boutry GeoCoq: a library for foundations of geometry



Tarski's System of Geometry The axioms
An example of proof by computation
A model of the theory

A model of the theory

e Points: F2 where [ is a real closed field.

e AB=CD = (xA—xB)2+(yA—yB)2 = (xc—xD)2+(yc—yD)2.
0 AB-C:=3k,0<k<1AB—-A=k(C-A).

@ This model has been formalized in Rocq.

°

This establishes the relative consistency of the theory.
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Arithmetiza g

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulate: not equivalent

Links t n continuity oms

Formaliz sults about foundations of geometry

An overview of the GeoCoq library

@ Proof assistants
© Tarski's System of Geometry

© An overview of the GeoCoq library

Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
Parallel postulates are not equivalent

Links between continuity axioms

Formalized results about foundations of geometry

@ Ongoing projects

© A wishlist for GeoCoq
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An overview of the GeoCoq library

Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
Parallel postulat not equivalent

Links between continuity axioms

Formalized results about foundations of ¢

Questions in foundations of geometry
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Arithmetization of netry
A syntactic pr independence of the parallel postulate
An overview of the GeoCoq library

Questions in foundations of geometry

@ Study of axiom systems.
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Arithmetization of netry
A syntactic pr independence of the parallel postulate
An overview of the GeoCoq library

Questions in foundations of geometry

@ Study of axiom systems: links between these systems.

Pierre Boutry GeoCoq: a library for foundations of geometry



Arithmetization of netry
A syntactic pr independence of the parallel postulate
An overview of the GeoCoq library

Questions in foundations of geometry

@ Study of axiom systems: links between these systems.

@ Study of some axioms.
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Arithmetization o ometry

A syntactic pi of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postu s are not equivalent

Links i xioms

Formaliz sults about foundations of geometry

Questions in foundations of geometry

@ Study of axiom systems: links between these systems.

@ Study of some axioms: their classification.
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An overview of the GeoCoq library aralle tulates a
en contin
Formalized results about foundations of geometry

Questions in foundations of geometry

@ Study of axiom systems: links between these systems.
@ Study of some axioms: their classification.

@ Properties of axiom systems.
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Arithmetization
A syntactic proof o independence of the parallel postulate
An overview of the GeoCoq library aralle tulates a ot equivalent
en contin
Formalized results about foundations of geometry

Questions in foundations of geometry

@ Study of axiom systems: links between these systems.
@ Study of some axioms: their classification.

@ Properties of axiom systems: is there some proof of false? can
we simplify the system?

Pierre Boutry GeoCoq: a library for foundations of geometry



An overview of the GeoCoq library

Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
Parallel postulat not equivalent

Links between continuity axioms

Formalized results about foundations of ¢

Ways to axiomatize Euclidean geometry
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Arithmetization of geometry

A syntactic pr of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulat A

Links be

Formalized results about foundations of geometry

Ways to axiomatize Euclidean geometry

@ Synthetic approach
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Arithmetization of geometry

A syntactic pr of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulat A

Links be

Formalized results about foundations of geometry

Ways to axiomatize Euclidean geometry

@ Synthetic approach: geometric objects and axioms
about them.
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Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
Parallel postulates are not equivalent

Links be

An overview of the GeoCoq library

foundations of geometry

@ Synthetic approach: geometric objects and axioms
about them.

e Euclid

Euclid
(325 BC - 265 BC)
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

@ Synthetic approach: geometric objects and axioms

about them.
e Euclid
e Hilbert

David Hilbert
(1862 - 1943)
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Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equiv

Links be

ent

Formalized r s foundations of geometry

Ways to axiomatize Euclidean geometry

@ Synthetic approach: geometric objects and axioms
about them.

e Euclid

e Hilbert
o Tarski

(1901 - 1983)
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Ways to axiomatize Euclidean geometry

@ Synthetic approach: geometric objects and axioms
about them.

e Euclid
e Hilbert
o Tarski

@ Analytic approach
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Ways to axiomatize Euclidean geometry

@ Synthetic approach: geometric objects and axioms
about them.
e Euclid
o Hilbert
o Tarski

@ Analytic approach: a field F is assumed and the space
is defined as F".
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Ways to axiomatize Euclidean geometry

@ Synthetic approach: geometric objects and axioms
about them.
e Euclid
o Hilbert
o Tarski

@ Analytic approach: a field F is assumed and the space
is defined as F".

Pierre Boutry GeoCoq: a library for foundations of geometry



An overview of the GeoCoq library

Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
Parallel postulat not equivalent

Links between continuity axioms

Formalized results about foundations of ¢

Arithmetization of geometry
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Arithmetization of geometry

A syntactic pr of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulat A

Links be

Formalized results about foundations of geometry

Arithmetization of geome

@ These approches seem very different.

Pierre Boutry
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postu s are not equivalent

xioms
undations of geometry

Arithmetization of geometry

@ These approches seem very different.

@ In 1637, Descartes proved that the analytic
approach can be derived from the synthetic
approach.

René Descartes
(1596 - 1650)
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Arithmetization of geometry

@ These approches seem very different.

@ In 1637, Descartes proved that the analytic
approach can be derived from the synthetic
approach.

A page from La Géométrie
of Descartes
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library aralle tulates a ot equivalent
en contin
Formalized results about foundations of geometry

Arithmetization of geometry

@ These approches seem very different.

@ In 1637, Descartes proved that the analytic
approach can be derived from the synthetic
approach.

@ This is called arithmetization and
coordination of geometry.
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Arithmetization of geometry

of the parallel postulate

An overview of the GeoCoq library

Arithmetization of geometry

@ These approches seem very different.

@ In 1637, Descartes proved that the analytic
approach can be derived from the synthetic
approach.

@ This is called arithmetization and
coordination of geometry: it is the
culminating result of both Hilbert's and
Tarski's developments.
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate

An overview of the GeoCoq library aralle tula E ot equivalent

en contin
Formalized results about foundations of geometry

Arithmetization of geometry

@ These approches seem very different.

@ In 1637, Descartes proved that the analytic
approach can be derived from the synthetic
approach.

@ This is called arithmetization and
coordination of geometry: it is the
culminating result of both Hilbert's and
Tarski's developments.

David Hilbert
(1862 - 1943)

Pierre Boutry GeoCoq: a library for foundations of geometry



Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Formalized results about foundations of geometry

Arithmetization of geometry

@ These approches seem very different.

@ In 1637, Descartes proved that the analytic e
approach can be derived from the synthetic Metamathematische
Methoden
ap proach . in der Geometrie

11167 etihngon

@ This is called arithmetization and
coordination of geometry: it is the
culminating result of both Hilbert's and
Tarski's developments.

Springer-erlag
Bl Heidlberg New York Tokyo 1983
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate

An overview of the GeoCoq library aralle tulates a
en contin
Formalized results about foundations of geometry

Arithmetization of geometry

@ These approches seem very different.

@ In 1637, Descartes proved that the analytic
approach can be derived from the synthetic
approach.

@ This is called arithmetization and
coordination of geometry: it is the
culminating result of both Hilbert's and
Tarski's developments.

Alfred Tarski
(1901 - 1983)
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Arithmetization of geometry

A syntactic f of the independence of the parallel postulate
An overview of the GeoCoq library Parallel post >t equivalent

Links b xioms

Formalized results about foundations of geometry

Arithmetization of geometry

@ These approches seem very different.

@ In 1637, Descartes proved that the analytic
approach can be derived from the synthetic
approach.

@ This is called arithmetization and
coordination of geometry: it is the
culminating result of both Hilbert's and
Tarski's developments.

@ Not all versions of the parallels postulate
allow for the arithmatization of geometry in a
constructive setting.
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Arithmetization of geometry

A syntactic pr independence of the parallel postulate
An overview of the GeoCoq library arallel postul uivalent

Links between continuity ms
Formalized results about foundations

Arithmetization of geome

geocoq.github.io/GeoCoq/
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Arithmetization of geometry
A syntactic f the indepe nce of the parallel postulate

An overview of the GeoCoq library

Furm alized results about Tuundatlum of geometry

Arithmetization of geometry

@ The only library to have
formalized the arithmetization
of geometry.

geocoq.github.io/GeoCoq/
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Arithmetization of geometry
A syntactic proof

An overview of the GeoCoq library

Arithmetization of geometry

@ The only library to have
formalized the arithmetization
of geometry.

o Partially translated manually
into Isabelle and Lean.

geocoq.github.io/GeoCoq/

Pierre Boutry GeoCoq: a library for foundations of geometry


geocoq.github.io/GeoCoq/

Arithmetization of geometry
A syntactic proof

An overview of the GeoCoq library

Arithmetization of geometry

@ The only library to have
formalized the arithmetization
of geometry.

o Partially translated manually
into Isabelle and Lean.

@ About 150 kloc.

geocoq.github.io/GeoCoq/

Pierre Boutry GeoCoq: a library for foundations of geometry
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Arithmetization of metry

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates not equivalent

Links be n continuity axioms

Formalized results about foundations of

Types of independence proofs
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Arithmetization of
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Types of independence proofs

@ Semantic proofs: prove the consistency of non-Euclidean geometry.
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An overview of the GeoCoq library

Types of independence proofs

&

r
@

Poincaré disk E@
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n c netry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Par ul ivalent
veen continuity

Types of independence proofs

Poincaré disk “&¥ Klein model
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n c netry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Par ul ivalent
veen continuity

Types of independence proofs

Poincaré disk “&¥ Klein model

@ Syntactic proofs: prove there does not exist a derivation of the
axiom from the others.

Pierre Boutry GeoCoq: a library for foundations of geometry



Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Links between continuity ms

Formalized results abou dations of geometry

Syntactic proof

Identity for betweenness A-B—-A= A=1B
Transitivity for congruence AB = CD ANAB = EF = CD = EF
Reflexivity for congruence AB = BA
Identity for congruence AB=CC=A=B
Segment Construction 3JE,A-B—E NBE = CD
Pasch A-P-CAB-Q-C=3X,P-X-BANQRQ-X-A
Five-Segment AB = A'B'ABC = B'C'A
AD =A'D'’ ABD = B'D'A
A-B-CANA-B—-CANA#B=CD=CD
Lower 2-Dimensional 3JABC,-A—B—CA-B—C—AAN-C—A-B
Upper 2-Dimensional AP =AQABP=BQACP=CQAP # Q=
A-B-CVvVB-C-AvV(C-A-B
Eucid A-D-TAB-D-CANA#D=
IXY,A-B-XNA-C-YANX-T-Y
Continuity V=T,(3A,(VXY, X €EZAY €T = A-X-Y)) =
IB,(VXY, X €e=ZAY € T = X-B-Y)
Point equality decidability X =Y VX #Y
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Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Links between continuity ms

Formalized results abou dations of geometry

Syntactic proof

Identity for betweenness A-B-A= A=1B
Transitivity for congruence AB = CD ANAB = EF = CD = EF
Reflexivity for congruence AB = BA
Identity for congruence AB=CC=A=B
Segment Construction 3JE,A-B—E ANBE =CD
Pasch A-P-CAB-Q-C=3X,P-X-BANQR-X-A
Five-Segment AB = A'B'ABC =B'C'A
AD = A'D' ABD = B'D'A
A-B-CANA—B—-CANA#B=CD=C'D
Lower 2-Dimensional dJABC,-A-B—CA-B—C-AAN-C-A-B
Upper 2-Dimensional AP =AQABP=BQRQACP=CRQAP # Q=
A-B—-CVv B-C-Av C-A-B
Eucid A-D-TAB-D-CANA#D=
IXY,A-B-XNA-C-YANX-T-Y
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates a uivalent

dations of geometry

Syntactic proof

Identity for betweenness A-B-A= A=1B
Transitivity for congruence AB = CD ANAB = EF = CD = EF
Reflexivity for congruence AB = BA
Identity for congruence AB=CC=A=B
Segment Construction 3JE,A-B—E ANBE =CD
Pasch A-P-CAB-Q-C=3X,P-X-BANQR-X-A
Five-Segment AB = A'B'ABC =B'C'A
AD = A'D' ABD = B'D'A
A-B-CANA—B—-CANA#B=CD=C'D
Lower 2-Dimensional dJABC,-A-B—CA-B—C-AAN-C-A-B
Upper 2-Dimensional AP =AQABP=BQRQACP=CRQAP # Q=
A-B—-CVv B-C-Av C-A-B
Eucid A-D-TAB-D-CANA#D=
IXY,A-B-XNA-C-YANX-T-Y
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent
ioms
ndations of geometry

Syntactic proof

Segment Construction 3JE,A-B—E ANBE =CD
Pasch A-P—CAB—Q-C=3IX,P-X—BANQRQ-X-A

Lower 2-Dimensional dJABC,-A-B—CA-B—C-AAN-C-A-B

Euclid A-D-TAB-D-CANA#D=
IXY,A-B-XNA-C-YANX-T-Y
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Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Links betw continuity axioms

Formalized results about foundations of geometry

Syntactic proof

Segment Construction 3JE,A-B—E ANBE =CD
Pasch A-P—CAB—Q-C=3IX,P-X—BANQRQ-X-A

Lower 2-Dimensional dJABC,-A-B—CA-B—C-AAN-C-A-B
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Syntactic proof

JE,A-B—E NBE =CD
A—P—CAB—Q—C= 3IX,P-X—BANQRQ—X-A

JABC,-A—B—CA-B—C—AAN-C—-A-B
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Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates not equivalent

Links between continuity ms
Formalized results about foundations of geometry

Syntactic proof

°A JE,A_B_EANBE=CD
AP CAB QC=3X,PXBAQ XA

Bo

JABC,-A-B—CAN-B—C-AN-C-A-B

o
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Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates not equivalent

Links between continuity ms
Formalized results about foundations of geometry

Syntactic proof

A JE,A_B_EANBE=CD
5 AP CAB QC=3X,PXBAQ XA

JABC,-A-B—CAN—-B-C-AN-C-A-B
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Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates not equivalent

Links between continuity ms
Formalized results about foundations of geometry

Syntactic proof

E JE,A B EABE=CD

c A-P—CAB—-Q-C=3X,P-X—BANQRQ-X-A

JABC,-A-B—CAN—-B-C-AN-C-A-B
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Syntactic proof

A SE.A B EABE=CD
AP CABQC=3X.PX_BAQX_A
B C
SABC. A B CA B CANTCAB
X T Y

AD TAB D CAAZD=
IXY,A B XANAC-YAX-T-Y
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Syntactic proof

A JE,A B EANBE=CD
A-P-CAB—Q—C=3X,P X—BAQ-X—A

JABC,-A-B—CAN—-B-C-AN-C-A-B

AD TAB D CAAZD=
IXY,A B XANAC-YAX-T-Y
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Syntactic proof

JE,A-B—ENBE = CD

A AP CAB QO CoIX P XBAOX A
Bi15iC
SABC. A B CA B CANTCAEB
X T Y

AD TAB D CAAZD=
IXY,A B XANAC-YAX-T-Y
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Arithmetization of geometry
A syntactic proof of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Syntactic proof

JE,A-B—ENBE = CD
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dations of geometry

Syntactic proof

Identity for betweenness A-B-A= A=1B
Transitivity for congruence AB = CD ANAB = EF = CD = EF
Reflexivity for congruence AB = BA
Identity for congruence AB=CC=A=B
Segment Construction 3JE,A-B—E ANBE =CD
Pasch A-P-CAB-Q-C=3X,P-X-BANQR-X-A
Five-Segment AB = A'B'ABC =B'C'A
AD = A'D' ABD = B'D'A
A-B-CANA—B—-CANA#B=CD=C'D
Lower 2-Dimensional dJABC,-A-B—CA-B—C-AAN-C-A-B
Upper 2-Dimensional AP =AQABP=BQRQACP=CRQAP # Q=
A-B—-CVv B-C-Av C-A-B
Eucid A-D-TAB-D-CANA#D=
IXY,A-B-XNA-C-YANX-T-Y
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Links between continuity ms

Formalized results abou dations of geometry

Syntactic proof

Identity for betweenness A-B—-A= A=1B
Transitivity for congruence AB = CD ANAB = EF = CD = EF
Reflexivity for congruence AB = BA
Identity for congruence AB=CC=A=B
Segment Construction 3JE,A-B—E NBE = CD
Pasch A-P-CAB-Q-C=3X,P-X-BANQRQ-X-A
Five-Segment AB = A'B'ABC = B'C'A
AD =A'D'’ ABD = B'D'A
A-B-CANA-B—-CANA#B=CD=CD
Lower 2-Dimensional 3JABC,-A—B—CA-B—C—AAN-C—A-B
Upper 2-Dimensional AP =AQABP=BQACP=CQAP # Q=
A-B-CVvVB-C-AvV(C-A-B
Eucid A-D-TAB-D-CANA#D=
IXY,A-B-XNA-C-YANX-T-Y
Continuity V=T, (3A,(VXY, X €EZAY €T = A-X-Y)) =
IB,(VXY, X €e=ZAY €T = X-B-Y)
Point equality decidability X =Y VX #Y
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axiom axiom axiom

Bachman.n s Triangle
Lotschnit-
postulate

taxiom

Playfair's
postulate

Pierre Boutry

Arithmetization of

A syntactic proof of the independence of the parallel postulate
Parallel postulates are not equivalent

Links between continuity axioms

ults about foundations of g

Parallel postulates are not equivalent

Formalized

Decidability of
intersection
of lines

Tarski's
parallel
postulate

brary for foundations of geometry



An overview of the GeoCoq library

Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
Parallel postulates are not equivalent

Links between continuity axioms

Formalized results about foundations of ¢

How to classify the postulates?

Pierre Boutry

y for foundations of geometry



An overview of the GeoCoq library

Arithmetization of geometry

A syntactic proof of the independence of the parallel postulate
Parallel postulates are not equivalent

Links between continuity axioms

Formalized results about foundations of ¢

How to classify the postulates?

Pierre Boutry

y for foundations of geometry



Arithmetization of etry

A syntactic pr of the independence of the paralle
An overview of the GeoCoq library Parallel postulates are not equivalent

Links b i

Formali

How to classify the postulates?

Pierre Boutry GeoCoq: a library for foundations of geometry



Arithmetization o

A syntactic proof o e independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Links b

Formalized results abou ndations of geometry

How to classify the postulates?

Pierre Boutry GeoCoq: a library for foundations of geometry



Arithmetization o

A syntactic proof o e independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Links b

Formalized results abou ndations of geometry

How to classify the postulates?

Pierre Boutry GeoCoq: a library for foundations of geometry



Arithmetization o y
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Links b

Formalized results abou ndations of geometry

How to classify the postulates?

Pursuing the project faithfully will require that we take
the extreme measure of shutting out the entreaties of
our intuitions and imaginations - a forced separation
of mental powers that will quite understandably be
confusing and difficult to maintain [...].

(Richard J. Trudeau)
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A surprising equivalence

We proved that the following statements are equivalent in Tarski's
system of neutral geometry assuming Playfair’'s postulate in
intuitionistic logic:
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A surprising equivalence

We proved that the following statements are equivalent in Tarski's
system of neutral geometry assuming Playfair’'s postulate in
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@ The decidability of intersection of lines;
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Formalized results about foundations of geometry

A surprising equivalence

We proved that the following statements are equivalent in Tarski's
system of neutral geometry assuming Playfair’'s postulate in
intuitionistic logic:

@ The decidability of intersection of lines;

@ Aristotle’s axiom;
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A syntactic proof o e independence of the parallel postulate
An overview of the GeoCoq library Parallel postulates are not equivalent

Links be

Formalized results about foundations of geometry

A surprising equivalence

We proved that the following statements are equivalent in Tarski's
system of neutral geometry assuming Playfair’'s postulate in
intuitionistic logic:

@ The decidability of intersection of lines;
@ Aristotle’s axiom;

o Greenberg's axiom.
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Formalized results about foundations of geometry

Hilbert's axioms Tarski's axioms

[BNSB14a,
BNSB14b,
BBN16a]

[BBN16b]

[BBN16b]

Analytic [BBN19] Area

geometry method

[BKS23]

[GBN16,
BGNS19]

Q [GNB19]

NG : neutral geometry, PP : parallel postulat, AC : continuity axiom.
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Formalized results about foundations of geometry

Hilbert's axioms Tarski's axioms

[BNSB14a,

[BBN16b]

[BBN16b]

[GBN16,
BGNS19]

Q [GNB19] Q

BNSB14b,
BBN16a]

Analytic [BBN19] Area

geometry method

[BKS23]

NG : neutral geometry, PP : parallel postulat, AC : continuity axiom.

The automation developed in [BNSB14b, BBN19] was essential!
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Benefits of using a proof assistant

@ Mistakes can be avoided.
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Arithmetization o ometry
A syntactic pi of the independence of the parallel postulate
An overview of the GeoCoq library Parallel postu s are not equivalent

Links een continuity axioms

Formalized results about foundations of geometry

Benefits of using a proof assistant

o Mistakes can be avoided.
@ New results from a mathematical point of view can be found.

@ The power of computers can be leveraged.
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@ Proof assistants
© Tarski's System of Geometry
© An overview of the GeoCoq library

@ Ongoing projects
@ This STSM
@ Upcoming ADG talks
o Future Belgrade-Strasbourg collaborations?
@ Starting internships

O A wishlist for GeoCoq
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Ongoing projects

This STSM

e Formalization of common geometric lemmas used as axioms

within rule-based geometric theorem provers and geometric
construction solvers.
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Upcoming ADG talks

Future B rasbourg collaborations?
Starting int ips

Ongoing projects

This STSM

e Formalization of common geometric lemmas used as axioms
within rule-based geometric theorem provers and geometric
construction solvers.

@ Work on the new rules introduced in Different Types of Locus
Dependencies in Solving Geometry Construction Problems.

Pierre Boutry GeoCoq: a library for foundations of geometry



This STSM
Upcom DG talks
Future Strasbourg collaborations?

Ongoing projects e "

This STSM

e Formalization of common geometric lemmas used as axioms
within rule-based geometric theorem provers and geometric
construction solvers.

@ Work on the new rules introduced in Different Types of Locus
Dependencies in Solving Geometry Construction Problems.

@ Extend these tools to produce a trace allowing to construct a
Rocq proof.
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Upcoming ADG talks

@ In collaboration with Alexandre Jean and Nicolas Magaud: An

Automated Approach towards Constructivizing the GeoCoq
Library.
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Upcoming ADG talks

@ In collaboration with Alexandre Jean and Nicolas Magaud: An
Automated Approach towards Constructivizing the GeoCoq
Library.

@ In collaboration with Yoan Géran: First-Order Simplification
of GeoCoq using Dedukti.
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This STSM
Upcoming Al talks
Future Be trasbourg collaborations?

Ongoing projects Starting internships

Upcoming ADG talks

@ In collaboration with Alexandre Jean and Nicolas Magaud: An
Automated Approach towards Constructivizing the GeoCoq
Library.

@ In collaboration with Yoan Géran: First-Order Simplification
of GeoCoq using Dedukti.

@ In collaboration with Prunelle Colin: On the Coq/Rocq
Mechanization of Beeson's “On the Notion of Equal Figures
in Euclid”.
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Beeson’s “On the Notion of Equal Figures in Euclid”
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Future Belgrade-Strasbourg collaborations?

@ Coherent logic provers to complete the constructivization of
the GeoCoq Library.
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Future Belgrade-Strasbourg collaborations?

@ Coherent logic provers to complete the constructivization of
the GeoCoq Library.

@ Arithmetization of hyperbolic geometry.
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Future Belgrade-Strasbourg collaborations?

@ Coherent logic provers to complete the constructivization of
the GeoCoq Library.

@ Arithmetization of hyperbolic geometry.
e Translation from/to ADGLib.
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e Badis Idiri: On algorithms for robotics formally verified in
Rocq.
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e Badis Idiri: On algorithms for robotics formally verified in
Rocq.

@ Meng-Jan Wu: Motion Planning and Optimization, Formaly
ni Rocq!
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Starting internships

e Badis Idiri: On algorithms for robotics formally verified in
Rocq.

@ Meng-Jan Wu: Motion Planning and Optimization, Formaly
ni Rocq!

@ Prunelle Colin: Variants of the axiom of choice in Cubical
Agda.
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Starting internships

e Badis Idiri: On algorithms for robotics formally verified in
Rocq.

@ Meng-Jan Wu: Motion Planning and Optimization, Formaly
ni Rocq!

@ Prunelle Colin: Variants of the axiom of choice in Cubical
Agda.

o Alex Stopyra: Cellular cohomology in Cubical Agda.
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A wishlist for GeoCoq

@ Arithmetization of n-dimensional geometry.
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A wishlist for GeoCoq

@ Arithmetization of n-dimensional geometry.

@ Function symbols for construction axioms.
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A wishlist for GeoCoq

@ Arithmetization of n-dimensional geometry.
@ Function symbols for construction axioms.

@ Proof of the completeness of Tarski's axioms and other
metamathematical results.
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A wishlist for GeoCoq

@ Arithmetization of n-dimensional geometry.
@ Function symbols for construction axioms.

@ Proof of the completeness of Tarski's axioms and other
metamathematical results.

@ Variants of Tarski's axioms for other kinds of constructed
fields.
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A wishlist for GeoCoq

@ Arithmetization of n-dimensional geometry.
@ Function symbols for construction axioms.

@ Proof of the completeness of Tarski's axioms and other
metamathematical results.

@ Variants of Tarski's axioms for other kinds of constructed
fields.

@ Some refactoring (based on ATP?).
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A wishlist for GeoCoq

A wishlist for GeoCoq

@ Arithmetization of n-dimensional geometry.
@ Function symbols for construction axioms.

@ Proof of the completeness of Tarski's axioms and other
metamathematical results.

@ Variants of Tarski's axioms for other kinds of constructed
fields.

@ Some refactoring (based on ATP?).
@ Keep on working with the ARGO group!

Pierre Boutry GeoCoq: a library for foundations of geometry
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Journal of Automated Reasoning, Volume 65, 2021.

Pierre Boutry, Gabriel Braun, and Julien Narboux.

Formalization of the Arithmetization of Euclidean Plane Geometry and
Applications.

Journal of Symbolic Computation, Volume 90, 2019.

Pierre Boutry, Charly Gries, Julien Narboux, and Pascal Schreck.

Parallel postulates and continuity axioms: a mechanized study in
intuitionistic logic using Coq.
Journal of Automated Reasoning, Volume 62, 2017.

Michael Beeson, Pierre Boutry, and Julien Narboux.
Herbrand's theorem and non-Euclidean geometry.
Bulletin of Symbolic Logic, Volume 21, 2015.
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Towards an Independent Version of Tarski's System of Geometry.
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Charly Gries, Julien Narboux, and Pierre Boutry.
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In Actes des Journées Francophones des Langages Applicatifs (JFLA
2019), Les Rousses, France, January 2019. Nicolas Magaud and Zaynah
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Charly Gries, Pierre Boutry, and Julien Narboux.
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From Hilbert to Tarski.

In Eleventh International Workshop on Automated Deduction in
Geometry, Strasbourg, France, June 2016.

Pierre Boutry, Julien Narboux, Pascal Schreck, and Gabriel Braun.

Using small scale automation to improve both accessibility and
readability of formal proofs in geometry.

In 10th Int. Workshop on Automated Deduction in Geometry, Coimbra,
Portugal, July 2014.

Pierre Boutry, Julien Narboux, Pascal Schreck, and Gabriel Braun.
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